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The objective in this paper is to improve the performance of the 4-node MITC quadrilateral shell finite
element, referred to as the MITC4 element (Dvorkin and Bathe, 1984). We propose a new MITC4 shell ele-
ment, the MITC4+ element, in which the mid-surface membrane strain components are assumed using
the concept of the MITC method. The tying membrane strains are obtained from four triangular domains
which subdivide the mid-surface of the 4-node quadrilateral shell element. This approach alleviates lock-
ing that can happen when the MITC4 shell elements are geometrically distorted in curved geometries.
Several basic tests including the isotropy, zero energy mode, and patch tests are performed. Through
the solution of various shell problems, the convergence behavior of the MITC4+ shell element is studied
to show the improvements reached.

� 2016 Elsevier Ltd. All rights reserved.
1. Introduction

Shells are beautiful and efficient structures that exist in nature
and many engineering applications, but their inherently compli-
cated behavior is not easy to predict. The finite element method
has been very useful for the analysis of shell structures. For several
decades, the development of effective shell finite elements has
been of great concern [1–17].

An ‘‘ideal” shell element should satisfy the ellipticity and con-
sistency conditions [2,12–15]. In addition, an optimal uniform con-
vergence behavior should be seen for any shell problem regardless
of the asymptotic behavior (membrane-dominated, bending-
dominated, and mixed shell behaviors) depending on the shell
geometry, loading and boundary conditions [2,13,16]. It is extre-
mely difficult to obtain an ideal shell finite element which gives
for any problem an optimal uniform convergence behavior even
when used in distorted meshes. Such element indeed does not
exist yet.

To develop effective shell finite elements, the major challenge is
to alleviate shear and membrane locking that seriously deteriorate
the solution accuracy in bending-dominated and membrane-
bending mixed shell problems [5,13,16]. Unlike shear locking,
membrane locking occurs only when the shell element geometry
is curved. Membrane locking has been treated quite successfully
for higher order shell elements [6,9,17].
The MITC (Mixed Interpolation of Tensorial Components)
method was first developed to reduce shear locking for the 4-
node continuum mechanics based MITC4 shell element [1]. Then,
the method has been successfully used to reduce both shear and
membrane locking in higher order quadrilateral and triangular
shell finite elements (the MITC9, MITC16 and MITC6 shell ele-
ments) [5–8]. However, in the MITC4 element formulation, the
membrane strains are not modified (because the element is usually
relatively flat in its geometry). This can lead to some membrane
locking when curved geometries are solved with distorted meshes.

The membrane locking phenomenon has been well studied in
3-node curved beam and 9-node shell elements, for which various
methodologies have been proposed to reduce the locking [6,18–
20]. However, there have been few attempts to improve 4-node
quadrilateral shell elements [21–25] by modifying the membrane
strain components. Such modifications resulted into not satisfying
the patch and/or zero energy mode tests, and to severely deterio-
rating the in-plane behaviors of 4-node shell elements. For those
reasons, the previous attempts to improve 4-node quadrilateral
shell elements have not been successful.

In this paper, we propose a new assumed membrane strain field
for the MITC4 shell element, which is simple and effective for
reducing locking but the membrane behavior is well preserved.
The key idea is to construct the assumed membrane strain field
by utilizing the membrane strains obtained from four triangular
subdomains representing the 4-node quadrilateral shell element.
The shear locking is treated as in the original MITC4 shell element
formulation.

http://crossmark.crossref.org/dialog/?doi=10.1016/j.compstruc.2016.03.002&domain=pdf
http://dx.doi.org/10.1016/j.compstruc.2016.03.002
mailto:phillseung@kaist.edu
http://dx.doi.org/10.1016/j.compstruc.2016.03.002
http://www.sciencedirect.com/science/journal/00457949
http://www.elsevier.com/locate/compstruc
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In the following sections, the formulation of the MITC4 shell
element is briefly reviewed and then the formulation of the new
MITC4+ shell element is given. The performance of the new ele-
ment is presented through basic numerical tests and convergence
tests.

