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A model of competitive stock trading is developed in which investors
are heterogeneous in their information and private investment op-
portunities and rationally trade for both informational and nonin-
formational motives. I examine the link between the nature of heter-
ogeneity among investors and the behavior of trading volume and
its relation to price dynamics. It is found that volume is positively
correlated with absolute changes in prices and dividends. I show
that informational trading and noninformational trading lead to
different dynamic relations between trading volume and stock re-
turns.

I. Introduction

Trading volume plays a minor role in conventional models of asset
prices (e.g., Merton 1973; Lucas 1978). Part of this is justified under
the representative agent paradigm. When the asset market is com-
plete and there exists a representative agent, the resulting allocation
is optimal and asset prices are determined purely by the aggregate
risk.! Trading in the market only reflects the allocation of the aggre-
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gate risk and the diversification of individual risks among investors.
It provides no additional information about prices given characteriza-
tions of the aggregate risk. The weak empirical performance of the
representative agent models has led researchers to develop models
with heterogeneous investors and an incomplete asset market (see,
e.g., Mankiw 1986; Scheinkman and Weiss 1986; Lucas 1991; Marcet
and Singleton 1991; Campbell and Kyle 1993; Heaton and Lucas
1993; Wang 1993). With an incomplete asset market, both the aggre-
gate and individual risks affect equilibrium prices, and the behavior
of prices crucially depends on the nature of investor heterogeneity.
In these models, quantity variables such as trading volume have im-
portant roles to play.

Investors trade among themselves because they are different. Thus
the behavior of trading volume is closely linked to the underlying
heterogeneity among investors. By examining the dynamic relation
between volume and prices, one can study how the nature of investor
heterogeneity determines the behavior of asset prices. In this paper,
I develop an equilibrium model of stock trading in which investors
are heterogeneous in their information and private investment op-
portunities and rationally trade for both informational and noninfor-
mational reasons. I use the model to study the behavior of stock
trading volume and its relation with returns. It is shown that different
heterogeneity among investors gives rise to different volume behavior
and return-volume dynamics. This implies that trading volume con-
veys important information about how assets are priced in the mar-
ket. My analysis has interesting empirical applications. For example,
one challenge to models of heterogeneous investors is how to identify
empirically the nature of the heterogeneity among investors. Prices
alone are not sufficient to resolve this identification problem since
heterogeneity such as differences in investors’ financial constraints,
nontraded income, information, and so forth is not directly observ-
able. My results suggest that examining the joint behavior of return
and volume can help one to learn about the underlying heterogeneity
among investors.

I consider a simple economy in which there are both traded assets
(a “stock” and a risk-free bond) and private investment opportunities.
Investors have different private investment opportunities and differ-
ent information about the stock’s future dividends. The informed
investors have private information about the stock’s future dividends
and the uninformed investors rationally extract information from
realized dividends, prices, and public signals. They trade competi-
tively in the stock market. The informed investors trade when they
receive private information about the stock’s future cash flow. This
gives rise to their informational trading. They also trade to optimally
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rebalance their portfolio when their private investment opportunity
changes. This gives rise to their noninformational trading.? The unin-
formed investors trade only for noninformational reasons. They are
willing to trade with the informed investors since not all the trades
from the informed investors are information motivated. When a
trade from the informed investors is perceived to be noninforma-
tional, the uninformed investors will take the other side at favorable
prices and expect to earn abnormal future returns. I employ the
model to analyze the behavior of equilibrium trading volume and
how it is related to the dynamics of returns. I focus on the effect of
information asymmetry on the behavior of volume.

Since the uninformed investors cannot perfectly identify the in-
formed investors’ motive behind each trade, they face the risk of
trading against informed investors’ private information. As the infor-
mation asymmetry between the two classes of investors increases, the
adverse selection problem of the uninformed investors worsens and
trading volume decreases.

In the current model, trading is always accompanied by price
changes since investors are risk averse. When a group of investors
sell their stock shares to rebalance their portfolio, for example, the
price of the stock must drop in order to induce other investors to
buy. As information asymmetry increases, the uninformed investors
demand a higher discount in price when they buy the stock from the
informed investors in order to cover the risk of trading against pri-
vate information. Therefore, trading volume is always positively cor-
related with absolute price changes and the correlation increases with
information asymmetry.

My model also implies that under asymmetric information, public
news about the stock’s future dividends generates abnormal trading.
Without information asymmetry, the price fully adjusts to reflect any
new information about future dividends. When investors have differ-
ent private information, however, they update their expectations dif-
ferently in response to public information about future dividends.
The difference in their response to the same information generates
trading. The greater the information asymmetry, the larger the ab-
normal trading volume when public news arrives.?

? This somewhat abuses the terminology since investors trade only when there is
new information either about the stock’s future cash flow or about other variables of
the economy (investors’ wealth, preferences, other investment opportunities, etc.). In
this sense, all trades are information generated.

% If investors are heterogeneous in other aspects such as preferences, tax status, etc.,
changes in price due to public information can also generate trading (see, e.g., Dumas
1989; Michaely and Vila 1993).
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My model captures two types of heterogeneity among investors:
heterogeneous investment opportunities and asymmetric informa-
tion. These two types of heterogeneity give rise to different dynamic
relations between volume and returns. Without information asymme-
try, investors trade only to rebalance their portfolios when their pri-
vate investment opportunity changes. In this case, trading is always
accompanied by changes in the current price, which are followed by
price changes in the opposite direction. For example, when some
investors sell their shares for portfolio reasons, the volume must be
accompanied by a price decrease to attract other investors. The price
decrease, however, has nothing to do with the stock’s future divi-
dends, which are the same as before. Thus the current price drop
and high volume increase expected future returns.*

With information asymmetry, however, the uninformed investors
can be trading against the informed investors’ private information.
As the true state of the economy is revealed, the uninformed investors
realize the mistakes in their previous trading and trade to revise their
positions. In addition, they take on new positions as they perceive
new needs of noninformational trading from the informed investors.
These two components in the trading of the uninformed investors
lead to a different dynamic relation between return and volume. In
the former situation, a high realized return reveals that the unin-
formed investors have underestimated the value of the stock and
underinvested in the stock. Thus they buy more shares and the ex-
pected future return increases. In the latter situation, a high realized
return reflects a price increase due to the buying pressure of the
informed investors for noninformational reasons. But the price in-
crease is not related to the stock’s future dividends. Thus the unin-
formed investors sell their shares at the high price and the expected
future return decreases. Since volume does not distinguish the sign
of a trade, the implication of current return and volume on future
returns is different depending on which of the two components domi-
nates. A high return accompanied by high volume implies high future
returns if the first component dominates and low future returns if
the second component dominates. Clearly, the first component arises
only when there is informational trading. Therefore, informational
trading and noninformational trading give rise to a very different
dynamic relation between volume and returns.

The literature on stock trading volume is extensive. There are
many empirical studies on the relation between volume and price

* Campbell, Grossman, and Wang (1993) study this type of dynamic return-volume
relation under symmetric information.
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changes, earnings announcements, and serial correlation in returns.®
Various models have been suggested to shed light on trading in gen-
eral and on some of the empirical regularities. Huffman (1987) and
Campbell et al. (1993), for example, consider competitive models in
which investors with homogeneous information trade since they have
different preferences or constraints (see also Scheinkman and Weiss
1986; Dumas 1989). Pfleiderer (1984) considers a competitive model
in which investors have diverse information about the true value of
the stock and behave myopically.® Kyle (1985), Admati and Pfleiderer
(1988), and Foster and Viswanathan (1990, 1993), among others, con-
sider noncompetitive models of stock trading in which a few investors
have superior information about the stock and trade strategically to
maximize profits.

The current model assumes competitive markets. It extends the
existing competitive models in two important ways. First, it is a fully
dynamic model in which investors follow dynamic trading strategies
to maximize lifetime expected utilities. This enables us to look at
the dynamic behavior of trading volume and its relation with return
dynamics. Second, it models both informational and noninforma-
tional trading as investors’ optimizing behavior. This differs from the
noisy rational expectations models commonly used to study informa-
tion heterogeneity in asset markets. In these models, noninforma-
tional trading is introduced into the economy as “liquidity trading”
(or “noise trading”) without actually modeling its economic origin.
This approach is not preferable in studying the behavior of volume
since the noninformational component is exogenous. It also becomes
problematic in welfare analysis.

The rest of the paper is organized as follows. Section II describes
the general model. I solve for the equilibrium of the model in Section
II1. In Sections IV, V, and VI, I analyze the behavior of trading
volume, the relation between volume and contemporaneous changes
in prices and dividends, and the dynamic relation between volume
and returns. Section VII provides some further comments.

% Karpoff (1987) provides a survey on the empirical relation between volume and
contemporaneous price changes. Beaver (1968), Kiger (1972), and Bamber (1986),
e.g., present evidence on abnormal trading on earnings announcement days. Morse
(1980), Gallant, Rossi, and Tauchen (1992), LeBaron (1992), and Campbell et al. (1993)
examine the dynamic relation between aggregate volume and returns.

