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ABSTRACT: A general rate theory for resonance energy transfer
(gRET) is formulated to incorporate any degrees of freedom (e.g.,
rotation, vibration, exciton, and polariton) as well as coherently
coupled composite donor or acceptor states. The compact rate
expression allows us to establish useful relationships: (i) detailed
balance condition when the donor and acceptor are at the same
temperature; (ii) proportionality to the product of dipole correlation
tensors, which is not necessarily equivalent to spectral overlap; (iii)
scaling with the effective coherent size, i.e., the number of coherently
coupled molecules or modes; (iv) decomposition of collective rate in
homogeneous systems into the monomer and coherence contributions
such that the ratio of the two defines the quantum enhancement factor
F; (v) spatial and orientational dependences as derived from the
interaction potential. For the special case of exciton transfer, the

general rate formalism reduces to FRET or its multichromophoric extension. When applied to cavity-assisted vibrational energy
transfer between molecules or within a molecule, the general rate expression provides an intuitive explanation of intriguing
phenomena such as cooperativity, resonance, and nonlinearity in the collective vibrational strong coupling (VSC) regime, as
demonstrated in recent simulations. The relevance of gRET to cavity-catalyzed reactions and intramolecular vibrational

redistribution is discussed and will lead to further theoretical developments.

E nergy transfer is a fundamental process in chemical physics
and plays a pivotal role in photosynthesis, photovoltaics,
and chemical dynamics in general. Much of our understanding is
derived on the basis of a specific energy form, such as Forster
resonance energy transfer (FRET) for excitons' ™ and
intermolecular or intramolecular energy relaxation for vibra-
tions,”> and is mostly limited to independent donors or
acceptors. The first goal of this Letter is the formulation of a
generalized resonant energy transfer (gRET) theory, which
features two-fold generalizations: (i) applicability to any
resonance quantum transfer processes including electronic,
vibrational, and rotational transitions as well as hybrid energy
transfer processes such as vibronic resonance and polariton
resonance and (ii) extension from individual molecules to a
collection of molecules coherently coupled via molecular
interactions or optical cavity fields. As a special case, the rate
formalism reduces to Forster resonance energy transfer (FRET)
or its multichromophoric (MC) version for excitation energy
transfer. The compact gRET rate expression allows us to
establish its detailed balance (DB) condition, proportionality to
the overlap of dipole correlation tensors, scalings with the
effective coherent size, decomposition of the collective transfer
rate in homogeneous systems, and configurational dependence.

The second goal of the Letter is the application of gRET to
describe vibrational energy flow in optical cavities. As
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demonstrated in recent experiments,””'” the electromagnetic
field of an optical cavity can mix with vibrational modes of
molecular systems to collectively form vibrational polaritons and
thus facilitate vibrational energy transfer (VET) between
molecules or within a molecule and even modify chemical
kinetics in the vibrational strong coupling (VSC) regime. These
intriguing findings have stimulated theoretical and numerical
studies, including molecular dynamics simulations of VET in
cavities.">~"” In particular, to develop a basic understanding of
cavity-assisted VET, we apply the gRET rate expression to
explain several observations reported in a recent cavity
molecular dynamics simulation.'®

Generalized RET Theory. The generalized resonance
energy transfer (gRET) between a donor (D) and an acceptor
(A) as illustrated by Figure la is described by the total
Hamiltonian

Hy = H + Hp, = Hp + Hy + Hp,
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Figure 1. (a) Illustration of generalized resonance energy transfer (gRET); (b) gRET rate evaluated as the product of donor and acceptor dipolar
correlation tensors mediated by the effective dipolar coupling tensor; (c) decomposition of coherence-enhanced rate in homogeneous systems to
monomer contribution and coherence contributions, where the ratio of the two defines the quantum enhancement factor F.

where Hp, is the coupling between the donor and acceptor,
H,(p) is the acceptor (donor) Hamiltonian, and H = Hy + Hp is
the uncoupled part of the total Hamiltonian. In a multi-
chromophoric (MC) system, the donor or acceptor state can
represent an aggregate of coherently coupled molecules and is
therefore not limited to monomers. The interaction Hamil-
tonian between the donor and acceptor is given by

Ny Np

Hp, = ppJu, = Z Z ﬁl;mjmnﬂ:r,n (1)
m=1 n=1

where 7, depends on the intermolecular configuration and will
be treated perturbatively. In eq 1, u* and i~ represent the raising
and lowering parts of the dipole operator, respectively. For N
molecules in three-dimensional space, g = {}i,} is the 3N dipole
vector and J = {,,,} is the (3N) X (3N) coupling tensor.
Hereafter, bold font represents vectors and tensors in the 3N
dimensional space and the calligraphic font represents tensors in
the three-dimensional space.