2. The MITC4 shell finite element

In this section, we briefly review the formulation of the MITC4
shell element.

The geometry of a standard 4-node continuummechanics based
quadrilateral shell finite element is interpolated using [1,12]

xðr; s; tÞ ¼
X4
i¼1

hiðr; sÞxi þ t
2

X4
i¼1

aihiðr; sÞVi
n; ð1Þ

where hiðr; sÞ is the two-dimensional interpolation function of the
standard isoparametric procedure corresponding to node i, xi is
the position vector of node i in the global Cartesian coordinate sys-

tem, and ai and Vi
n denote the shell thickness and the director vector

at the node, see Fig. 1.
The corresponding displacement interpolation of the element is

uðr; s; tÞ ¼
X4
i¼1

hiðr; sÞui þ t
2

X4
i¼1

aihiðr; sÞ ð�Vi
2ai þ Vi

1biÞ; ð2Þ

in which ui is the nodal displacement vector in the global Cartesian

coordinate system, Vi
1 and Vi

2 are unit vectors orthogonal to Vi
n and

to each other, and ai and bi are the rotations of the director vector

Vi
n about Vi

1 and Vi
2, respectively, at node i .

The linear terms of the displacement-based covariant strain
components are given by

eij ¼ 1
2
ðgi � u;j þ gj � u;iÞ; ð3Þ

in which

gi ¼
@x
@ri

; u;i ¼
@u
@ri

with r1 ¼ r; r2 ¼ s; r3 ¼ t: ð4Þ

For the MITC4 shell element, the covariant in-plane strain compo-
nents are calculated using Eqs. (1)–(3) without any modification.
The transverse shear strain field is based on assuming constant
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Fig. 1. A standard 4-node quadrilateral continuum mechanics based shell finite
element.
covariant transverse shear strain conditions along the edges, see
Ref. [1]

~ert ¼ 1
2
ð1þ sÞeðAÞrt þ 1

2
ð1� sÞeðBÞrt ;

~est ¼ 1
2
ð1þ rÞeðCÞst þ 1

2
ð1� rÞeðDÞst ; ð5Þ

where the tying points are shown in Fig. 2 [1,9].

3. The MITC4+ shell finite element

In the formulation of the new 4-node shell element the mid-
surface of the element is subdivided into four non-overlapping 3-
node triangular domains, and the assumed membrane strain field
is constructed using the membrane strains of the flat triangular
domains. The geometry and displacement interpolations of the
new shell elements are as for the MITC4 shell element.

We can write the covariant in-plane strain in Eq. (3) as

eij ¼ emij þ t eb1ij þ t2eb2ij with i; j ¼ 1; 2; ð6aÞ

emij ¼ 1
2

@xm

@ri
� @um

@rj
þ @xm

@rj
� @um

@ri

� �
; ð6bÞ

eb1ij ¼ 1
2

@xm

@ri
� @ub

@rj
þ @xm

@rj
� @ub

@ri
þ @xb

@ri
� @um

@rj
þ @xb

@rj
� @um

@ri

� �
; ð6cÞ

eb2ij ¼ 1
2

@xb

@ri
� @ub

@rj
þ @xb

@rj
� @ub

@ri

� �
; ð6dÞ

with

xm ¼
X4
i¼1

hiðr; sÞxi; xb ¼ 1
2

X4
i¼1

aihiðr; sÞVi
n;

um ¼
X4
i¼1

hiðr; sÞui; ub ¼ 1
2

X4
i¼1

aihiðr; sÞ ð�Vi
2ai þ Vi

1biÞ; ð7Þ

in which the first term emij is the covariant in-plane membrane strain
at the shell mid-surface (t ¼ 0), and the remaining terms are the
covariant in-plane strains due to bending. The membrane strain in
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Fig. 2. Tying positions (A), (B), (C) and (D) for the assumed transverse shear strain
field of the MITC4 shell element. The constant transverse shear strain conditions are
imposed along its edges.
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Eq. (6b) can induce locking in general, and since this locking results
from a membrane component, it is referred to as ‘‘membrane
locking”.

