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Multiple time scales are the intrinsic nature of complex systems and can be revealed through single molecule
photon statistical analysis. The standard Poisson indicator defined by the time-averaged initial condition
measures photon bunching and antibunching but cannot be directly related to multiple time scales. A new
indicator defined by the event-averaged initial condition is proposed to detect the deviation from the renewal
behavior and to directly probe the effects of conformational fluctuations. Detailed calculations of modulated
two-level systems are carried out using the transfer matrix method to demonstrate the difference between the
two indicators. The relationship between ensemble-averaged survival probabilities and photon statistics is
also explored in the context of single molecule measurements.

I. Introduction sequences to calculate photon statistics and illustrate the use of

) ] _the renewal indicator as a sensitive probe of conformational
The advance of single molecule techniques has made itfctyations.

possible to record sequences of fluorescence photons emitted

from single molecule systems in a condensed phase environ-||. Photon Statistics
ment! Extracting useful information from experimentally o .
recorded photon trajectories poses a major challenge and has A sequence O.f photon emission events Is represented by a
inspired recent theoretical effodslo Careful analysis of the ~ Sc¢ of emission timegrs, 72, 73, -}, which gives the number
statistics of emission sequence reveals the characteristics of th&’ €mitted photons in the interval [@], n(t) = /o3i0(r — 7)
underlying kinetics. For example, simple exponential decay leads 7 Averaging over all realizations Otf the photon sequences
to homogeneous distribution of photon density and the usual Yields I(OD= fo dr 3i0(r — )= /fof(r) dr, wheref(t) is
Poisson indicator measures the deviation from this beha¥ior. NuMber density and--Lidenotes the stochastic averté@é'.h?

A recent interest is the correlation between emission or emissionM€an square of the photon count is givenibt)*= /; dt: /o
photons, which may arise from fluctuations in probability Gtz Zid(ts — 1)30(tz — §)0= fof(ts) dts + /o dta/o dtafa(ta, to),
distributions or coexistence of parallel emission mechanisms Wherefy(ty, to) is the two-event number density discussed in ref
from different conformational states. The Silbey grogmd 6. Similarly, we introduce the three-event number density
other groups have investigated extensively the absorption line through[i(t)30= /g dty fi(ts) + 3/ dty /o ditz fa(ta, t2) + /o dta
shapes and statistics of modulated two-level systems. The focus/ dtz /o dts fa(ta, tz, ts). The above definitions can be recast in
of this paper is the statistics of fluorescent photons, which can @ more compact form as

be treated as a multistep rate process with quantum coherence

described on the level of the Bloch equation. Recently, Gopich Cy(t) = (n — 1) === (n — m+ 1)0=

and Szab¥® formulated the various measurements of single t

molecule traces in a uniform theoretical framework, and the [Ii_l fo At frn(ty, - t) (1)
Orrit groug? surveyed the main evaluation methods used to

analyze fluorescence photon trajectories. These articles provideyhich relates the multiphoton densities (i.e., multievent number
excellent revievv_s of the current efforts to apply statistical densities) and photon counting moments. Both densities and
approaches to single molecule spectroscopy. moments contain the same information, one in the differential
A photon emission sequence without correlations is a renewalform and the other in the integral form. Photon counting
process, in which photons are emitted from the same state withmoments are less sensitive to experimental noise and are more
the same rate constant. Naturally, to measure the deviation fromrobust in data analysis. In comparison, a typical bulk experiment
the renewal behavior, one starts to count photons from an measures the profile of fluorescence decay, equivalent to the
emission event, which defines the initial condition for the probability of the first photon arrival time along the single
proposed renewal indicator. Earlier, the transfer matrix formal- molecule sequence. Hence, the ensemble-averaged survival
ismP14was used to compute the probability of-eoff blinking probability can be expressed in terms of single molecule photon
trajectories and to examine the histograms of waiting times. counts as
Photon emission can be viewed a special case of the general
on—off process, where the continuous off-state is interrupted 1, "
by instantaneous emission events. In this paper, we apply theS(t) =1 — () o ) — n)-- = z mi Cn(® (2
transfer matrix formalism developed for eoff blinking ' '

which is an expansion of the identit@t) = [bnod =
T Part of the special issue “Robert J. Silbey Festschrift”. 1 — X)"G=1.
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a t b t given explicitly as

P Y 2
N LI LT sa=at ®
time averaging (n(t)) event averaging (n(t)),, which leads to the asymptotic limit of tH@ parameter lirp—..