The acceptor (donor) Hamiltonian is a function of the
molecular degrees of freedom as well as solvent, cavity, and all
the other degrees of freedom associated with the acceptor
(donor) state. For a vibrational degree of freedom, a compact
notation to represent such a state is

lA) = W)slb)yle)y = Iy, 1, )alb)sle)

where v,, is the vibrational quantum number of the nth molecule,
b represents the set of bath modes, and ¢ represents the cavity
mode(s). The donor state ID) is defined similarly.

To formulate the gRET theory, we should understand the
temporal and spatial scales involved in the resonance energy
transfer process. (i) The rate process describes the incoherent
transfer from a donor to an acceptor, which occurs after the
donor is in equilibrium with its thermal bath and cavity field or in
a nonequilibrium steady-state (NESS) under constant pumping.
In other words, the donor or acceptor relaxes to a stationary state
on a time scale much faster than the energy transfer time 1/k. (ii)
Spatially, the density matrix can be delocalized within the donor
or acceptor manifold but not in between. If the molecules in the
donor or acceptor manifolds are coherently coupled, the density

matrix is delocalized and energy transfer exhibits cooperativity.
In contrast, if quantum coherence is suppressed by static and
dynamical disorder, then the density matrix is localized and
energy transfer does not exhibit any cooperativity. The extent of
the spatial localization, i.e., stationary quantum coherence, is
quantified by N_;,, which determines the degree of cooperativity
in energy transfer rate.

Based on the above conditions, the forward gRET rate can be
obtained straightforwardly from Fermi’s golden rule rate,'®

giving

2r 2
k= Z_ z P, initial |<TﬁnallHDA|lPinitial>| 5(Eﬁnal - Einitial)
D initial, final
(2)

where the subscripts initial and final refer to the initial and final
states, respectively. Here, I'¥) = ID) |A) is the composite donor—
acceptor state and E = E, + E is the corresponding eigen-energy
associated with the uncoupled Hamiltonian H = H, + Hp. The
initial state distribution function p, is diagonal in the
eigenstate basis and can be factorized as py = papp. Zp = Tr
(pp) is the donor partition function.

To proceed, we transform eq 2 to the time domain and obtain

ZDk = / dtTr[HgA(t)HDA(O)pinmal]

= /_: dtTrlpy, (0)ppu sy () Telp; () (0)p, "

where the trace is taken over all degrees of freedom and the time-
dependence in operators arises from the interaction picture
representation, p(t) = exp(iHt)u exp(—iHt) and Hp,(t) =
exp(iHt) Hp, exp(—iHt). To simplify the rate expression, we
introduce dipole correlation tensors as

C(t) = Trlu™ (H)u" (0)p]
C(t) = Trlu* (0)u™ ()p]" = Trlp™ (t)pp* (0)]

and the corresponding Fourier transform as C(w) =
f ®dte”C(t). These correlation tensors, C = {C,_}, have
two sets of indices, one for molecules and the other for spatial
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Figure 2. Illustration of various scaling laws of generalized resonant energy transfer (gRET): (a) Incooperative transfer between two monomers is

described by k... (b) The incoperative transfer rate from a monomer to N, independent acceptors scales as k;

= Nykyon- (¢) The cooperative transfer

inc

rate from a monomer to N, coherently coupled acceptors scales as k = N;?k,,on = Nykiy- (d) The cooperative transfer rate from Ny, coherently coupled

donors to N coherently coupled acceptors scales as k = NpN k.

coordinates, so their dimensions are (3N)2 Then, the forward
gRET rate is expressed in a compact form as

l *© < >
k= Z_ /_wdtTr[ﬁcD(—t)JcA(t)]

= f doTr[J* CD(CU)JC (0)]

27Z;, (3)

where k is determined by the donor—acceptor coupling J and the
overlap integral of the acceptor’s correlation tensor C;(®) and
the donor’s correlation tensor Cj(w). The general rate
expression in eq 3 is illustrated in Figure 1b and is the key
result of this Letter. A similar equation can be given for the
backward gRET rate.

Basic Properties. In /}general when the system is in thermal
equilibrium, ie., p = e the correlation function obeys the

ﬂuctuation—dissipation relationship, C*(w) = exp-
(Pwh) C*(w). Applying the relationship to eq 3, we find
Zpkp—a = Zaky~p 4)

which is exactly the detailed balance (DB) condition for gRET.
The DB condition can be broken if the donor and acceptor have
different temperatures and/or chemical potentials. Then, the net
energy flow from the donor to acceptor defines the non-
equilibrium steady-state (NESS) flux or current, F = Zpk;,_, —
Zyk, ,p, which has been used previously to deﬁne energy
transfer pathways in light-harvesting networks'® as well as in
various nonequilibrium transport settings.