Let us define the center point denoted by ‘5’ in the mid-surface
of the 4-node shell element as shown in Fig. 3

x5 ¼
X4
i¼1

cixi; ð8Þ

where the constants ci are used to determine the position of the
center point. The choice of constants is important for the element
isotropy and the membrane patch tests.

In this study, the constants in Eq. (8) are determined using the
following equation (for the detailed derivation, see Appendix A)

c1 c2 c3 c4½ � ¼ 1
2

A1

A1 þ A2

1
3

1
3 0 1

3

� �þ 1
2

A2

A1 þ A2
0 1

3
1
3

1
3

� �
þ 1
2

A3

A3 þ A4

1
3

1
3

1
3 0

� �þ 1
2

A4

A3 þ A4

1
3 0 1

3
1
3

� �
;

ð9Þ

where A1, A2, A3 and A4 are the areas of triangles 1, 2, 3, and 4 shown
in Fig. 4. The center point is located at the mean position of two geo-
metric centroids in Fig. 4. When the geometry of the 4-node shell
element is flat, the center point obtained using Eqs. (8) and (9) is
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Fig. 3. Triangular subdivision of the mid-surface of the 4-node shell element.
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located at the centroid of the mid-surface of the 4-node shell
element.

Using the defined center point, we divide the mid-surface of the
4-node shell element into four flat triangular domains, see Fig. 3.
Each triangular domain can be interpolated using the following
geometry interpolation function

x
_ðr; s; tÞ ¼

X3
i¼1

h
_

iðr; sÞx
_

i with h
_

1ðr; sÞ ¼ r; h
_

2ðr; sÞ ¼ s;

h
_

3ðr; sÞ ¼ 1� r � s; ð10Þ

and

x
_

1 ¼ x1; x
_

2 ¼ x2; x
_

3 ¼ x5 for triangle A;

x
_

1 ¼ x3; x
_

2 ¼ x4; x
_

3 ¼ x5 for triangle B;

x
_

1 ¼ x4; x
_

2 ¼ x1; x
_

3 ¼ x5 for triangle C;

x
_

1 ¼ x2; x
_

2 ¼ x3; x
_

3 ¼ x5 for triangle D;

in which h
_

iðr; sÞ is the two-dimensional interpolation function of

the 3-node triangular element corresponding to node i, and x
_

i is
the position vector at node i. Note that the subdivision into two
non-overlapping triangular domains is also possible, but then the
element isotropy cannot be satisfied.

The interpolation of the corresponding translational displace-
ment vector is given by

u
_ðr; s; tÞ ¼

X3
i¼1

h
_

iðr; sÞu
_

i; ð11Þ

where u
_

i is the translational displacement vector at node i .
In the MITC4+ shell element, the displacement vector at the

center point is represented by the displacement vectors at the cor-
ner nodes

u5 ¼
X4
i¼1

ciui: ð12Þ

Note that the isoparametric relation between Eqs. (8) and (12) is
important to correctly represent rigid body modes in the 4-node
shell element. Note that the displacements at the center point are
not degrees of freedom in the element formulation.

The covariant membrane strain in the triangular domains is
given by
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ter point of the MITC4+ shell element.
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Fig. 5. Tying positions (A), (B), (C) and (D) for the assumed membrane strain field of the MITC4+ shell element.
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e
_m
ij ¼ 1

2
@ x

_

@ri
� @ u

_

@rj
þ @ x

_

@rj
� @ u

_

@ri

 !
with i; j ¼ 1;2: ð13Þ

The covariant membrane strain in Eq. (13) has two covariant base
vectors,

g
_

i ¼ @ x
_

@ri
with i ¼ 1;2; ð14aÞ

which are supplemented with the third covariant base vector of

g
_

3 ¼ g3: ð14bÞ
In order to apply the assumed strain method, the covariant mem-
brane strain from each triangular domain must be transported to
the natural coordinate system of the 4-node shell element. The
strain transformation is given by (i; j ¼ 1;2 and k; l ¼ 1;2),

�emij ¼ e
_m
klðgi � g

_kÞðgj � g
_lÞ; ð15Þ

in which g
_
i � g_j ¼ dij with dij the Kronecker delta.