% Other models of competitive security trading with information heterogeneity in-
clude Copeland (1976), Karpoff (1986), Grundy and McNichols (1989), and Kim and
Verrecchia (1991). These models (with the exception of those of Copeland and Kar-
poff) use the noisy rational expectations framework. A different approach to model
competitive stock trading assumes that investors have different beliefs (or models)
concerning the stock’s future cash flow. Varian (1985), Harris and Raviv (1993), and
Kandel and Pearson (1993) follow this approach.
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II. The Model

Let us consider a simple economy with a single good that can be
either consumed or invested. There are two classes of investors in
the economy, which I call the I-investors and the U-investors. The
two classes of investors are different in their information about the
state of the economy and their private investment opportunities. Let
the fraction of I-investors be w and that of U-investors 1 — o (0 =
o = 1). The economy is further defined as follows.

A. Preferences

All investors have constant absolute risk aversion (CARA). They max-
imize expected utility of the following form:

Bf-> peed,
5=0

where E, is the expectations operator conditional on the investors’
information at time ¢, and ¢, ; is consumption in period ¢ + s. I have
assumed that all investors have the same time discount factor § and
risk aversion parameter 7.

B. Investment Opportunities

There are only two publicly traded assets in the economy, a riskless
asset and a risky asset (“stock”).” The riskless asset is assumed to have
an infinitely elastic supply at a positive constant rate of return r. Let
R =1 + r be the gross rate of return on the riskless asset.

Each share of the stock pays a dividend D, at time ¢. The dividend
D, is governed by the process

D,=F, +¢€p,, 1)
where F, follows an AR(1) process:
F,=apF,_ |t €, 0=ar=1. (2)

Here, €), , and €y, are independently and identically distributed (i.i.d.)
shocks to D, and F,, respectively; F, is the persistent component in
dividends and €, is the idiosyncratic component; and F, (the “funda-

7 Restricting the securities traded in the market makes the market incomplete. This is
necessary to prevent the equilibrium prices from fully revealing all private information.
Note, however, that market incompleteness is not sufficient to prevent fully revealing
prices. In Grossman (1976), e.g., the market is incomplete but prices do provide a
sufficient statistic to all the private information in the market.
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mental” of the stock) fully determines the expectation of future divi-
dends.®

Shares of the stock are perfectly divisible and are traded at no cost
in a competitive stock market. Without loss of generality, assume the
total number of outstanding shares to be one. Let P, be the (ex-
dividend) share price of the stock. Each period, the stock yields a
dividend D, and a capital gain P, — P,_,. Define Q, to be the excess
return on one share of stock, which is the return minus the financing
cost at the risk-free rate: Q, = P, + D, — RP,_,. Note that Q, is the
excess return on one share of stock instead of the excess return on
one dollar invested in the stock. The former is the excess share return
and the latter is the excess rate of return. One has to divide the share
return by the share price to get the rate of return. In the remainder
of this paper, I use the term “share return” for convenience.

In addition to publicly traded assets, there is a risky production
technology that is available only to the I-investors.® The technology
has constant returns to scale. If I, units are invested in the technology
at time ¢, the total payoff at time ¢ + 1 will be I,(1 + r + ¢,,,), where
¢.+1 1s the excess rate of return for period ¢ + 1. Let

Qi1 = Z, t €041, (3)

where Z, is the expected excess rate of return and €, is the i.i.d.
random shock to the return. Assume that Z, follows an AR(1) process:

Z,=a;Z,  +e€,, 0=qa,<l. 4)

The innovation €, , is assumed to be i.i.d. over time. Clearly, Z, deter-
mines the private investment opportunity of the I-investors.

C. Information Structure

All investors observe realized dividends and market prices of the
stock. The I-investors have perfect private information about F, at
time ¢ whereas the U-investors receive only noisy signals about F:

S, =F, + ¢, (5)

where €, is the i.i.d. noise in the signal.'

8 Here, the dividend has an unconditional mean of zero. One can easily reinterpret
D, defined by eqq. (1)—(2) as deviations in the dividend from its unconditional mean,
which can be any positive constant.

% In more general cases, there can be a set of private investment opportunities.
Different investors may have access to a different subset of them. I shall discuss this
generalization in Sec. VII.

1% One can consider the more general case in which the U-investors receive signals
about past values of F, as well as its current value: Sﬁ") =F_,+e;n=01...,
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Assume further that Z, is known to the I-investors. Since the U-
investors have no access to the private technology, it is assumed that
they have no private information about its returns (except the prior
distribution). This is assumed just for simplicity of the exposition.
One can generalize the model and allow those investors who are ex-
cluded from production to have some information about its returns.

Since the I-investors are better informed than the U-investors, they
can be called, respectively, the informed and the uninformed inves-
tors. Let 7 be the information set of the informed investors at time ¢
and 7} that of the uninformed investors. Then

.ﬂ;‘={D:’PJ’FJ’ZJ|sSt}’ ﬂ;‘={DJ’Ps’SJISst}' (6)

Here I have chosen the initial point of the economy to be —. I also
assume that the prior of all investors is normal.

The precision of public signals determines the information asym-
metry between the informed and the uninformed investors. In the
remainder of the paper, I use 0 = var(eg ,) as a measure of informa-
tion asymmetry. When ¢2 = 0, S, perfectly reveals F, to the un-
informed investors. In this case, information is symmetric. As o3
increases, the public signal becomes less informative and the in-
formation asymmetry between the two classes of investors increases.

The structure of the economy is common knowledge.

D. Dustributional Assumptions

Assume that all the shocks €, , € ,, €7 ,, €, ,, and €, are jointly normal
and i.i.d. over time. Normality is assumed purely for mathematical
tractability. Define the vector of shocks €, as €] = (ep,, €5, €7, €0
€;,). Then €, ~ #(0, %). Here X is the covariance matrix of the
shocks. For simplicity, assume in the remainder of the paper that all
the shocks are uncorrelated except €, , and €, ,. As will become clear,
general correlation structures can be easily incorporated into the
model, leading qualitatively to the same results.

To fix ideas, we shall restrict ourselves to the case in which o, , =
cov(€p,;, €,,) > 0. Thus the returns on the stock are positively corre-
lated with the returns on the private technology. In this case, in-
vesting in the stock and investing in the private technology are substi-
tutes to the I-investors. If the expected return on the private

7): S is the signal about the current value of F,and S, m = 1,..., 1, are s1gnals

about its past values. One can interpret S as earnmgs announcements and §;” (n >
0) as annual reports, etc. When 7 = 1 and §, ) = | (i.e., € = 0), the true value of
F,is revealed after one lag. This is the case in which the Linvestors’ private information
is short-lived. In the general case in which public signals are noisy, private information
is long-lived.
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technology is high, the I-investors will increase their investment in
the private technology and decrease their investment in the stock.

III. Equilibrium

Let us now consider the equilibrium of the model defined in Section
I1. The model captures two types of heterogeneity among investors:
heterogeneity in investment opportunities and heterogeneity in infor-
mation. Their impact on the equilibrium is different. Let us first
consider the simple case of symmetric information in which investors
are heterogeneous only in their investment opportunities. In this
case, investors trade only for noninformational reasons when their
private investment opportunity changes. We shall use this case to
analyze the noninformational trading among investors and its impact
on the stock price. We shall then consider the case with heterogeneity
in both information and investment opportunities. Investors trade
for both informational and noninformational reasons. We shall exam-
ine the effect of information asymmetry on investors’ portfolio poli-
cies and the equilibrium price.

A.  Symmetric Information

Suppose that 2 = 0 and the public signal S, perfectly reveals the
persisent component of dividend F,. In this case, investors have ho-
mogeneous information about the stock’s future dividends but differ-
ent private investment opportunities. The I-investors constantly ad-
just their investment in the private technology as its expected return
Z, changes. When the returns on their private investments are corre-
lated with the returns on the stock, they also want to adjust their
stockholdings at the same time to maintain the optimal risk-return
trade-off. This generates their trading in the stock market and causes
the stock price to vary. The actual price and volume can be derived
by solving the equilibrium of the economy. Since the symmetric infor-
mation is a special case of the general model solved in the next subsec-
tion, I shall state the results without proof in this subsection.

1. Dividends Uncorrelated with Returns on
Private Investments

Let us first consider the case in which future dividends are uncorre-

lated with returns on private investments (i.e., op, = 0). When there

is no uncertainty in future dividends (03 = o = 0), D, = F,. The

stock is the same as a coupon bond. Its price is simply the present

value of future dividends discounted at the risk-free rate:
w1 R7"D,,. = aF,, where a = ay/(R — ap).
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When there is uncertainty in the stock’s future dividends, a pre-
mium is required to compensate the risk in future dividends. The
equilibrium price is

P‘t‘l = El[zR_TDt+T:| - Plg =aF, — P6’, (7)
=1

where p§ = a[(1 + a)?0% + 03] > 0. Here @ = yr/R is the intertem-
poral risk aversion coefficient. The first term in the price function is
the present value of expected future dividends discounted at the
risk-free rate. The second term, p§, is the discount on the price to
compensate the risk in future dividends. It increases with investors’
risk aversion and the variance in future dividends. Given the equilib-
rium price, the expected excess return on the stock is E,[Q,,,] =
rpf} > 0, which is constant over time. As new information arrives
about future dividends, the stock price adjusts to fully reflect the
information. But the expected excess return stays the same.