Figure 1. Two different initial conditions in photon counting: (a) time- Q(t) = [BZD_, ZB,@]/HB' In this article, funCt'th of thes
averaging for the Poisson indicator; (b) event-averaging for the renewal Variable are implicitly Laplace transforms and denotes
indicator. Laplace transformation. The same results can also be obtained
from the smalls expansiony(s) = kis + Qu/2 + ++-.7

The evaluation of single molecule quantities depends onthe  we now explicitly evaluate the ensemble-averaged survival
initial condition of data collection. A standard procedure is to probability using single molecule quantities. The fluorescence
start randomly on the time axis along the single molecule trace, intensity decay described by the survival probabiifs) in eq
as illustrated in Figure 1a, which is the initial condition used in 2 js equivalent to the probability of finding the first photon from
time-averaged quantities. If the single molecule kinetics is a random time on the single molecule sequence. For a renewal
stationary, the photon density is a constd(t), = k = 1/#[] process, the photon density distributiorfiésy, **+, sm) = (K/sy
where [#[Jis the average waiting time between two adjacent mm_,,(s), and the photon counting moments in eq 1 become

photons. Since the multievent densities for a Poisson processc, (g) = miky™(s)/s2. Resummation of the moments in eq 2
are constant, the Poisson indicator is usually used to measurgie|ds the survival probability

deviations from Poisson statistics
1+ ky(9)

, t s9=31-—K 1= ®)
nQ(t) = m(t)’0- m()O- m)F=2 [ (t — t)of(z) dr (3) ST 1+ )| k+ 1+ ky(s)]

whereMt) 0= n = kt andof (t, — ty) = fot, — t;) — k2 The where the memory functiop(t) is _identifie_d asg(t) = [1 +

two-photon density is equivalent to the second-order photon %()]. Equation 6 is exactly the WilemskFixman expression

correlation functiory(t) = f(t)/k? so that the Poisson indicator (WF)!6 for diffusion-controlled reactions. The average fluores-

in eq 3 can be expressed@®(t) = 2/4(t — 1)k3[g(r) — 1] dr. cence decay time iﬁ‘(’;’S(t_) dt = 1/k + x(0), whe’re the average

The long time limit of eq 3,Qu = 2/25f(z) du/k, defines memory timey(s = 0) is related to Mandel’s) parameter

Mandel'sQ parametet3 through Qv = 2ky. Thus, the WF theory holds exactly for N
As an alternative, we can randomly select an emission event'€newal processes and relates the ensemble-averaged quantities

along the single molecule sequence, as illustrated in Figure 1p.to the second_-order correlators and Man_del's paramétér.
This initial condition is a unique feature of single molecule R€cently, Gopich and Szabo showed that, if the decay rate takes

experiments and was introduced in ref 6 for calculating event- & Separable form, emission is a renewal process and the WF
averaged quantities. We denote this condition with subscript €XPression is exact. (see section Iil of ref 11). In general, eq 2
“ev”. Except for the Poisson process, the event-averaged photon©t Only leads to the WF expression for renewal processes but
densityfe(t) is not a constant of time. With the notationdft,- also forms the basis for deriving high-order corrections to the

(ts, 1) = Fa.edts, 1) — feu(t)fed(tz — 1) fOr t > t1, we define the WF e>_<pression for non_renewal_ processes. _ _
renewal indicator An important revelation of single molecule experiments is

the effects of conformational fluctuations on photon statistics.
_ _ 2 t We consider a generic case of the multichannel fluorescence
NQe (1) = (1)L, — ()L, — 2 ﬁ) [m(t — )L/t dty emission process, with a set of emission states and emission
t t) rate constants. The single channel correlation function can be
= Zfo dt, fo dt; ofe(ty, t,) (4) generalized to a matri¥(t), where elemeng(t),, is the photon
correlation function of an emission event from chanmeind
The long time limit of Qey is zero unless the memory of  another emission event from channeThe time-averaged initial
conformational fluctuations persists for an infinitely long time. condition is determined by equilibrium populations of fluores-
The two initial conditions discussed above are related. The time- cence states associated with each charing},. The event-
averaged photon density associated with the first time variable averaged initial condition is determined by a set of stationary
is always a constant, so thiafts, to, =**) = Kfp—1,eltz — t1, ts — fluxes associated with each chandélpr} . As a result, we arrive
t, --+) and the event-averaged photon density is proportional at a key result of this articlé
to the photon correlation functiof(t) = g(t)k.
We_ first calculate photon statistic; of a single-charjnel 7[nQ] = ED}IJ(S)KfD— g[}}(ﬁ @)
emission process, where the photon is emitted from a single & N
fluorescence state. Then the emission process is a renewal
process, and the renewal indicator is zero whereas the Poisso@nd similarly
indicator is generally nonzero. A renewal process is completely
specified by the photon distribution function or equivalently 7[nQ.] _2 EIJ(S)IP(S)KfD_ 2
photon correlation functiong(t) = fe(t), the conditional ’ s KO S
probability density of emitting another photon at timafter
an emission event at time zero. Formaly(t) is solved from wheren = kt = [Ki[{ and_;/’denotes Laplace transforms. The
the time-dependent population of the fluorescence emission stateconformational average is explicitly defined over the equilibrium
with the initial condition at the ground state(t) = kep(t), with distribution of the fluorescence stelil&C= } ,,A,.0.f Wherev
ki the fluorescence rate. The long time limit defines the andu denote conformational channels. We now consider a
stationary flux lim—.y(t) = piki, whereps is the equilibrium simple case of the multiple-channel fluorescence emission
population of the fluorescence state. The Poisson indicator is process, where the conformation modulation is homogeneous