Using the covariant membrane strains evaluated from the four
triangular domains, we need to construct a new assumed strain
field which alleviates the locking. We start from the following
equation

~emij ¼ aþ br þ csþ drs with i; j ¼ 1;2; ð16Þ
in which the coefficients a, b, c and d are determined using the
covariant membrane strains evaluated in the triangular domains.

While the strains are constant within each triangular domain,
we choose the tying positions to be symmetric about the element
center, as shown in Fig. 5, We then use the following tying
conditions

~emij ð0;1Þ ¼ �emðAÞ
ij ; ~emij ð0;�1Þ ¼ �emðBÞ

ij ;

~emij ð1;0Þ ¼ �emðCÞ
ij ; ~emij ð�1;0Þ ¼ �emðDÞ

ij ; ð17Þ

The four coefficients in Eq. (16) are thus obtained as

a ¼ 1
4
ð�emðAÞ

ij þ �emðBÞ
ij þ �emðCÞ

ij þ �emðDÞ
ij Þ; b ¼ 1

2
��emðDÞ

ij þ �emðCÞ
ij

� �
;

c ¼ 1
2

��emðBÞ
ij þ �emðAÞ

ij

� �
;

d ¼ 0: ð18Þ
Finally, the new assumed strain field for the membrane strains is
given as

~emij ¼ 1
4
ð�emðAÞ

ij þ �emðBÞ
ij þ �emðCÞ

ij þ �emðDÞ
ij Þ þ 1

2
��emðDÞ

ij þ �emðCÞ
ij

� �
r

þ 1
2

��emðBÞ
ij þ �emðAÞ

ij

� �
s; ð19Þ

Note that the assumedmembrane strains in Eq. (19) do not have the
bi-linear term (rs) which causes membrane locking of the MITC4
element when geometrically distorted.

As for the MITC4 element, we use 2� 2� 2 Gauss integration
over the (distorted) original element shape to evaluate the stiffness
matrix of the MITC4+ shell element.

The assumed membrane strain field in Eq. (19) can be directly
adopted in the 4-node shell element without considering the trian-
gular subdivision used in this study. Then, while the convergence
behavior is similar to the behavior of the MITC4+ shell element,
the resulting element largely fails the membrane patch test.

4. Remarks on previous studies

In this section, we briefly comment on some previous attempts
to resolve membrane locking of 4-node shell elements.

Membrane locking of 4-node shell elements can be greatly alle-
viated using the well-known reduced integration [21–23]. Such
elements suffer from rank deficiency and do not properly represent
physical rigid body modes; thus appropriate stabilization and dis-
placement projection techniques need be used [21–23]. The ele-
ments may be useful for some applications, but the use of
stabilization factors is undesirable and the membrane and perhaps
bending predictions are not optimal.

There have been some attempts to use the assumed strain
method, or similar techniques, see Refs. [24–26]. In Ref. [24], the
discrete strain gap method was employed to reduce membrane
locking, but the resulting element was not effective.

Choi and Paik [25] successfully alleviated the membrane lock-
ing of a 4-node shell element and achieved good in-plane behav-
iors using the following assumed strain field

~em11 ¼ 1
2

emðBÞ
11 þ emðAÞ

11

� �
þ 1
2
ð�emðBÞ

11 þ emðAÞ
11 Þs; ð20aÞ

~em22 ¼ 1
2
ðemðDÞ

22 þ emðCÞ
22 Þ þ 1

2
�emðDÞ

22 þ emðCÞ
22

� �
r; ð20bÞ
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~em12 ¼ 1
4

emðAÞ
12 þ emðBÞ

12 þ emðCÞ
12 þ emðDÞ

12

� �
; ð20cÞ

where the tying points are shown in Fig. 5. However, the element
largely fails the membrane patch test.