Investors’ optimal investments in the stock and the private technol-
ogy depend on the expected returns. Let X} and X! be the stock
shares held by an I-investor and a U-investor, respectively, and y, be
an I-investor’s investment in the private technology. It is easy to show
that in the current case, X; = X! = E/[Q,,,]/ac} and y, = Z/ac?.
Here, 0(22 = var,(Q,, ) is the conditional variance of excess stock re-
turns. When the expected return on the private production changes,
the I-investors change their investments in the private technology but
not their holdings of the stock since the two returns are uncorrelated.
Investors’ holdings of the stock remain constant over time and there
is no trading.

2. Dividends Correlated with Returns on
Private Investments

When dividends and returns on the private technology are positively
correlated (i.e., o, > 0), the I-investors’ stock demand depends not
only on the expected return on the stock but also on the expected
return on their private investments. Investments in the stock and in
the private technology become substitutes to the I-investors. When
the expected return on the private technology is high, for example,
they invest more in it to earn higher returns and less in the stock to
control the risk of their overall portfolio. As the private investment
opportunity changes over time, the I-investors optimally adjust their
private investments and stockholdings. This need of portfolio rebal-
ancing generates their trading in the stock market.
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When the I-investors sell (buy) the stock to rebalance their portfo-
lios, the price of the stock has to drop (rise) to attract the U-investors.
The price drop rewards the U-investors for bearing more risk by
taking on additional shares. Note that this price change occurs with-
out any change in the stock’s future dividends. Therefore, the equilib-
rium stock price depends not only on its expected future dividend F,
but also on the expected return on I-investors’ private investments
Z,. In this case, the equilibrium stock price is

P} = aF, — (p§ + p3Z), ®)

where p§ > 0 and p% > 0.

The expected excess share return on the stock is then E [Q,,,] =
mp§ + (R — a;)p5Z,, which increases with the expected return on the
private technology. It can be shown that the stockholding of the U-
investors linearly depends on E,[Q,,,] and that of the I-investors
linearly depends on both E,[Q,,,] and E,[g,,,] = Z, (see the next
subsection). Thus as Z, increases, the I-investors sell the stocks to
rebalance their portfolio. The price of the stock decreases and the
U-investors absorb the extra shares as the expected stock return in-
creases. This gives rise to noninformational trading in the current
model.

B. Asymmetric Information

Let us now consider the equilibrium in which investors are heteroge-
neous in both their information and investment opportunities.!' The
I-investors are endowed with private information about the state of
the economy. The underlying state variables of the economy are F,
and Z,: F, determines the stock’s future cash flow and Z, determines
the private investment opportunity. They both affect the stock price,
as we have seen in the case of symmetric information. Under asym-
metric information, however, F, and Z, do not fully characterize the
state of the economy. The equilibrium depends not only on the true
values of the underlying state variables but also on the uninformed
investors’ expectations of these variables. Since F, and Z, are not pub-
licly observable, the uninformed investors rationally extract informa-
tion about their values based on realized dividends, prices, and public
signals. Let F, = E¥[F,] be the uninformed investors’ conditional ex-
pectation of F,, where E}[-] = E[-|/¥]. The uninformed investors

!! For discussions on the rational expectations equilibrium with heterogeneously in-
formed investors, see Green (1973), Grossman (1976), and Grossman and Stiglitz
(1980).
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form their stock demand on the basis of F,. Consequently, the equlhb-
rium stock price depends not only on F, and Z, but also on F,.!

Therefore, under information asymmetry, the state of the economy
is determined by F,, Z,, and F,, which in turn determine the equilib-
rium stock price. The equilibrium of the economy in general depends
on the initial conditions of the economy. Since the initial point is
—, the economy is translationally invariant in time. Thus we shall
consider only steady-state equilibria of the economy. We have the
following result.

ProposiTION 1. The economy defined in Section II has a steady-
state rational expectations equilibrium in which the equilibrium stock
price is

P,= —po + (a — pp)F, + peF, — p2Z,, 9)

where pg, p; > 0 and 0 < pr = a.

Proof. See Appendix A.

The equilibrium price takes a linear form similar to the one in the
case of symmetric information. Both the informed and the unin-
formed investors’ expectations of future dividends, F, and F ,» respec-
tively, enter the price function. Note that the market-clearing price
does not fully reveal the informed investors’ private information. Bad
news about future dividends (low F,) or good private investment op-
portunities (high Z,) can cause both the informed investors to sell the
stock and its price to drop. Observing the price (as well as the divi-
dend and the public signal) is not sufficient for the uninformed in-
vestors to identify the two factors. Therefore, information asymmetry
persists in the equilibrium.

Given the equilibrium price, let us now consider investors’ expecta-
tions of the stock’s future returns and their optimal investment poli-
cies. We shall first derive the conditional expectation of the unin-
formed investors and then solve for the optimal portfolios of both
the informed and the uninformed investors.

1. Conditional Expectations of the
Uninformed Investors

The uninformed investors form their expectations on the basis of
observations of dividends, public signals, and prices. Realized divi-
dends and signals provide information about future dividends (i.e.,
F,), whereas equilibrium prices provide information about both fu-

2 One might think of Z, = E![Z] as another state variable, and price should be a
function of F,, Z,, and F, as well as Z 1 shall show later that within the class of lin-
ear equilibria considered in this paper, Z, is a redundant variable given F,, Z, and F,.
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ture dividends and the private investment opportunity of the in-
formed investors. In particular, from the current price the unin-
formed investors can infer the followmg sum: ppF, — p,Z, =11, since
P, = —po + (a — pp)F, + II, and F, is their own expectatlon Thus
l'I, represents the 1nformat10n content of the equilibrium price.

We have assumed that F, and Z, both follow Gaussian processes. In
addition, dividends, public announcements, and equilibrium prices
are linear signals about F, and Z, with normally distributed noise.
Under these conditions, the calculation of conditional distributions
of unobserved state variables is a linear filtering problem. We have
the following result.

THeOREM 1. Given J* = {D,, P,, S,: s < t}, the conditional expecta-
tions, £, = E¥[F,) and Z, = E*[Z,], are determined by the following
Kalman filtering equation:

e S, — E,[S,]
Ft ;‘—-1 t
a = Dt_E;l— Dl >
(L) Qmﬂao+k 122 (10)
Ht_ 1‘-1[“:]

where k is a 2 X 3 matrix (k;y, k19, k13, ka1, koo => 0 and keg < 0).

Proof. See Appendix A.

The intuition behind the filtering equation is simple. The first term
on the right-hand side gives the expectation based on previous infor-
mation. The second term gives the update in expectations based on
new information from surprises in price, dividend, and signal. Since
Er |[F]= aFF, 1and B} \[Z,] = azZ,_,, equation (10) is a difference
equatlon of F, and Z,. The innovations to the expectations are linear
in the innovations to the signals. For example, an unexpected high
dividend (D, — E? |[D,] > 0) is attributed partially to an increase in
F,. Similarly, the uninformed investors increase their expectation of
Z, with unexpected price decreases. Furthermore, their expectation
of Z, also increases with unexpected high dividends and public signals
given the equilibrium prices. Note that the equilibrium price reveals
the linear difference of F, and Z,: I, = ppF, — p,Z,. Thus

peF, = 22, = prF, — p1Z,. (11)

Any information in dividends and public signals that increases the
expectation of F, also increases the expectation of Z,.

Let ®, = F, — F,, where O, represents the error of the uninformed
investors in estimating F,. Slmllarly, Z, - Z, represents the error in
estimating Z,. Equation (11) implies that pF(F F) = pz(Z Z,).
Thus the two errors are perfectly correlated. If F, is over- (under-)
estimated, so is Z,. It can be shown that ©, follows an AR(1) process
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with zero unconditional mean:
@, = d@@,_l + E@‘t, (12)

where €g, is linear in the underlying shocks €,, and 0 < ag < 1 (see
App. A). The fact that ®, is mean-reverting to zero implies that the
estimation error of the uninformed investors is expected to be cor-
rected eventually. For example, the uninformed investors rationally
attribute an unexpected increase of dividend in the current period
partly to an increase in its persistent component F,. If, however, it is
actually due to an idiosyncratic shock, the uninformed investors
would be overestimating future dividends. New realizations of divi-
dends, signals, and prices will then be lower than expected. The unin-
formed investors will update their expectations on the basis of the
new information and lower their estimate ¥,. Note that the flow of
new information does not eliminate the information asymmetry in a
steady state since the state of the economy is changing over time and
the uninformed investors are “chasing” a moving target. Define ¢ =
var(®,) to be the unconditional variance of the uninformed investors’
estimation error. It reflects the information asymmetry between the
two classes of investors, and € = 0 under symmetric information.

2. Excess Stock Returns

Given the equilibrium price and the solution to the conditional expec-
tation of the uninformed investors, we can derive investors’ expecta-
tions of future returns on the stock. The excess stock return Q,,,
consists of both dividends and capital gains: Q,,, = D,,, + P, —
RP,. From equations (9) and (10), we have

Qi1 =¢€teZ,— g0, + €0.t+1> (13)

where €, is linear in €,,, ¢g = 7py = 0,¢; = (R — ap)p; = 0, and
¢g = (R — ag)(a — pr) = 0. Since the unconditional expectations of
Z,and O, are zero, ¢, = E[Q,, ] is the unconditional expectation of
excess stock returns.