In general, the overlap of the dipole correlation tensors in eq 3
is not equivalent to the spectral overlap in FRET. Such a
connection can be established only in the far-field, where the
donor—acceptor coupling can be taken independently of the
molecular index, ie, J = . Then, the gRET rate in eq 3

reduces to the standard far-field RET rate

k

2 [ T e @)C () dw
p Y-

2w 2
ST [ Ce)Cu@)e "

where the first equality takes the trace in the three-dimensional
space and the second equality further assumes an isotropic

10945

sample. The spectral correlation function is defined as the sum of
all tensor elements

C(w) = Y [Cl,,, (o)

mn (6)

which represents the absorption or emission part of optical
spectra. The double sum in eq 6 reflects the collective effect in
the donor or acceptor complex. The influences of the system—
bath coupling or the system—cavity coupling on the transfer rate
are reflected in the line widths and peak frequencies of these
spectral functions, which will be calculated later. However, the
relationship between the spectral overlap and transfer rate fails at
the near field such as liquids and solvents, so that even the dark
states in cavities can participate in energy transfer.'®

We now examine the effects of spatial coherence (ie.,
delocalization) in the donor or acceptor state on the gRET rate.
As illustrated in Figure 2, let us consider N-scalings of identical
molecules with the same donor—acceptor coupling (i.e., far-
field) and without frequency resolution (i.e., assuming a
constant spectral overlap). (i) If there is no spatial coherence,
Cinon Oy such that C;

= NC,,,, and the incohernt transfer rate is ki, = N ko, (see

then the correlation tensor is diagonal C =

Figure 2b). Here, the subscript mon refers to the monomer result
and inc refers to the incoherent rate without any quantum
coherence in the donor or acceptor complex. (ii) If the N
molecules are fully coherent, then the correlation tensor is
constant, C,,,, = C,,,,, such that C, = N>C,,,,, and the coherence-
enhanced transfer rate becomes k = N3Npk,o, = N4uNpk,. (see
Figure 2c,d). (iii) If the N molecules are partially coherent with
coherent size of N_,, then we have C, = NN_;C,,.,, and k =
N4 cobND,cohkino Which applies for N > N..

In reality, N should be interpreted as the number of
coherently coupled molecules, i.e., the localization length, which
is limited by dynamic and static disorder in cavity polar-
itons.07* Taking the example of the exponential correlation,
ie, C,, =C,

mon €Xp(—Im — nl/N_.,), we can define the effective

coherent length

https://doi.org/10.1021/acs.jpclett.2c02707
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Figure 3. Illustration of various scenarios of resonance vibrational energy transfer (VET): (a) VET from a donor to an acceptor, both modeled as the
Morse oscillator; (b) vibrational energy relaxation (VER) due to VET between a central molecule and a distribution of solvent molecules; (c) cavity-
assisted VER from a donor molecule to a collection of acceptor molecules coherently coupled by the cavity field; (d) cavity-assisted intramolecular
vibrational energy relaxation or redistribution (IVR) resulting from nonlinear coupling between molecular modes in an optical cavity.

N

1 Z —lm—nl/N,
Ny = N ~ e T Feon
~ i[(1\7 coh) co cohe N/th]
N (7)

which recovers the large aggregate limit of N.g = N, and the
small aggregate limit of N = N. Then, the collective transfer
rate is given as k = Ny Ny .gkin, Which interpolates between the
spatial coherent and incoherent (i.e., cooperative and incooper-
ative) limits.

The cooperative effects discussed in eq 7 can be simplified for
macroscopically homogeneous systems such as solvents or
liquids. Here the spatial homogeneity leads to identical
coherence between all pairs of molecules, ie., C; = Cy; 5; +
Cpp(1 = 511) , where C, is the diagonal tensor element and C12 is
the off-diagonal tensor element. This holds not only for a
homogeneous system, where all donor (or acceptor) molecules
are identical, but also for disordered systems, where donor (or
acceptor) molecules become equivalent after statistical averag-
ing.”' "’ Let us consider energy relaxation from a single donor
to N, acceptors, as illustrated in Figure 1c. In this case, the gRET
rate in eq 3 can be decomposed to

k= 2z, <(60)CA11(60)
+ (N - 1)N<TerAleA2>C1§(w)CZIZ(a))da)
mc[l + (N - I)F] effkinc (8)

where k;,. = Nk, and the effective coherence length becomes
N =1+ (N — 1) F. Here {-) represents the configurational
average and is given later in eq 14. The enhancement due to
quantum coherence is captured by the F factor, defined explicitly
as

(TtTpaT baa) | Co(@)Capp(@)dav
(T [ CH@)C(@)de

|- Ci(@)Cipp(@)de
" T )Gl .

the approximation in the second relationship applies only at the
far-field. Since the light—matter interaction in optical cavities
can be treated homogeneously, the above results apply to gRET
in polariton systems.