In Ref. [26], the author used the QMITC membrane element [27]
to represent the in-plane behavior of the MITC4 shell element. This
is a valuable approach but the element is rather costly
computationally.

In addition, all these elements have not been tested thoroughly
using strong benchmark problems and distorted meshes.

5. Basic numerical tests

Here, basic numerical tests are conducted to examine the
MITC4+ shell element. We first consider the isotropy, patch and
zero energy mode tests. We also test the membrane behavior of
the element through the solution of Cook’s problem to check
whether the membrane performance deteriorates compared to
the MITC4 shell element.

As in triangular shell elements, spatially isotropic behavior is an
important requirement for quadrilateral shell elements. The ele-
ment behavior should not depend on the sequence of node num-
bering, i.e. the element orientation [2–4,8]. The MITC4+ shell
element passes this test.

We perform three patch tests: the membrane, bending and
shearing patch tests, see Refs. [1–4,8,13,17,28] for the patch
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Fig. 6. Mesh geometry used for the membrane patch tests is shown in (a). Loading and bo
are shown in (b)–(d) (p ¼ 1:0, thickness = 1.0, E ¼ 2:1� 106, m ¼ 0:3).
tests. The geometry, mesh, loading and boundary conditions
are shown in Fig. 6. The patch of elements is subjected to the
minimum number of constrains to prevent rigid body motions
and the nodal point forces on the boundary corresponding to
the constant stress states are applied. If the constant stress fields
are calculated, the patch tests are passed. The MITC4+ shell ele-
ment exactly passes the shear and bending patch tests. The
results of the membrane patch test are shown in Fig. 7. The
new element practically also passes the membrane patch test,
similar to the MITC9 shell element.

In the zero energy mode tests, the number of zero eigenvalues
of the stiffness matrix of a single unsupported element are counted
[1–4,8,13,17,28]. For the MITC4+ shell element, only the six zero
eigenvalues corresponding to the six rigid body modes are
obtained. That is, the MITC4+ shell element passes the zero energy
mode test.

In order to test the in-plane bending and shearing behaviors
of the MITC4+ shell element, Cook’s problem shown in Fig. 8 is
considered [29,30]. The vertical displacement at tip A should
converge to the reference solution as the mesh is refined.
Table 1 presents the tip displacements obtained using the
MITC4+ and MITC4 shell elements. Both elements show a
similar performance and converge to the reference solution. This
numerical test shows that the in-plane behavior of the MITC4+
shell element is not worse than the behavior of the MITC4 shell
element.
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6. Convergence studies

In this section, we perform convergence studies using well-
established benchmark problems to study the behavior of shell ele-
ments: a clamped square plate problem, cylindrical shell problems,
and hyperboloid shell problems [2–5,7,8,13,31–35]. We aim to
measure the solution errors in an appropriate norm considering
membrane and bending-dominated shell problems with various
curvatures, thicknesses, and boundary conditions.

To measure the error in the finite element solution, we use the
s-norm proposed by Hiller and Bathe [32]

ku� uhk2s ¼
Z
X
DeTDsdX with De ¼ e� eh;Ds ¼ s� sh; ð21Þ

where u is the exact solution, uh is the solution of the finite element
discretization, and e and s are the strain and stress vectors. This is a
proper norm for investigating whether the finite element formula-
tion satisfies the consistency and inf-sup conditions [5,11,14,32].
Since many good benchmark shell problems designed to detect
locking have no analytical solution, an accurate finite element
solution using a very fine mesh uref is used to replace the exact
solution u. Hence the s-norm in Eq. (21) is modified to be

kuref � uhk2s ¼
Z
Xref

DeTDsdXref with De ¼ eref � eh;Ds ¼ sref � sh:

ð22Þ

To study the solution convergence of shell finite elements with
decreasing thicknesses, we use the normalized relative error Eh

Eh ¼ kuref � uhk2s
kuref k2s

: ð23Þ

The theoretical convergence behavior, which corresponds to the
optimal convergence, is given by

Eh ffi Chk
; ð24Þ
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Table 1
Vertical displacements at the center of tip A for Cook’s problem. The reference value is
23.9642.