The informed investors’ expectation of excess stock returns de-
pends on the expected return on the private technology Z, and the
uninformed investors’ estimation error ©,:

Ej[Q 1] = ey + €2, — €60, (14)

Here, Z, affects the stock’s price and expected returns since it affects
the informed investors’ demand for the stock; ®, affects the expected
returns since it provides profitable opportunities for the informed
investors. When @, > 0, for example, the uninformed investors are
overestimating expected future dividends. As F, becomes revealed
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next period, the uninformed investors will revise their expectations
and the price will decrease. With superior information, the informed
investors can forecast the correction of the uninformed investors’
expectation and the corresponding price change. Thus a positive O,
implies an expected price decrease and, hence, a low expected return
by the informed investors.

For the uninformed investors, EX®,] = EF, — F,] = 0. Their
expectation of excess stock returns depends only on their estimation
of the expected return on the private technology of the informed
investors:

EMNQ,i 1] = ey + €52, (15)

Changes in Z, change the expected stock returns for reasons dis-
cussed above. However, the uninformed investors do not observe the
true value of Z,. They can form expectations only on the basis of
realized prices, dividends, and signals. Their expected return de-
pends on their expectation of Z, instead of the true value of Z,. As a
result, innovations in dividends and public signals can change the
uninformed investors’ expected returns even though they are uncor-
related with the true value of Z,.

Furthermore, changes in expected returns are correlated with real-
ized returns on the stock. A positive shock in Z, leads to a decrease
in the current stock price and a low realized return on the stock. At
the same time it gives high expected returns on the private technology
in the next period. It also increases the expected future returns on
the stock since the price has decreased but the stock’s future cash
flow has not.

3. Optimal Portfolios

Given the expected returns on the stock and the private technology,
we can now derive the investors’ optimal investment policies. The
informed investors’ portfolio consists of investments in the risk-free
asset, the stock, and the private technology. The uninformed inves-
tors invest only in the risk-free asset and the stock. Solving the optimi-
zation problem of both the informed and the uninformed investors,
we have the following results.

THEOREM 2. Let W} be an informed investor’s wealth at time ¢, !
his consumption, X; his stock shares, y, his investment in the private
production, and J* his value function. His optimization problem is

1)

Ji= maxE[—z BSeYerss
s=0

ci, Xiy
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subjectto Wi, = (W} = ¢)R + X{Q,11 + ¥i4141- (16)
It has the following solution:

JWiZ,0,0) = —leMimVee,

¢ = _lln<_li]_i_)
t v yoWw)’

X; 1 -(E[Qt+l|yi]) 1 <h§((zn ®t))
=TI ) == , 17
(J’t) o E[q4:17]) a \hy(Z,®,) an

where a = r/yR, Vi(-,-)is a quadratic function, Iisa2 x 2 positive
definite matrix of constants, and hi(-, ) and hi(-, ") are linear func-
tions.'®
THEOREM 3. Let W} be an uninformed investor’s wealth at time ¢,
¢ his consumption, X} his stock shares, and J* his value function. His
optimization problem is
)

and

J*=maxE [ —Z Bs e~ Yeles
s=0

cu, Xu
. (18)
subjectto Wi, | = (W} — ¢/ )R + X! Q4 1-
It has the following solution:
J' Wi 250 = —pleet-),
e _1ln(_l"_f_">
! v yoW)’
and
u 1 u u 1 u(?
Xp = TE[Qu1|%] ~ —hi(2)), (19)

where V*(-) is a quadratic function, I'* is a positive constant, and
h%(-) is a linear function.'*

1 A transversality condition of the Merton type is imposed to obtain a solution to
the optimization problem (see Merton [1969] and App. A).

! For a discussion on the optimization problem with partially observed state vari-
ables, see Fleming and Rishel (1975). With the distributional assumptions in the current
model, the separation principle applies (see, e.g., Detemple 1986; Dothan and Feldman
1986; Gennotte 1986). In this case, the estimation problem and the optimization prob-
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Proof. See Appendix A.

The optimal portfolios are composed of two components. The first
component is a mean-variance efficient portfolio reflecting the trade-
off between expected return and risk. The terms I'* and I'* are, re-
spectively, the inverses of the renormalized covariance matrix of re-
turns for the informed investors and the uninformed investors. This
differs from the well-known results in continuous-time models in
which no renormalization of the covariance matrix is needed (see
Merton [1990] for results on dynamic portfolio rules in continuous
time). The difference arises from the lack of continuous trading op-
portunities in a discrete setting. The second component is a hedging
portfolio reflecting investors’ hedging needs. In the current model,
expected returns on both the stock and the private investment tech-
nology change over time. Since returns on the stock are correlated
with changes in expected future returns, it provides a vehicle to
hedge against changes in future investment opportunities.

IV. Stock Trading Volume

As shown in the previous section, investors’ optimal portfolios depend
on their investment opportunities. Heterogeneity among investors
generates trading as they adjust their portfolios when their expecta-
tions and investment opportunities change.

A. Trading Strategies

In order to better understand the behavior of trading volume, let us
first examine investors’ trading strategies that are determined by their
optimal portfolios. We can reexpress the investors’ optimal stockhold-
ings in terms of the variables that determine their investment oppor-
tunities. For the informed investors,

X;

I

1. o _
;[F'uEi[Qm] + I'2Ellgi1] — hx(Z,, ©)]

f6 +f2Zt +f€9®t,

where f{, f%, and fj are constants. The informed investors trade in
the stock market as Z, and ®, change. The term Z, determines the
expected return on the private technology. Changes in Z, give rise to
their noninformational trading as in the case of symmetric informa-

(20)

lem are separable. We can first solve the estimation problem and then use the estimates
as the actual state variables to solve the optimization problem. The optimization prob-
lem has the standard Markov property.
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tion. On the other hand, O, gives the error of uninformed investors
in estimating future dividends, which causes the stock price to deviate
from its “fundamental value.” The informed investors observe these
price deviations and take speculative positions against expected fu-
ture corrections. As ©, changes, the deviation in the price also
changes and the informed investors revise their speculative positions.
This gives rise to their informational trading in the stock market.

Now consider the trading of the uninformed investors. Their opti-
mal stockholding can be expressed as

X¥ = i[ruE,"[Q,H] ~ WZ)] = fi + fi2,, 21)

where f§ and f% are constants. The uninformed investors know that
they are trading only with the informed investors. They are still will-
ing to trade because not all the trades are made against informed
investors’ superior information. The informed investors also trade to
rebalance their portfolios. In these cases, the uninformed investors
are perfectly willing to take the other side of the trade at favorable
prices and earn abnormal returns. In the case of informational trades,
of course, they lose. Under information asymmetry, they cannot per-
fectly identify the motive of the informed investors behind each
trade. The best they can do is to trade only when they expect the
trade to be noninformational on the basis of their information. As
shown by equation (21), their optimal stockholding changes only
when their expectation of the informed investors’ private technology
Z, changes: X! — X, = [4(Z, — Z,_)).

The change in the uninformed investors’ expectation of Z, can be
decomposed into two parts:

Z,-7,,=EMNZ) - E"\[Z, ]
= [EYZ,_\] — E*\[Z,_\0) + [EYZ]) — EMZ,_]).

The first part is the change in expectation about the previous value
of Z given the new dividend, public signal, and price; the second part
is the expectation of change in Z from its previous value. Accordingly,
we can decompose the trading of the uninformed investors:

Xi = Xi = fAENZ,-\] — E{A(Z,0 1) + [EV(Z] — EY(Z, 001 (22)

The first component is associated with correcting errors in previous
trading as new information arrives. The second component is associ-
ated with taking new positions as Z, changes from its previous value.
Clearly, under symmetric information, E}[Z,_,] = E}_|[Z,_,]1 = Z,_,,
and the first component is zero. Thus the first component reflects
the uninformed investors’ trading against the superior information
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of the informed investors. Suppose, for example, that in period ¢ —
1 the uninformed investors expect Z,_; to be high on the basis of
D,_,, P,_y, and §,_,. This implies that the informed investors are
increasing their private investments and selling the stock. Hence, the
stock price is low because of the selling pressure and the expected
return is high. The uninformed investors increase their position in
the stock on the basis of this expectation. Next period if the new
dividend, public signal, and price indicate that Z,_, is lower than
previously expected, the uninformed investors realize that they have
overestimated Z,_, and future returns of the stock and have overin-
vested in the stock. Consequently, they will sell the stock to correct
the bad trades made previously.

B. Trading Volume

Given the investors’ trading strategies, it is easy to calculate the equi-
librium trading volume. Since we have normalized the total number
of shares outstanding to one, what we refer to as trading volume is
actually the turnover. In the current model, we have only two classes
of investors, and all the trading takes place between the two classes.
The trading volume V, can be calculated from changes in the holdings
of either the informed or the uninformed investors. For simplicity,
we follow the uninformed investors:

Vo= (1 - o)Xi =Xl = A - o)lfillZ = 2] @3)

With the normality assumption about the underlying shocks, we have
_ 9 L.

