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Corrections beyond the proximity force approximation
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We recalculate the first analytic correction beyond proximity force approximation for a sphere in front
of a plane for a scalar field and for the electromagnetic field. We use the method of Bordag and Nikolaev
[J. Phys. A 41, 164002 (2008)]. We confirm their result for Dirichlet boundary conditions whereas we find
a different one for Robin, Neumann and conductor boundary conditions. The difference can be traced back
to a sign error. As a result, the corrections depend on the Robin parameter. Agreement is found with a very

recent method of derivative expansion.
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I. INTRODUCTION

The proximity force approximation (PFA) is one of the
basic methods for calculation of Casimir and van der Waals
forces between nonplanar surfaces. Although it appeared
more than 70 years ago, corrections beyond PFA, which
gives the leading order only, were not known. Only with
the new method of the Casimir force calculation, based on
the multiple scattering formalism in conjunction with
Krein’s formula [1] or on a path integral quantization
with a partial wave expansion [2], it became possible to
calculate corrections beyond PFA. Using an asymptotic
expansion, analytic corrections were calculated, first for a
cylinder in front of a plane [3], later for a sphere in front of
a plane [4,5]. At the same time, numerical approximations
to these corrections were obtained [6].

The method, used in [1,2], results in a representation of
the vacuum energy for a sphere in front of a plane (see
Fig. 1),

1 )
E= oy [0 déTrin(1 — M), (D

where ¢ is the imaginary frequency and M is composed of
the scattering T-matrix of the sphere (see below). In (1),

the trace is over orbital momenta, /= 0,1,... and
m = —I[, ..., 1. In case the ratio
d

e =— 2

R (2

of the separation to the radius of the sphere is not small, the
sums and the integral in (1) converge rapidly allowing for
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an easy numerical evaluation of the vacuum energy and of
the Casimir force. On the contrary, if € becomes small, i.e.
for close separation, higher orders of the orbital momenta
need to be accounted for. As a consequence, the numerical
evaluation could be done down to € ~ 0.1 only.

The analytic method [3—5] makes an asymptotic expan-
sion of (1) for € — 0. This involves a substitution of the
sums by integrals, a change of variables and an asymptotic
expansion of M (involving Bessel functions and Clebsch-
Gordan coefficients).

For a cylinder in front of a plane, this method was
verified independently in [7] (and generalized to finite
temperature). Regrettably, for a sphere in front of a plane,
for Neumann boundary conditions and for the electromag-
netic case, the results of [4,5] could not be confirmed. In
fact, a sign error was found and it is the aim of the present
paper, to point to the place where it occurred and to give the
correct results following from this method.

FIG. 1 (color online).
a plane.

The configuration of a sphere in front of
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In the following two sections the corrections beyond
PFA are recalculated for the scalar field and for the elec-
tromagnetic field. The last section contains the conclusions
together with a comparison with further methods.

Throughout the paper we use units with 4 = ¢ = 1.

II. SCALAR FIELD

Following [5], let the radius of the sphere be R, and the
distance from the center of the sphere to the plane be L.
Then the distance between the sphere and the plane is
L — R, which we denote by d (see Fig. 1).

For a scalar field ¢, the Casimir interaction energy is
given by [2,4,5]:

1 00
EXY:E[() dé Trin(1 — (—1)*NY(&)). 3)

Here we follow the notations in [5]. The first index denotes
the boundary conditions on the plane. For Dirichlet bound-
ary conditions, X = D and x = 0. For Neumann boundary
conditions, X = N and x = 1. The second index denotes
the boundary conditions on the sphere. Y = D, N and R for
Dirichlet, Neumann and general Robin boundary condi-
tions, respectively. The trace Tr is the orbital momentum
sum,

and the matrix NY is given by

[+
NY, (&) = ,/42 S Ky pQEDH!AY(ER). ()

l!/ |l l!

Here,
1 ! 1" l/ l”
”/ \/—
H, QI+ DR+ 1DHRI"+1) 0 0 0
l l/ l//
X <m -m 0 )’ )

involves 3 j-symbols and the function d) (éR) depends on
the boundary conditions on the sphere. For Dirichlet
boundary conditions, i.e., ¢|,—x = 0, it is given by
I1112(€R)

Ki412(€R)’

whereas for general Robin boundary conditions with pa-
rameter a, i.e., rd, ¢ + ag|,—x = 0, it is given by
ull+1/2(§R) + fRI;_H/Q(fR)
uKH—l/Z(fR) + fRK;+1/2(§R)

The parameter u is related to the Robin parameter a by

u=a—1/2. a« =0 or equivalently, u = —1/2, corre-
sponds to the Neumann boundary conditions. In these

dP(éR) =

d{(€R) =
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formulas, 7,(z) and K,(z) are the modified Bessel
functions.