Elements Mesh

2 � 2 4 � 4 8 � 8 16 � 16 32 � 32

MITC4 11.8452 18.2992 22.0792 23.4304 23.8176
MITC4+ 11.7291 18.2662 22.0751 23.4301 23.8176
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in which C is a constant independent of the shell thickness and h is
the element size. For 4-node shell elements, k ¼ 2 .

In this study, well-converged reference solutions calculated
using fine meshes of the MITC9 shell elements are used. The MITC9
shell element is known to satisfy the ellipticity and consistency
conditions and to show good convergence behavior [5,32,33].

6.1. Fully clamped square plate problem

The plate bending problem [2–4,7,8,33,35] shown in Fig. 9 is
considered. A square plate of dimensions 2L� 2L and uniform
thickness t is subjected to a uniform pressure. Utilizing the sym-
metry condition, only a one-quarter model is considered, with
the following boundary conditions: ux ¼ hy ¼ 0 along BC,
uy ¼ hx ¼ 0 along DC and ux ¼ uy ¼ uz ¼ hx ¼ hy ¼ 0 along AB and
AD. In addition to the regular mesh in Fig. 9, we consider the same
plate bending problem with distorted meshes shown in Fig. 10.
Then, when we use an N � N element mesh, each edge is dis-
cretized in the following ratio: L1: L2: L3: . . . LN = 1: 2: 3: . . . N.

Fig. 11 gives the convergence curves of the MITC4 and MITC4+
shell elements. A 72 � 72 element mesh of the MITC9 shell ele-
ment is used to obtain the reference solution. We use N � N ele-
ment meshes (N = 4, 8, 16, 32, and 64) to calculate the solutions.
The element size in the convergence curves is h ¼ L=N. The perfor-
mance of the elements is uniformly optimal in both the regular and
distorted meshes. Note that membrane locking is inherently not
present in this plate bending problem.

6.2. Cylindrical shell problems

We consider the cylindrical shell of length 2L, radius R and uni-
form thickness t as shown in Fig. 12, see Refs. [2–4,8,31]. The load-
ing is a smoothly varying pressure pðhÞ
pðhÞ ¼ p0 cosð2hÞ: ð25Þ
This shell structure shows two different asymptotic behaviors
depending on the boundary conditions at its ends: bending-
dominated behavior when both ends are free and membrane-
dominated behavior when both ends are clamped.

Using symmetry, only the region ABCD in Fig. 12 is modeled. For
the membrane-dominated problem, the clamped boundary condi-
tion is imposed: ux ¼ b ¼ 0 along BC, uy ¼ a ¼ 0 along DC,
uz ¼ a ¼ 0 along AB, and ux ¼ uy ¼ uz ¼ a ¼ b ¼ 0 along AD. For
the bending-dominated problem, the free boundary condition is
imposed: ux ¼ b ¼ 0 along BC, uy ¼ a ¼ 0 along DC, and
uz ¼ a ¼ 0 along AB. When using the clamped boundary condition,
the regular mesh is graded with a boundary layer of width 2

ffiffi
t

p
, see

Refs. [11,31] for details. In the free boundary condition, the graded
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Fig. 11. Convergence curves for the fully clamped square plate problem with (a) the regular and (b) distorted meshes shown in Fig. 10. The bold line represents the optimal
convergence rate.
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mesh with a boundary layer of width 0:5
ffiffi
t

p
is considered. We also

perform the convergence studies with the distorted meshes shown
in Fig. 10.