V=E[V]=2(1 - o)|fil,f _var(Z, = Z,-1),

var(V)) = (w — %) V2

(24)

The variance of trading volume increases quadratically with its mean.
Since volume is determined by absolute changes in investors’ stock-
holdings, it exhibits positive serial correlation.

We can examine the effect of information asymmetry on trading
volume by increasing the noise in the public signal. Figure la shows
that volume generally decreases with o3.'% Increasing o} has two con-
sequences: (1) to make the signal §, less informative and (2) to in-
crease the information asymmetry between the two classes of inves-
tors. Both have the effect of reducing volume. When §, becomes
noisier, the uninformed investors have less information about the

1 The parameter values in all the figures have been chosen arbitrarily. The patterns
are quite robust with respect to changes in parameter values.
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state of the economy, including the value of Z,. As a result, Z, becomes
less variable and they trade less on average. The general intuition
behind this result is best seen by considering the extreme case in
which all information sources, including dividends and prices, are
infinitely noisy. The uninformed investors will then simply hold a
constant share of the stock and not trade at all.

Under asymmetric information, the uninformed investors face ad-
verse selection problems when they trade with the informed investors.
They cannot perfectly distinguish an informational trade from a non-
informational trade. As the information asymmetry increases, the ad-
verse selection problem of the uninformed investors becomes more
severe. They face more uncertainty in identifying noninformational
trades. As a result, they trade less aggressively against perceived
changes in Z, in order to reduce possible losses. Formally, this is
reflected in the fact that T'* decreases when o3 increases. As equation
(21) shows, I'* characterizes how the uninformed investors change
their stockholdings as the expected stock return changes. Figure 15
illustrates the relation between I'* and o?.

Clearly, our result crucially depends on the hierarchic information
structure assumed in the model. In the more general case in which
each class of investors may have some information that others do not
have, the relation between volume and information heterogeneity can
be different (see, e.g., Pfleiderer 1984; He and Wang 1992).

V. Trading Volume and Changes in Prices
and Dividends

In this section, we shall examine how trading volume is related to
absolute changes in prices and dividends and how these relations are
affected by information asymmetry.

To simplify notation, let 8Y, = ¥, — Y,_, be the change in random
variable Y,. Thus 8P, = P, — P,_,,8D, = D, — D,_,,and 82, = Z, —
Z,_,. The correlations between volume and absolute changes in prices
and dividends are, respectively

Pv,lsp| = vV, [9)
Vvar(V,)var(|3P,])
and
Pv, |80, = vV, [9Di)

V'var(V,)var (| BDII)‘

As discussed earlier, volume is proportional to the absolute changes
in the uninformed investors’ expectation of Z,: V, « |8Z,|. Under the
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di§tributional assumptions about the underlying shocks, 8P,, 3D,, and
8Z, are jointly normal. Thus

2
Py, lor,| = (1 - ;) (l -Vi1- pgzbayt) =0, 3Y,=08P,ordD, (25)

The correlation is always nonnegative and is positive whenever 8Z,
and d8Y, are correlated, that is, psz, 5y, 7 0.

A. Correlation between Volume and Absolute Price
Changes

Let us first consider the correlation between trading volume and abso-
lute price changes. In the current model, volume is always correlated
with absolute price changes. This is best seen from the case of sym-
metric information. In this case, Z, = Z,and P, = ~p, + aF, — p,Z,.
Thus cov(d3Z,, 8P,) = —2p,a3 < 0. Here, trading is generated by
investors’ needs to rebalance their portfolios as their private invest-
ment opportunity changes. Since investors are risk averse, realloca-
tion of the stock is always accompanied by price changes in our model.

Under asymmetric information, similar results hold. However, the
uninformed investors face the adverse selection problem when they
trade with the informed investors. There is always the risk that the
informed investors are trading the stock for private information on
future dividends instead of for portfolio rebalancing. As a result,
an additional premium is required by the uninformed investors to
accommodate the informed investors. For a given size trade, the price
has to adjust more than in the case of symmetric information. As a
result, the correlation between volume and absolute price changes
increases with information asymmetry. From equation (25), we have
the following result.

THEOREM 4. In the current model, py, 55 > 0 when o, # 0 and
trading volume is positively correlated with absolute price changes.

Figure 2 illustrates the relation between py, 55, and o?. Empirical
evidence shows that trading volume is positively correlated with the
absolute value of contemporary price changes.'® Our result is consis-
tent with the empirical evidence.

B. Correlation between Volume and Absolute
Dividend Changes

Let us now consider the correlation between trading volume and
absolute changes in dividends. Clearly, changes in D, convey new

16 See, e.g., the survey of Karpoff (1987) and the references therein.
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information about the stock’s future dividends. Hence, the question
here is whether public information about the stock’s future payoffs
generates trading.

In the case of symmetric information, the true state of the economy
is known to all investors. Changes in expectations about the stock’s
future dividends change only its current price but not its expected
return. Therefore, new information about the stock’s future payoffs
does not generate trading. Trading occurs only when the private
investment opportunity changes and the I-investors rebalance their
portfolios. Formally, Z, = Z, and psz, 5p, = O since shocks to Z, are
uncorrelated with shocks to dividends. Thus py, 5p, = 0 from equa-
tion (25).

In the case of asymmetric information, uninformed investors do
not have perfect information about the informed investors’ motive
for trading. They take positions in the stock on the basis of their
expectation about the informed investors’ current private investment
opportunity. As the new dividend, price, and public signal reveal new
information about the economy, the uninformed investors trade to
correct previous errors and to establish new positions on the basis of
expectations about the new state. From equation (22),

cov(dX},8D,) = f4{cov[EZ, ] — EX\[Z,_,],8D;]
+ cov[E[Z, — Z,_,],3D,}.
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It is easy to show that cov[E}[Z, ;] — E}_|[Z,_,], 8D,] = (appr/p;) e
> 0; that is, the correction in the estimation of Z by the uninformed
investors is positively correlated with innovations in future dividends.
The intuition is as follows. Suppose that the realized dividend at ¢ —
1 is low because of a negative idiosyncratic shock. The uninformed
investors rationally infer that the low dividend is partially due to a
negative permanent shock. Their estimate of the permanent compo-
nent is lower than its true value; so is their estimate of Z,_; (since the
errors in estimating Z,_, and F,_, are perfectly correlated). But the
negative shock to D, , is actually idiosyncratic, and D, is likely to be
higher than D,_,. When a positive 8D, is observed, the uninformed
investors realize that they have underestimated F,_, and Z,_,. Accord-
ingly, they increase their estimates, and E}[F,_,] — E} |[F,_,] and
E!Z,_,]1 — E}_|[Z,_,] are both positive. Thus E}[F,_,] — E}_|[F,_,]
and EY[F,_,] — E}_[F,_] are positively correlated with 8D,. It is also
easy to show from theorem 1 that cov[E}[Z, — Z,_,], 8D,] = 0.7
Therefore, cov(dX}, 8D,) = fy(arpr/p;)e > 0 (f% is positive). The
uninformed investors buy the stock when the dividend increases and
sell when it decreases. The following theorem summarizes our result.
THEOREM 5. In the current model,

appr€
Psxy,8p, = > . (26)
pzvar(dZ,)var(dD,)
Under symmetric information, € = 0, pgxi 5p, = Py, jsp = 0, and

trading volume is uncorrelated with absolute dividend changes. Un-
der asymmetric information, £ > 0 and psxy 5p, > 0. The uninformed
investors buy the stock when the dividend increases and sell when
the dividend decreases. Hence, py, 5p, > 0, and volume is positively
correlated with absolute dividend changes.

The intuition behind this result is quite general. When investors
have private information, they respond to public information differ-
ently since they interpret it differently. The difference in the changes
of their expectations generates trading among them. A similar analy-
sis shows that surprises in the public signal about the stock’s future
dividends also generate trading. Therefore, in the current model,
public information about the stock’s future dividends generates ab-
normal volume only under asymmetric information. The abnormal
volume is positively related to the degree of information asymmetry

7 One should not confuse this result with the fact that 2, depends on D, as well as
I1, and §,. Conditional on I, = pzF, — p,Z,, Z, does depend on D, since D, provides
information about F,. But the unconditional variance between Z, and D, is zero since
D, alone provides no information about Z,.
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in the market. Figure 3 shows how py, 5p, increases with o3, the noise
in public signals as a measure of information asymmetry.

It has been documented that trading volume rises on the days of
earnings announcements.'® This is consistent with the prediction of
our model that volume is positively correlated with absolute dividend
changes or the absolute value of S,.!® Moreover, it is found that the
unexpected volume at the time of earnings announcements is larger
for smaller-size firms.?® This is also consistent with our model if we
assume that there is more information asymmetry in the market for
small-size firms than for large-size firms.

VI. Dynamic Relation between Volume and
Returns

Empirical evidence suggests that volume, together with other infor-
mation such as realized returns, can forecast future returns (see, e.g.,

18 For empirical studies on the abnormal volume on announcement day, see, e.g.,
Beaver (1968), Kiger (1972), and Bamber (1986).