The asymptotic expansion for the Casimir energy when
e =d/R < 1 can be computed in the same way as ex-
plained in [4,5]. First make a substitution & — £&/R and

expand the logarithm in (3) to obtain

1 ( 1)x(s+1)
277'R Z s+ 1

< [ae 35 (IS )([Iv) ©

m==00 [=|m| *j=11;=|m|” “i=

The main contribution to the energy comes from [ ~ [; ~
~ [,. Replacing I;,,i =1,...,s by [ + [;, one can re-
write (6) as

EXY . 1 i(_l)x(s-kl)
27R = s+ 1

XLmdfi i(lj i )(l—[Nm l+l,+1)

0m=-1 .=

(N

with the understanding that [, = I,., = 0. Using the
Debye asymptotic expansions for the modified Bessel
functions, one can show that the leading contribution
comes from [~ e~ !, [, ~e /2 m~g= (/2 and ¢~
e~ !. This motivates to replace the summations by corre-
sponding integrations, dropping only exponentially small
contributions, and to make the substitutions,

T
1=—,
€

’z - ’41‘
m= _T,u’ li: —n; (i=1,...,s).
& €

One then obtains the following expression for the Casimir
energy,

EXY B R ( 1)x(?+1) / /
47m'2 s+ 1

J?A

f— 1 — 72
3)

dr\/t

l—T

npe o

j=1

where

T [t 1
= —_ |- 4+ =
mo= = T Ll
= [Amt
Y — Y
zZY = ]'!)(1/ . Nz+ii,z+i,-+,)' (10)
i

For the first two leading terms of the Casimir energy, one
can set ¢ — 0" directly in the integration limits for u and

and
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;» and expand Z up to terms of order &. For the term H, ot
deﬁned by (5), it is nonzero only if [+ ' + ["" is even.
Using the substitution

'=1+1 -2y,

the summation over [ in (4) becomes the summation over
v from v = 0 to » = min{/, I'}. Since , ' ~ &', the upper

ND, — eT e*2t*(n*n’)2 [00 d’?
L N2me(1 + 7) o0 \/F

One can then sum over v and compute the Gaussian
integration over 7, which give

& 2
D __ —2t—(n—n'?—u?/7
N’ I 47Tte

X (1+a PP e +allPe+..). (1D
The functions a, and a“)D are given in [4].

Substituting (11) 1nto (10), one can expand Z up to order
&, which, upon substitution into (10) gives

/2)D

1 (o]
EXD R & (=1t )[ dite=21G+D)
47Td2 s+1 0
1 dT\/? d_'“ —uz(s+1)/r(l_[[ dn; )e ul
0v1l—72J - \/_ 0 \/_
S
><<1 +[za;{(,3§?]¢g+a%+...), (12)
i=0
where 1, = X3_(n; — n;41)%, and
P T ARRARR TR 0y
0=i<j<s
The integrations over n;, i = 1, ..., s, can be performed in

the same way as explained in [3], with the help of a
machine. The term proportional to /e drops out since it
is odd in one of the n;’s. The integrations over w, 7 and ¢
are straightforward. In [4], the following result was ob-
tained for the case where Dirichlet conditions are imposed
on the plane and the sphere (XY = DD):

EPP = — <1-+ +. >
167rd2 Zo(s + 1)}

7R ( € )
=————|(\1+=+...)
144042 3

Here the known formula

(14)

00 1 4

Zm=§(4)=9—0

s=0

o~ M2 2pt p Z (1

PHYSICAL REVIEW D 84, 125037 (2011)

limit for the v-summation can be replaced by oo. For the
3j-symbols, the small & asymptotic expansion has been
derived in [4]. For the modified Bessel functions, the small
& asymptotic expansion can be obtained using the Debye
asymptotic expansions. In the case the sphere is imposed
with Dirichlet boundary conditions, i.e., Y = D, the small
& asymptotic expansion is given by

\v
7_) (L + Vef2, (v, m) + egl (v, ) +..).

has been used. For the case where the plane is imposed
with Neumann conditions and the sphere is imposed with
Dirichlet conditions (XY = ND), we observe from (12)
that the only difference is that now the summation over s is
alternating in sign. Hence we obtain immediately

ENP Z VHO+8+ )
1677'032 “(s+1)*
73R e
=——(1+=+...) 15
11520d2< 3 ) (15

where now the formula

i _ 17
:(s+1)4 8 90

is used. The results (14) and (15) have been obtained in
[4,5].