W ()KL
M? ®)
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along the reaction; i.e., the interconversion kineticsis 2T T T —T T T T
independent of the chemical state. Then the photon correlation | 001 1 osk 77 _
function matrix has the same functional form I I:ojos S I B
—-— v=0.1
Yk, s) — WK, s+ 1), 9) L —— =1 06
but with the rate matriX and the modulation matrik as the N 1=
new variables. g 1o
04 .
IIl. Applications o3 ] ; |
We now use two examples to quantitatively compare photon [ ,,———"""’; ozl ]
counting correlations as measured by the two indicators. The O _.~'/' ____________ 1 7
first example is the multiple channel decay model, where the \J"/"' 1 AN
single molecule system is pumped back to fluorescence states | [— . 0’ N e SR

instantaneously after decay through multiple channels. We ~ 70 20 40 60 8 100 "0 100 200t300 400 500

introduce the generating functidn ) ) . .
Figure 2. Poisson indicator (a) and renewal indicator (b) for a two-

ign iq e level two-channel model with the Rabi frequen€y = 1.0. The
G(a, 1) = ZPn(t)e = [expE™ — 1)L K(t) dt' = fluorescence rate and dephasing rate are the same for the two
n

‘ channels:k =10 andk, = 0.5. The detuning is zero in one channel
exp[Z(e‘q _ 1)mMm/m!] (10) andA = 1.0 in the other channel.
m

whereA = wg — w_ is the detuning frequency{2 = uE/MA is
with the time-dependent rats(t) = &'Ke~ ™. Here A(t) the Rabi frequencyk; is the fluorescence lifetime, arig is the
defines a stochastic average of the time-dependent rate historie§l€phasing rate. When the pure dephasing is sufficiently fast,
and is equivalent to the conformational average if detailed the optical coherence is integrated out to yield two-state kinetics
balance is satisfied. The cumulants are defined by the rateWith ki =k = Qkj/(2I'y* + 2A%). The time-dependence Qt)

correlation function adl; = [KOdt = Cy, My = / dty / dt,- is dominated by antibunching at short times due to sequential

WK(t)OK(t)O = C, — Ci2 Mg = J dt; [ dt, [ dts kinetics and exhibits evidence of bunching for strong figld

[OK(t)0K(t2)0K(ts)U= Cs — 3C,Cy + 2C,3 etc., which can > Qn at long times. ) )

also be obtained by identifying(ty, **+, tm) = K(t) ==+ K(tm) [ Recent Iow-tempera_lture_ experiments of a s_lngle chromophore

The event-averaged density becomes undergoing spectral diffusion are often described by the kubo
Anderson stochastic jump model, which is a modulated two-

Of, ety t) = K(t,)K(t)K(0)IK— level systen:® By use of conformational kinetids, the optical

Bloch equation is extended to incorporate stochastic jumps and

[H((tz)K(tl)D]E((tl)K(O)MIIKﬁ (11) can be solved to yield

which is inserted in eq 4 to obtain the renewal indicator. For 0?2
simplicity, consider a two-channel model with the average rate W(s) = K >
ks, rate difference &, and conformational interconversion rate

y. This simple model is solved explicitly to yield 1
[(s+T+K)+A(s+T +K) Al(s+T +K) + Q
2
— 1
Q)= - trenca0 (12 <t 19

and which is the matrix version of eq 14. For a two-level two-
channel model, we can explicitly evaluate eq 15 and then insert
kd2 kd2 into egs 7 and 8. The resulting Poisson and renewal indicators
Qu(t) = 1— |1 — (1 + 2pt) exp2yt)]  (13) are shown in Figure 2 for several values of modulation rate
° 2ty Kk, z and in Figure 3 for several values of the Rabi frequencies. The

Poisson indicator is dominated by sequential kinetics at short
such that the Poisson indicator is always larger and reaches thdime and is governed by the competition of optical coherence
plateau value 0Qu = k¢?/(ksy) on the time scale of %/ whereas and conformational modulation at long time. When the inter-
the renewal indicator approaches zero at long time and reachesonversion rate is large, the fast modulation approaches the
a maximal value on the time scale ofy1/ homogeneous limit. This is the case fo+ 1 in Figure 1, where

The next example is motivated by the series of papers from the renewal indicator is zero and the Poisson indicator is the
the Silbey groug,which analyzed statistics of photon absorption same as the single channel reaction. As the conformational
under frequency modulation. Instead of absorption, we study fluctuation time scale increases, the turning point of the Poisson
the photon statistics of spontaneous emission from a modulatedindicator in Figure 2a remains the same whereas the maximum
two-level system under constant illumination. Without confor- of the renewal indicator in Figure 2b occurs exactly at the
mational fluctuations, we can solve the optical Bloch equation modulation time scale %/ In fact, the renewal indicator in
and obtain the photon correlation function for the renewal Figure 2b nearly falls on a master curve with the scaling of 1/
process on the time axis and is therefore a simpler measure of the

conformational time scale. In Figure 3, for a given modulation
ke Qs+ ko) rate, the Poisson indicator displays a complicated dependence

2 > > > (14) on the Rabi frequency, whereas the peak in the renewal indicator
s+ k)™ + AY(s+ k) + Q remains constant at= 1/y.

Y(s) =
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