1 When investors are heterogeneous in aspects other than information, such as
preferences or tax status, they also react differently to public information.

2 See, e.g., Bamber (1986). It is noted that for small firms, the announcement may
contain more new information about firm earnings than for large firms. In other
words, the unexpected component in earnings announcements may be inversely re-
lated to firm size. However, Bamber shows that after one controls for the size of the
unexpected component, there is still a residual firm size effect. This residual firm size
effect is what we are interested in here.
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Morse 1980; Gallant et al. 1992; LeBaron 1992; Campbell et al. 1993).
For example, Campbell et al. find that at the aggregate level returns
accompanied by high trading volume are more likely to be reversed
than those accompanied by low volume. In what follows, we shall use
the current model to study this type of dynamic relation between
returns and volume. In particular, we shall focus on how information
asymmetry affects the dynamic return-volume relation.

In the current model, trading occurs when the uninformed inves-
tors change their expectations about future stock returns. The trad-
ing volume directly reflects the amplitude of changes in their expecta-
tions. In addition, other public information such as current dividend
and price provides information about the direction of these changes.
Consequently, volume together with realized dividends and prices
can predict future returns.

A. Expected Future Excess Returns Conditional on
Current Volume and Dividend Change

We shall first study how trading volume and public news about the
stock are related to future returns. Under symmetric information,
public news about the stock’s future dividends is immediately re-
flected in the price. The expected return on the stock stays the same,
and there is no abnormal trading associated with the new informa-
tion. Under asymmetric information, however, public information
reveals the true state of the economy and the mistakes of the unin-
formed investors in previous estimation. The uninformed investors
update their expectations and revise their previous trades. This gen-
erates abnormal trading with the news release. Together with the
news, the volume provides information about expected future re-
turns.

To be explicit, let us consider the expected future excess returns
conditional on current volume and dividend changes. The following
result holds.

THEOREM 6. Let Q, = Q, — ¢, be the abnormal excess return on
the stock. Then
E[Q,:1|V,,8D,] = —e;\D tanh(h,V,3D,)V,. 27)
Let &, = —e,ADhy,. Then
E[Q,.1|V,,3D,] = ¢,,V?3D, + high-order terms (28)

and ¢, = 0. Under symmetric information, ¢,, = 0.2!

21 The proof is straightforward from the results given in App. B.
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Theorem 6 states that an increase in dividend accompanied by high
volume implies high future returns. The intuition behind equation
(27) is easy to understand. Changes in dividend can be anticipated
or unanticipated. An anticipated dividend change contains no new
information; hence, it does not affect the expectations of the unin-
formed investors and there is no trading accompanying it. An unan-
ticipated change in current dividend contains new information about
the stock’s future dividends that affects the uninformed investors’
expectations. There is trading accompanying it, and the expected
return changes. Therefore, a dividend change accompanied by ab-
normal volume indicates that the change is unanticipated. Further-
more, good news (i.e., 8D, > 0) implies that the uninformed investors
have underestimated the stock’s future returns. As a result, they will
buy more shares of the stock and future returns will be higher. Bad
news implies the opposite. This result is completely due to the infor-
mation asymmetry between the two classes of investors.

B. Expected Future Excess Returns Conditional on
Current Volume and Return

Let us now consider the expected future excess return of the stock
conditional on its current excess return and trading volume. This
would be an econometrician’s forecast if he observes only realized
excess returns and volume.??

Note that the excess return has two components: the dividend and
the price change. The information content of a price change is differ-
ent from that of a dividend. The current dividend provides informa-
tion only about the stock’s future dividends, whereas the price change
provides information about the informed investors’ noninformational
trading as well as the stock’s future dividends. We have just discussed
the implication of a dividend change together with volume. Let us
now focus on the implication of a price change with volume.

The intuition is best seen in the case of symmetric information
when investors are heterogeneous only in their private investment
opportunities. The stock price changes for two reasons: public infor-
mation about its future dividends and changes in investors’ private
investment opportunities. In the former case, the price adjusts to
fully reflect the new expectation of future dividends. There is no
trading accompanying the price change, and the expected excess re-

2 More precisely, an econometrician may observe both prices and dividends, which
contain more information than just the returns. Here, for simplicity we use only the
returns that also coincide with most of the empirical studies. They can also condition
on the whole history of returns and volume. We shall discuss this later.
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turn on the stock remains the same. In the latter case, the price
adjusts to reflect the I-investors’ needs to trade and to attract the
U-investors. There is trading accompanying the price change, and
the expected future return changes in this case since the price has
changed without changes in future dividends. Specifically, a price
decrease (increase) accompanied by high volume is more likely due
to the sale (purchase) by the I-investors than a decrease (increase) in
future dividends. This implies high (low) future returns.

Therefore, whether abnormal volume is generated by the price
change or by the dividend change leads to opposite predictions about
future returns of the stock. Since the return aggregates the dividend
and price change, the expectation conditional on current volume and
excess return can be different depending on which of the two effects
dominates. Formally, we have the following result.

TueoreM 7. Given the current excess return and volume, next
period’s expected excess return is

E[Q:110, V)] = €2E[Z,]1Q,, V] = NyQ, — Ny tanh(hoV,Q)V,. (29)

Here, Ny, Ay, and h, are constants.?3
Let ¢y = Ao and &; = hyAy. The Taylor expansion of equation
(29) yields

E[Q,:110,,V,] = (bo — &,V2)Q, + high-order terms.  (30)

When ¢, > 0, returns accompanied by high volume are likely to be
followed by returns in the opposite direction. When ¢, < 0, returns
accompanied by high volume are likely to be followed by returns in
the same direction.

We can now show that the sign of ¢, depends on the information
asymmetry between the two types of investors. Let us first consider
the case of symmetric information, that is, when o2 = 0 and all trades
are noninformational. This case is similar to the situation considered
by Campbell et al. (1993). The following result holds (see App. B).

THeoreM 8. Under symmetric information, ¢, > 0.

This result is obvious from the previous discussion. In this case,
price changes provide new information about future excess returns
but dividends do not.

Let us now consider the case with information asymmetry. Recall
that under asymmetric information, the uninformed investors trade
for two reasons: (1) to correct the errors made in previous trading
when new information (such as changes in dividends) reveals the
stock’s true value and (2) to take new positions when price adjusts

2 Here E[Q,4110, V] = Ele;Z, — e9®t|Q1, V). Since E¢[®,] = 0 and {Q,, V;} C %,
E[@)I'Qt’ Vi] = 0. Thus E[QI+I'QH Vil = eZE[ZtlQh Vil
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to reflect the need of noninformational trading from the informed
investors. These two components of trading are associated with dif-
ferent revisions in the uninformed investors’ expectations as dis-
cussed above. Suppose that a trade is generated by an unanticipated
low dividend, which implies that the uninformed investors overesti-
mated future dividends in the previous period. They will lower their
expectations on future stock returns. The correction in expectations
gives rise to the sale of the stock by the uninformed investors accom-
panied by a low return in the current period as well as a decrease in
expected future returns. Suppose that a trade is generated by the
information that there is an increase in Z, and the informed investors
are facing a good private investment opportunity. This then implies
that they are selling the stock to adjust their portfolio. The unin-
formed investors will buy the shares as its price decreases. The ex-
pected change in Z, gives rise to the purchase of the stock by the
uninformed investors accompanied by a decrease in the current price
and an increase in expected future returns. Since volume does not
distinguish the sign of a trade, these two components of the unin-
formed investors’ trading generate a different dynamic relation be-
tween volume and return. If the first component dominates, a high
volume accompanied by a low return implies a low return in the
future. If the second component dominates, a high volume accompa-
nied by a low return implies a high return in the future. It should
be obvious that the first component exists only under asymmetric
information when informed investors trade on private information.

Figure 4 shows that for some parameter values, ¢, becomes nega-
tive as o2 increases. This illustrates that in the case of severe informa-
tion asymmetry, the dynamic volume-return relation can be very dif-
ferent from that in the case of symmetric information. Therefore,
information asymmetry can qualitatively change the dynamic relation
between return and volume. This implies that the dynamic return-
volume relation can reveal the nature of investor heterogeneity that
affects asset prices.

C. A Remark

In the previous discussion, we considered only how the current re-
turn and volume predict future returns. More generally, the whole
history of returns and volume can be used to predict future returns.
This requires the calculation of the following conditional expectation:

E[Q,.1{Q,, Viis= 8] = e,E[Z,{Q,, Vi s < 8]. (31)

Calculating E[Z,|{Q,, V,: s = #}] is a nonlinear filtering problem. Even
under the distributional assumption in the current setup, to solve the
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nonlinear filter in closed form is a difficult task. One approach is to
solve it recursively. Since the economy is stationary in the current
setting, the importance of historical returns and volume in predicting
future returns should diminish as they are further away from the
present. For example, we can consider the expected excess future
return conditional on the excess returns and volume of the last two
periods. This is calculated in Appendix B. Take the Taylor expansion
and keep the first two lowest-order terms. Then

E(Q1105 V501, Vel = =N + MPRGOVE + P VE 1M,
—\ + NPIRGOVE + AGPVE IO,
(32)

Here, A\Q), NP, ND, MNP, AGyY, by, hyD, and h? are constants given
in Appendlx B.