Fig. 13 gives the convergence curves of the MITC4 and MITC4+
shell elements for the clamped cylindrical shell problems. The ref-
erence solutions are calculated using a 72 � 72 element mesh of
MITC9 shell elements. The solutions are obtained with N � N ele-
ment meshes (N = 4, 8, 16, 32, and 64). The element size is
h ¼ L=N. In this problem, both shell elements present similarly
good convergence behaviors.

Fig. 14 shows the convergence curves for the free cylindrical
shell problems. Note that, in the regular meshes, all 4-node shell
elements have a flat geometry, and thus membrane locking does
not occur. However, in the distorted meshes, the element geometry
is not flat, which induces membrane locking. In those cases, the
performance of the MITC4 shell element severely deteriorates.
The MITC4+ shell element shows a significantly improved perfor-
mance compared to the MITC4 shell element.

6.3. Hyperboloid shell problems

Finally, the hyperboloid shell shown in Fig. 15(a) is considered,
see Refs. [2–5,8,32,34]. The mid-surface of the shell structure is
given by

x2 þ z2 ¼ 1þ y2; y 2 �1; 1½ �: ð26Þ
As for the cylindrical shell problems, a smoothly varying pressure in
Fig. 12 is applied,

pðhÞ ¼ p0 cosð2hÞ: ð27Þ
A bending-dominated behavior is obtained with free ends and a
membrane-dominated behavior is given with clamped ends, similar
to the cases of the cylindrical shell.

Due to symmetry, only one-eighth of the structure correspond-
ing to the shaded region ABCD in Fig. 15(a) is modeled for the anal-
ysis. For the membrane-dominated case, the clamped boundary
condition is imposed: uz ¼ b ¼ 0 along BC, ux ¼ b ¼ 0 along AD,
and uy ¼ a ¼ 0 along DC, and ux ¼ uy ¼ uz ¼ a ¼ b ¼ 0 along AB.
For the bending-dominated case, the free boundary condition is
imposed: uz ¼ b ¼ 0 along BC, ux ¼ b ¼ 0 along AD, and
uy ¼ a ¼ 0 along DC.

In both cases, a 72 � 72 element mesh of MITC9 shell elements
is used to obtain the reference solutions. The solutions are calcu-
lated using N � N element meshes (N = 4, 8, 16, 32 and 64). The ele-
ment size is h ¼ L=N. For the clamped boundary condition, the
regular mesh graded in a boundary layer of width 6

ffiffi
t

p
shown in

Fig. 15(b) is considered, see Refs. [5,11,32]. For the free boundary
condition, the regular mesh is graded in a boundary layer of width
0:5

ffiffi
t

p
[11,32]. We also perform the convergence studies with the

distorted meshes shown in Fig. 10.
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Fig. 13. Convergence curves for the clamped cylindrical shell problem with (a) the regular or (b) distorted meshes shown in Fig. 10. The bold line represents the optimal
convergence rate.
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Fig. 14. Convergence curves for the free cylindrical shell problem with (a) the regular and (b) distorted meshes shown in Fig. 10. The bold line represents the optimal
convergence rate.
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Fig. 16 shows the good convergence behavior of the MITC4 and
MITC4+ shell elements for the clamped hyperboloid shell problem.
Fig. 17 shows the convergence curves for the free hyperboloid shell
problem. While both shell elements behave well in the regular
meshes, the convergence deteriorates when using the distorted
meshes. However, the MITC4+ shell element shows a significantly
improved performance compared to the MITC4 shell element.