Next we consider the case where the sphere is imposed
with general Robin boundary conditions. Following [4], we
observe that the Debye asymptotic expansions give

ul,(vz) + vzl (vz)
1+ + 0(5))

u
=/l + ZZI,,(VZ)( + -
wWit2 1+4+00)

— 1
=/l + zzl,,(vz)(l L4 " + 0(—2>>
4 vl + 72 4

(16)
uk,(vz) + vzK' (vz)
- —vaV(VZ)<— D\/L—Zﬁ 1 ::: gg)
A
(17)

where
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1/ 5
B e (§ 24(1 +z2))’
1 3 7 (18)
= (-+—)
v /—sz( 8 24(1+z2))

We remark that in Eq. (16) of [4], which corresponds to
Eq. (17) here, there is a sign error in # which leads to
results different from what we are going to obtain below.
From (16) and (17), we have

ul ,(vz) + vzl (vz)
uk,(vz) + vzK'(vz)

R R e
K,(vz) (1 — ”‘—V”‘ - V\/“— (ﬁ))

1422

(R )

Thus we obtain a dependence on the Robin parameter u
which is missing in [4].

To proceed, we mention that passing from Y = D to
Y = R, one has a relative minus sign in front of N®,. The

L
1/2 1/2),R 1/2),D
term a;[,/,,,ll is not changed, i.e., aﬁ, /,zl)ﬂ = aﬁ, /n,)+1 , and the

(1)

term ay,n,,, is changed by
WrR _ mp _ (TP—=1) 2u
Aningsy momir T T + P

Since the change in the sign of N, gives rise to a factor
(—1)**1 to Z, it can be compensated by the change in sign
of the term (—1)*“*") when one passes from X =D to
X = N. Therefore we obtain from (12) that

R & 1 0
— dtt —2t(s+1)
4ard> Z s+1 /0 ¢

I dry/T
)

X(}Jhﬁ)g"‘(sg[“z? =3

This integral is easy to compute and we find that

R Z e 2(6u — 1)
l6md® (s + 1)? 3 '

ENR _ EDD

d'u‘ —,uz(s+1)/1'

ENR _ EDD ~

Therefore,

ENR —

1677'd2 z"((S + 1)4( g)

e 206u—1)
T +)

7R ( [1 10(6u — 1)] )
= — 1+ =-+———+——|e+...)
144042 3 7
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where we have used

2
T
2) =—.
Z T 1)2 ={@ =
Similarly, we have

e(—1)"" 2(6u — 1)
167Td2 Z (s +1)2 3

EDR _ END —

This implies that

o R ( ])s-H e
PR = 167d> Z((s + 1) (1 * §)
e(—1)*! 2(6u — 1)
I )

7R (1 N [1 +40(6u - 1)] N )
=——r st ——=——1et...)
1152042 3 7 ar?

where the formula

has been applied.
The results in this section can be summarized as

B ey
Eppy 300
EY 2y
R (19)
E 1 80Ba —2)
—DR=1+ st——=—)et...,
Epea 3 T
ENR 1 203a —2)
=1+ (—+72 e+
Epra 3 T

Here, EXY, is the leading term which coincides with the
proximity force approximation,

TR
EPDII:)A = EE]}}A == 1440d2’
3
END _ DR _ 1m R
PFA PFA 11520d2 :

Setting « equal to zero, which corresponds to the Neumann
case, we find that

EPN 1 160
BN =1+(———2)s+ =1 —198e+ ...,
Eppa 3 Iw
ENN 1 40
NN—1+( >s+ =1=3T72e+.... (20
Epra 3

We mention that the corrections involving Neumann
boundary conditions on the sphere are still quite large.
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III. THE ELECTROMAGNETIC FIELD

For the electromagnetic field, if the sphere and the plane
are both perfectly conducting, the Casimir energy is given
by [5,8]

EEM — % f: A€ TrIn(1 — N(&)).

The trace Tr is
Tr = Z Z tr,
m==00 [=max{l,|m|}

where the trace tr on the right-hand side is the trace over
2 X 2-matrices—the components of N given by

I+1' "X
. rd I Al I Al 14
Ny = ‘,4§ > KI”H/Z(ZfL)H;”(Az:z' N )

I"=|1-1 Ll

y (d,TE(gR) 0 )

0 —d™M(éR) )
with
AV = 1 rr+1)—-11+n-=-rq+1
M2 JITF DI+ 1)

~ 2méL

Al,l’ =
VIL+ DI+ 1)

and
e (g — Jr1/2(6R)
4HER) Ki112(€R)
d™(£R) = 11+1/2(§R) + §RII+1/2(§R)

%Kl+1/2(§R) + fRK1+1/2(§R) .

Notice that dJF and d/™ correspond, respectively, to dP
and df with u = 1/2 in the scalar case.

Proceeding as in the previous section, we find that the
Casimir energy can be written in the same form as (9), with
Z now given by

: ’47Tt
Z = trl_[( TNZ+I~i’l+ii+l)' (21)
i=0

To expand Z up to terms of order &, we only need, in

addition to the scalar case, to expand the diagonal term A’ Ly

up to terms of order &, and the off-diagonal term A .7 up to
terms of order /€. Using the substitutions (8), we have

1 4
M) = = — =

AZ//
tr it

= 1T A yWe+ .