VII. Further Comments

In this section, I provide a further discussion on the model developed
above. I shall first comment on some generalizations of the model
and then discuss some of its limitations.

In the model specified in Section II, only the informed investors
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have private investment opportunities. A more general setting would
be to also give the uninformed investors private investment opportu-
nities. They can be either the same as those of the informed investors
or different. When the informed and the uninformed investors have
the same technology, we have to assume that the informed investors
have better information about the technology than the uninformed
investors. For example, we can assume that the informed investors
observe Z, and the uninformed investors observe only the realized
returns. In this case, the investment opportunities, including both the
traded and nontraded assets, are the same for both classes of inves-
tors. The only factor that generates trading is information given the
incomplete market structure. However, it is the information concern-
ing not only the stock’s future cash flow, but also the returns to the
private technology. When the informed and uninformed investors
have different technologies, we do not have to assume that the in-
formed investors have any private information on the uninformed
investors’ technology. In equilibrium, the price reveals the unin-
formed investors’ private information to the informed investors, but
the reverse is not true. Under these generalizations, most of our re-
sults remain unchanged.

A further generalization along the same line would be to allow each
individual investor’s private investment opportunity to be different
(even within each group). In general, we can assume that the ex-
pected return to each investor’s private investment opportunity has
an aggregate component and an idiosyncratic component. The aggre-
gate component is common to all investors and the idiosyncratic com-
ponent is independent across investors. Since we have a large number
of investors, only the aggregate shock to the private investment op-
portunities will affect the price and expected returns of the stock.
This aggregate component will play exactly the same role as Z, in the
current setup. The idiosyncratic shocks to the investors’ investment
opportunities give rise to only a noise component in the total trading
volume.

Some other generalizations are straightforward. For example, we
can allow the risk aversion to differ across investors as long as it
remains in the CARA class. We can also extend the processes of F,
and Z, to more general linear processes. Extending the current model
to a multiasset world while maintaining the hierarchic information
structure may also be interesting.

Despite the advantage of being tractable, the current model has
many limitations. We assume that some investors have better informa-
tion than others and they trade competitively in the market. We do
not allow any form of information sale by the informed investors (see,
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e.g., Admati and Pfleiderer 1986, 1990). If the sale of information is
feasible and costless, the assumed competitive behavior may lead to
dissemination of information among investors. However, when the
sale of information is costly, information asymmetry can be main-
tained in a competitive world.

We can model the noninformational trading as investors’ rational
behavior by introducing private investment opportunities. One can
literally interpret them as investing in durables, human capital, non-
traded assets, and so forth. But these factors at an individual level
may not be the main driving force for daily trading in the market.
When one thinks of large players in the market such as institutional
investors, one would like to give the motive for noninformational
trading a more general interpretation. This, however, requires more
general specifications of objective functions, constraints, and so forth.

Another limitation of the current model comes from the hierarchic
information structure. Information asymmetry takes the specific
form that some investors are strictly better informed than others.
In other words, there exists a strict ranking among the investors’
information sets. As we have seen in the previous analysis, this form
of information asymmetry intends to reduce trading among investors.
Less informed investors simply become cautious when they trade with
more informed investors. Pfleiderer (1984) considered a different
information structure in which investors have diverse information
about assets’ future cash flows. In his model, diversity in the investors’
information can actually increase volume. He and Wang (1992) con-
sider a multiperiod model of trading under diverse private informa-
tion. The actual information structure of the market may take much
more general forms than what we assumed here.

Appendix A

Proof of Theorems 1-3 and Proposition 1
A. Theorem 1

The system of interest is the vector of underlying state variables: z] = (F,,
Z,), which follows the process

z,=a,z,_, +b,e, (A1)

arp 0 b
w0 o) o)
0 az bZ

where
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Here, by = (0, 1, 0, 0, 0) and b, = (0, 0, 1, 0, 0). The signals are given by
s] = (S, D, 1I,):

s, = a;z, + b€, (A2)
where
1 0 bg
as = l 0 N bS = bD
pPr Pz 0

Here by = (0, 0, 0, 0, 1) and b, = (1, 0, 0, 0, 0). The information set of
the uninformed investors is # = {s,|t =< ¢}. For notational simplicity, define
2zz = bzzb;r and Esx = bszb;r
The filtering problem is to derive the conditional distribution of the state
variables given the history of signals. Under the current assumptions about
the processes of z, and s, this is simply the Kalman filtering problem. Let 2,
= E[2)/*] and o, = E[(2, — 2)(2, — 2)"|/*]. Then
2,1 = a2, + ks, — E{[s;41]], (A3)
ol = (azol—la;r + 2zz) - ktas(azot—laz + Ezz)’ (A4)
where

kt = (azot—laz + zzz)a.;r[as(azot—laz- + 2Zz)asT + Ess]_l'

A derivation of Kalman filters can be found in, for example, Jazwinski (1970).
We are interested only in steady-state solutions.?* Let 0 = {o;;}; ;- o be the
solution of the static Riccati equation:

o = (a,0a] + %) — ka,(a,0a] + 3,,), (Ab)
where
k = (a,0a] + 3 ,)al[a,(a,0a] + X )a] + X 7"
The steady-state filters are then given by the filtering equation
2, =a,z,_, +Kk(s, —aaz_,). (A6)

Define 8, = 2, — z,, which is the difference between the uninformed inves-
tors’ estimates of z, and its true values. Equation (A6) yields

St = aaat_l + bset, (A7)

where ag = a, — ka,a, and by = k(a;b, + b,) — b_. In particular, for ® =
ﬁt - Ft’

@, = a@)@t—l + b@it, (AS)
# Under the assumption that the prior distribution is normal and |af| = 1, |az| <

1, the convergence of the filters to their steady-state solution is guaranteed (see, e.g.,
Anderson and Moore 1979).
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where ag is the first diagonal element of az and bg is the first row vector of
b;.

Since in the current model all the processes are linear in the underlying
shocks and all the shocks are normal, all the variables defined above are
jointly normal. We can easily calculate the conditional and unconditional

variances and covariances of any variables. Let y;,, i = 1, 2, be any two
random variables such thaty;, = a;y,,_1 + b;€ and |a;] < 1. Then
_ 1 P
Ky, y, = cov(yi e ¥j,0) = T=aa aia]«bizbf’ 5,j=12

B. Theorems 2 and 3

Given the form of the price function and the solution to the uninformed
investors’ expectations, we can derive the process of excess stock returns:

Qii1=Py1 + Dy —RP =ey+e;Z,— €0, + bQ€t+l7 (A9)

where ¢g = 1pg, e, = (R — az)pz, 9 = (R — ag)@ — pr),and by = (1 +
a)br + by — p;b, + (@ — pr)bg. The expected excess returns for the
informed and the uninformed investors are

Ei[Q_t+1] =ey+e;Z, —eg®, E}[Q;1]=¢y+ eZZt' (A10)

Note that the expected returns are linear in the state variables: Z, and @, for
the informed investors and Z, for the uninformed investors. Let ¥i = (1, Z,,
®,)"and ¥¥ = (1, Z,)" be the vectors of state variables for the informed and
the uninformed investors, respectively. The vector Wk (k = i, u) follows an
AR(1) process:

Wi =ay Wi, +bief, (A1)

where €; = €,and € = (0,_, €,); a% and b%, (k = 4, u) can be easily calculated
from equation (A6).

Let 28, = (Q,+1, .+1) be the vector of excess returns for the informed
investors and 2, , = Q,,, the vector for the uninformed investors. Then
'Qf-fl = eé\I’f + b_k?ef+l’ k= i’ u, (Al2)
where

: ey €7 ¢€g _ bQ>
! = ’ bl = ’
€z ( 01 0 ) 2 (b

q

e% = (¢, €z), and b% = (—eg — (prez/pz), bg). Furthermore, let X* be the

vector of investors’ holdings of risky assets: X; = (X}, y,)" and X} = X}.
With this notation, both the informed and the uninformed investors’ opti-

mization problem can be expressed in the form of the Bellman equation:?®

% The transversality condition we impose is lim,_,. E[J(W;.; ¥iuss t + 8)] = O,
which is of the Merton type (see Merton 1969).
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0= IgaX{—B'e_“’ +E[JW,y 3 W )] = J(W,; ¥, 00}
¢ (A13)
subjectto W, , = (W, — ¢)R + X[ 2,, .

Here the superscript £ = ¢, u has been dropped to simplify notation. Consider
the following trial solution for the value function:

J(Wt; ‘l’t; t) = _Bte—aW,-1/2\ll,Tv'lft, (A14)
where v is an » X n symmetric matrix of constants (n = 3 if £ = iand n =
2 if k = u). Define v,, = alvay, v, = bvby, v, = alvby, @ = (37! +
vi) LT = (b, Ob) "', g = e, — bQv],. Also defined = |Q7'Z|" V2 Itis
straightforward to show that

E[]H—llﬂt] = —dp'*! exp[—aR(W, —¢,) — a‘l’:TgTX:
+ %a2X]T7 !X, — W] (v, — v, Qv],)¥,).