In Figs. 18 and 19, we finally present the distributions of mem-
brane strain components obtained using the MITC4 and MITC4+
shell elements for the free boundary condition (N = 32,
t/L = 1/1000), see Ref. [5] for reference solutions. For the strain
calculation, the local Cartesian coordinates ‘1’, ‘2’, and ‘3’ in
Fig. 15 are used on the mid-surface of the shell elements, see
Fig. 15. The membrane strain components ‘11’, ‘22’ and ‘12’ are
normalized by the corresponding maximum bending strain
components obtained using the regular 32� 32 meshes of MITC4
shell elements. When the regular mesh is used, the membrane
strains obtained using both shell elements are quite accurate. For
the distorted mesh cases, using the MITC4+ shell element, while
not accurately predicting the strains, the given values are much
closer to the accurate values of the strains than when using the
MITC4 shell element.
7. Concluding remarks

In this study, we developed a new 4-node shell element by alle-
viating membrane locking. The new assumed strain field was intro-
duced using the membrane strains obtained from triangular
subdomains. The MITC4+ shell element passes the isotropy test,
zero energy mode test, bending and shearing patch tests, and also
very closely the membrane patch test. The MITC4+ shell element
shows improved convergence behavior in bending-dominated sit-
uations without losing the predictive capability of the membrane
behavior compared to the MITC4 shell element. The same approach
is also applicable for the 3D-shell element [36].
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Fig. 16. Convergence curves for the clamped hyperboloid shell problem with (a) the regular and (b) distorted meshes shown in Fig. 10. The bold line represents the optimal
convergence rate.
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The proposed shell element provides improved performance
and some insight into the MITC formulation. However, while the
element is useful in engineering analyses, further studies would
be necessary to obtain a 4-node quadrilateral shell element that
satisfies the basic tests and shows optimal uniform convergence
even when highly distorted meshes are employed in the analysis
of the hyperboloid shell problems.
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Appendix A. Derivation of constants for the center point

We here provide the detailed derivation of Eqs. (8) and (9). As
shown in Fig. 4, the geometric centroid of triangle 1 defined by
nodes 1–2–4 is

xT1 ¼ 1
3
x1 þ 1

3
x2 þ 1

3
x4 ¼ 1

3
1
3 0 1

3

� �
x1 x2 x3 x4½ �T ; ðA:1Þ

and similarly, the geometric centroid of triangle 2 is given by
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(b)

(a)

Strain 11 Strain 12

Strain 11 Strain 12Strain 22

Strain 22

Fig. 18. Membrane strain distributions calculated using the (a) MITC4 and (b) MITC4+ shell elements for the free hyperboloid shell problem with the regular meshes. (N = 32,
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xT2 ¼ 0 1
3

1
3

1
3

� �
x1 x2 x3 x4½ �T : ðA:2Þ

Then, the geometric centroid of triangles 1 and 2 is calculated using
the following equation

xT12 ¼ A1

A1 þ A2
xT1 þ A2

A1 þ A2
xT2; ðA:3Þ

where A1 and A2 are the areas of triangles 1 and 2 shown in Fig. 4.
Similarly, the geometric centroid of triangles 3 and 4 is

xT34 ¼ A3

A3 þ A4
xT3 þ A4

A3 þ A4
xT4 ðA:4Þ
with

xT3 ¼ 1
3

1
3

1
3 0

� �
x1 x2 x3 x4½ �T ;

xT4 ¼ 1
3 0 1

3
1
3

� �
x1 x2 x3 x4½ �T ;

in which A3 and A4 are the areas of triangles 3 and 4.
Finally, the mean position of two geometric centroids is simply

obtained by

x5 ¼ 1
2
ðxT12 þ xT34Þ ¼ c1 c2 c3 c4½ � x1 x2 x3 x4½ �T ¼

X4
i¼1

cixi

ðA:5Þ
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Fig. 19. Membrane strain distributions calculated using the (a) MITC4 and (b) MITC4+ shell elements for the free hyperboloid shell problem with the distorted meshes shown
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68 Y. Ko et al. / Computers and Structures 169 (2016) 57–68
with

c1 c2 c3 c4½ � ¼ 1
2

A1

A1 þ A2

1
3

1
3 0 1

3

� �þ 1
2

A2

A1 þ A2
0 1

3
1
3

1
3

� �
þ 1

2
A3

A3 þ A4

1
3

1
3

1
3 0

� �þ 1
2

A4

A3 þ A4

1
3 0 1

3
1
3

� �
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