Al,l’ = )Nln’nl\/g + ey
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Comparing to the scalar case, it is easy to see that the
asymptotic expansion for N,y is given by

N”I — e e*Zt*(n*n’)zf,u,z/T

47t
(1/2), TE 5
n,n'
+JE
) (MM w@m)

1
X
0
nn
al(/llzl';rE + /\An‘nl *
+ e ' ~ +...
* Cl;lil';rM + )‘n,n’

where

), TE _ (i),D (i), TM _ (iR
an,n/ an n'’ ' a, |u:1/2
fori = 1/2 or 1; and
): = 27 e'“z/T /’oo d_nef”ﬂz*z”]ﬁMJer
o 1+ —wo T
= n* (1 —T\»
X2 (m) A (9). (22)

The asterisks denote terms contributing to higher orders.
Substituting into (21) and taking the trace, we find that

=2+ VE(S" + a)
+ s(aTE +a™ + ZZ A

i+l
i=0

+2 Z MMy ” ",+1)+
0=i<j=s

Here a™ = 4P (Eq. (13)) and a™ is defined in the similar
way. The term of order /e will drop out after integration
with respect to n;. Substituting into (9) and compare to
(12), one finds that the first two leading terms of the
electromagnetic Casimir energy can be written as

FEM — first two leading first two leading
terms of EPP terms of ENY|,_,

}+AE

where

125037-5



L.P. TEO, M. BORDAG, AND V. NIKOLAEV

R & 1 [«
— dtt —2t(s+1)
dmd® s:zos T 1 [0 ¢

s e R

X e 7“8( ZAHL nit +2 z /\n n#l/\n/n/ﬂ)

0=i<j=s

AE =

(23)

Up to this point, it seems that we have not done anything
much different from the one presented in the paper [5].
The major difference here is that we only keep the terms in
Al ,p and A . that will contribute terms up to order & for Z.
In the following, we are going to see that this simplifies the
computations.

Using

i’”?zv(l_T)”_l_T 2 ox (1—7 2)
= v \l+r71 1+’r77 p1+777’

it is straightforward to compute )At,w/ given by (22). We find
that

« 2(1 =72 1
/\n,n’ = 73,“2 75
T T
Then
S ~
ZZA' 1+|+2 Z A” Mt ”,"]H
i=0 0=i<j=s

2(1 —
_A4s+1) gl 7)M2_2(s-l;1). 24)

T T

Substituting into (23) and carrying out the p-integration, it
is seen that the singularity for 7 — 0 cancels between both
contributions in the last line in (24). This is equivalent to
the compensation of the logarithms observed in [5] (see
remark after Eq. (135)), however now the remaining con-
tributions come out different. We find that

R *
—s
" 4nd® 6

477'd2 Z s (s + 1)2

Using the results for EP® and ENR|,_; /» from the previous
section, we finally obtain the first two leading terms for the
electromagnetic Casimir energy as
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EEM ™R (1 N s) R (1 N [1 N 20] )
=—-——: == -t —|e
14404> 3/ 14404 3 o

R n
—ec
47d* 6

L)
72042 2

~1—1.69e +.... (25)

This result agrees with that obtained recently in [9] using
derivative expansion. As has been observed in [9], the first
two leading terms of the EM Casimir energy for perfect
conductors turns up to be the sum of the first two leading
terms for the DD and the NN scalar Casimir energies.

IV. CONCLUSIONS

The results from the calculation of the first correction
beyond PFA are summarized in Egs. (19) and (20) for the
scalar field and in (25) for the electromagnetic field. These
formulas substitute the final formulas Eq. (3) in [4] and
Egs. (43) and (136) in [5]. It can be seen that the resulting
numbers change to some extent and that the logarithmic
contributions disappeared.

Very recently, in [10] and in [9], another method for
obtaining analytic corrections beyond PFA was found. It
consists of an expansion of E, (1), which is perturbative in
the gradients of the height profiles of the interacting sur-
faces. Intuition predicts that neglecting the derivatives, a
resummation of the perturbative expansion in the height
profiles, should reproduce PFA, while the inclusion of
gradients should give the first corrections beyond PFA
[10]. Indeed, in [10], the analytic result for Dirichlet
boundary conditions was obtained confirming the first
line in Eq. (19). All other cases were computed in [9]
and coincide with Egs. (19), (20), and (25). In [9], a Padé
resummation of the asymptotic large distance expansion,
matched with the first PFA correction, is performed and
yields excellent agreement with the numerical results in [9]
for DD, NN and EM boundary conditions. In addition, fits
to the numerical data in [9], that take into account loga-
rithmic corrections to PFA at second order (in distinction to
[8]), yield results that are consistent with the results given
here for the three types of boundary conditions.
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