The first-order condition for the optimal investment-consumption policy
is

X, = 16, £,=T(e;~bAv]) (A15)
c,=c+ ok W, + 1 ¥'m¥, m= - v, Qvl, + ¢’
¢ Y+ aR T 9y + aR) ! t Vag = VgpdbVgy T 818,
(A16)
and

c= ! In (—L)
Y+ aR \aBRd/’
Substituting the optimal consumption-investment policy back into the Bell-
man equation, we obtain

a=—, c= —‘YLRln(rBd),

R

1 - r\.
exp{—‘/Q\I',T[Em - v+ <'yc + lnﬁ)l“]‘l’t} = 1.
s(n,n) -

Here, i7" is an n X 7 index matrix.?® This leads to the following equation
for v:27

(A17)

1 .
Ti;m- v+ ['yc+ln(1 n )]1“=0. (A18)

% An index matrix i{"" is an m X n matrix with the element {;, j} being one and all

other elements being zero. For example,

29 _ (1 O)
1y 0 0)

27 In the case of the informed investors—e.g., v, m, and i{}® are all symmetric 3 x
3 matrices—eq. (A18) gives a set of six polynomial equations that can be solved for v.
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The solution to this set of equations determines v, which in turn fully deter-
mines the value function and the optimal investment-consumption policies.?®
From equation (A15), we can rewrite the investors’ optimal portfolios as

X, = éI‘E[Q,Hlﬂ,] - ih\l’,, h = I'b,Qv],. (A19)

C. Proposition 1

From theorems 1-3, we can now prove proposition 1. Express investors’
optimal stockholdings as

Xi=fb+f22,+f0, X¢=fb+f4sZ,. (A20)

In order for the conjectured price function to be an equilibrium, the stock
market has to clear. From equation (A20),

=X+ (- 0X:= o(fo+f5Z, + f50,) + (1 — 0)(fY +f;2,). (A21)
Since Z, = Z, — (ps/p;)®,, where p. = pz/pr, equation (A21) holds if the

following is true:

wfp+ (=) fi=1, ofs+(1-wfi=0 wfb+(l— w)’;-;fz -o.

(A22)

Equation (A22) is a set of algebraic equations. Its solution determines p, pp,
and p;, which completely specify the proposed equilibrium price function.
We are not able to express the roots of equation (A22) in analytical form. A
numerical method can be used to solve equation (A22). This completes the
proof of proposition 1.

Appendix B

Some Conditional and Unconditional Moments

In this Appendix, I derive the results used in the theorems in Sections IV—VI.
Most of these results involve the calculation of some conditional and uncondi-
tional moments.

A. Moments of Volume and Its Correlation
with Changes in Prices and Dividends

Let y' = (y1, y2) be a two-dimensional random variable and y ~ N(0, Ey).

Suppose
of oy
zy = 2 ’
T2 02

% The imposed transversality condition is satisfied by the solution. It is easy to show
that E[ J,4,] = R'ljt. Hence, E|[J,+.] = R""J,and lim,,. E[J;4,] = Osince R > 1
as assumed, which is the Merton transversality condition.
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where 015 = p90,0,. It is easy to show that

1 + “y¥20? 2
Blnll = == Inle?Pldy, = 2oy (B1)
wo, T~

and

1
Plyil.lysl = ;E[E[Iylygl] — E[ly,[1E[] 5[]

1
27 V1 — p?, (B2)
2 12 ’ot
+% (4o -t ye +2912}’1)’2] 92
x ’ ’ — d 'd ’ _ £
f_w J’_w |y1y2|exp[ 2(1 — p3y) M@y ~

(-2 vr=w)

where y; = y,/o; and y5 = y,/0,.
The trading volume V, = (1 — w)|f%||3Z,|. From the result above,

V=E[V]=(1-o)lf}l \/gﬁaz, var(V)) = (m — ) V2. (B3)

From equation (B2),

2 f———
Pv, sy, = (1 - ;)(1 - 1 - Psy,,sz‘,>’ Y,=P,D,. (B4)

The correlation coefficient, pgp,52,, and psp, 52, can be calculated from Appen-
dix A.

B. Expected Future Excess Returns Conditional on
Current Return and Volume

Let us first consider the expectations conditional on the absolute value of
other variables in the case of a jointly normal distribution. Then we can
apply it to the problem of expected future excess returns conditional on past
returns and volume.

Lety = (yl, y])". Suppose y ~ N(0, %,), where X, is the covariance matrix.

Rewrite %, as
2aa 2ab)
%= <2ba DI

Ely.lys) = Z0Z5'ys (B5)

It is known that
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Let us first consider a simple case. Let y, = y, and y] = (s, y3). We want
to calculate the conditional expectation: E[y, |y, = Iy, |y35| = I3]. Define f(y,)
= ¢ V2¥%4'ys Let 1, = (ly, Is). It is easy to show that

f{[l(2 D+ i 2)]117} f{[l(2 P — 1222)115} @ 2)}1
Al &P +i%21,) +f{[l(2 P —if 2)]11;} !

=3,35(if? - anh[1JiGP25i%21,1i% 2N,

Elylye=llysl =151= zabzb_bl{lll

(B6)
s(m,m) +

where i;;"" is the index matrix.

Now suppose that y] = (g, ¥s, 4, 5). We want to calculate the following
conditional expectation: E[y,|yy = lo, |ys| = I3, 94 = L, |y5] = I5]. Let 1] =
(12, l3, 14, l5) and

_ Ti(@,4 4,4
g24 =1 122 )Ebbl 144 )lb’
L qTi(@ ) —1rs(4,4 4,4
820 = 1]i% Y25 Y Y+ il o,
Ts(4,4 4,4 4,4
gao = ViP5 GHY + i,

It can be shown that

E(y1lye = lo, |ys| = l3,54 = L, 95| = 15]

<(4,4) 4,4) 4) (B7)
= 3,35 Y + %Y + may) i Y + ma1)if 10,
where
1) = cosh(gg,) sinh(gy,) cosh(g,,) + sinh(gss)cosh(gy,)sinh(gy,)
M2t% cosh(gay) cosh(gg,) cosh(gy,) + sinh(gyq)sinh(gy,)sinh(gy,)’
) = cosh(ggs) cosh(gy,)sinh(gy,) + sinh(gys)sinh(gy,)cosh(gy,)
N4y

cosh(ggy) cosh(gy,) cosh(gy,) + sinh(gos)sinh(gy,)sinh(gy,)’

Expand 7, and m, in terms of 1, and keep only the lowest-order terms, which
are quadratic in 1,. Then my(l,) = g9, + 02(1;) and m4(1;) = g4, + 0%(1}),
where 0%(-) denotes the terms of the higher order of 13. Under the quadratic
approximation, we have

E J’||J’2 = l2»|)’3| =13,y = 14’|J’5| = 5]

(B8)
= 3,35 Y + a5 + g (1,) i%Y + ga,(1,)il5 V1L,

Given the results above, we can calculate the conditional expectation

E[Qt+l|Qt’ V.. Since V, = [(1 —(n)fZSZ| E[QH—llQl! Vil = E[Ql+1|Ql’
[8Z,]]. From Appendix A, we know that Q,,, Q,, and 8Z, are jointly normal.
Using equation (B6) and letting (1,)7 = (Q,, 3Z,), we get

E(0,410,18Z,)1 = 2425 {(i%? — tanh[1]iF? 35 i%21,1i52H,.  (B9)
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Let
-1
A P

hsz.q hoz,s2 KQ,02  Ksz, 82,

T
KQt+l,chQ,Q + KQ:H’SZ‘:hQ,EZA
A=(Nghsz) =235 = ( .
KQH»I chQ 82 + KQ!+] 521h52 ¥4
Let )‘V = st/ (.!))'le] and hQ = hQSZ/[(l - (.!))'fz'] Then

t+l|Qn Vil= )\QQt - )\Vtanh(hQVtQt) V.. (B10)

C. Theorem 8

In the case of symmetric information (i.e., o} = 0), 8Z, = 8Z,. It is easy to
show that

Kgno, = bpEb] + (1 + a)2byZb] + I_)%ag [1 + R(R — 2a,)]b,3bl,
z
Ké%), 82, = 1 faz bZEb}', Kg),)sz, = —(_III_FRT)ZPEbzzbg,
o= pr,g“ = zR)b,EbL, KL, = T -bsEbL
Here, the superscript (0) denotes the case a5 = 0. Then
M = 0l 22— o, zb
AY = |hO) T izaz{[bDEb[, + (1 + a)?bp3b]] + wbzzbg}bzzbg.

Since |h©] is positive,
9 o hO A = © 0
( h(Q%Z A2 = |hO) [—kg.sz) sz

This proves theorem 8.

D. Deriwving Equation (32)

Using equation (B8), we can calculate E[Q,,1Q,, V;; Q,_,, V,_,]. Let
1 =(Q,82,,Q1-1,8Z,-).

Then

g2 = (ZNal32,1Q, + (Zi5")es132,1Q,- 1,
0= (EipDaild2,,1Q, + (251 4s18Z,.11Q,- 1.
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Substituting into equation (B8), we obtain equation (32). Here, I have omitted
the detailed derivations of the coefficients, which are straightforward.
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