Equation 3 is general and reduces to the FRET theory in
exciton systems as a special case. Specifically, with the electronic
transition dipole y o (le)(gl + Ig)(el), we can identify C*(w) =
I(w) as the electronic absorption tensor and C*(@) = E(w) as
the electronic emission tensor. Then, eq 3 becomes

1 o0 T
k =—/da)TrEwIw]
FRET Y [J D( )JA( ) (10)
which is exactly the generalized-FRET rate for MC sys-
tems.'**™*’ Note the donor—acceptor coupling in FRET is
dipolar in nature and can be taken as a real function such that

gt = JT. We emphasize that the gRET rate formalism
presented in this Letter is more general than FRET and is
applicable to any resonance quantum transfer processes,
including electronic, vibrational, and rotational transitions as
well as hybrid transitions via rovibrational resonance, vibronic
resonance, polariton resonance, or vibrational-polariton reso-
nance.

Vibrational Coupling. As illustrated in Figure 3, we
consider the vibrational interaction potential between two
molecules or within a molecule, UR, —R)=U(R=7 +7),
where R is the vector connecting the centers of two vibrational
coordinates and 7, and 7, are the vibrational coordinates. Here,
the interaction is isotropic so that the potential is central
symmetric. Typically, the vibrational amplitude is considerably
smaller than the separation, r << R, such that the Taylor
expansion yields

UG, - &,) = UR) — j—”m ~ %)

Lo (s =
+ S0 B)Vi(i —5) + - (11)

where R = R/Ris the unit vector associated with R. The coupling
tensor is defined as

d(ldU) R4+ 1dUu
dR\R dR R dR

V =R— I

https://doi.org/10.1021/acs.jpclett.2c02707
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where 7 is the identity tensor. For the special case of charge
interactions, U(R) « 1/R, the coupling tensor reduces to the

standard dipole tensor, i.e., V = (BRR — I)/R’. In eq 11, the
first-order expansion term does not involve VET and will not be
further considered. The second-order expansion term in eq 11 is
rewritten as

car= o Yima, o 2y =
Vo + E(rl(vlz’i + rz(vlz”z)

where the first term describes resonance VET and will be the
focus of discussion thereafter. The second term represents a
constant contribution of the interaction potential to the site
energy and will not be further considered. For compatibility with
the gRET formalism, we transform the vibrational coordinate 7
to the linear transition dipole moment y via §i = pi'7, where y’ is
the linear coefficient. Then, the donor—acceptor coupling
becomes

(Hpa)y = =1Vt = ﬁpylzﬁz (12)

where J}, = —p/ i,V is the effective dipole coupling tensor.

In gRET, the initial or final state of energy transfer refers to an
eigen-state of the donor or acceptor Hamiltonian. In limiting
cases, these vibrational eigen-states can be associated with
normal or local modes in a molecule. Yet, in general, all
vibrational coordinates contribute to the eigen-state nonlinearly,
so that we may no longer define a simple collective coordinate in
a polyatomic molecule. Further, the donor or acceptor
vibrational eigenstate can be defined on different molecules or
on the same molecule such that the VET can occur between in
the form of VER between molecules (see Figure 3c) or within a
molecule in the form of IVR (see Figure 3d), and the gRET
formalism presented in this Letter applies to both cases.

As a side note, the vibrational coordinate is generally a
nonlinear operator for an anharmonic potential. Taking the
example of the Morse potential, we have

—
[

S T T S A I
a= 5=+ a) = ga+a) + ]

where a and a* are the annihilation and creation operators,
respectively, and y denotes the anharmonicity.”® As a result, the
linear excitation can induce not only single-phonon transitions
but also multiphonon transitions and dephasing. The latter is
also known as anharmonicity-induced dephasing (see Appendix
A of ref 31). These nonlinear effects are usually small but can be
amplified by the cavity-induced cooperativity.

VET Rate. We apply the gRET theory to vibrational energy
transfer (VET) as illustrated for various cases in Figure 3. For
monomers (see Figure 3a), the gRET rate formula eq 3
simplifies to eq 5. As an example, we consider the harmonic
oscillator potential with frequency @ and dipole operator y =

a(a + a*), where a~ and a* are the lowering and raising
operators, respectively, and a = (u')*71/(2mw) is the coefficient.
Assunslizr% slow bath relaxation, we have the Gaussian line-
shape™™”

Ci(a)) =a(y, + DG(0 — ay, 4y)
C5(w) = apupGlw — wp, Ap)

where A, (4p) is the reorganization energy, v, (vp) is the
vibrational quantum number of the initial state, and @, (@}) is
the vibrational frequency. Here, the Gaussian function is defined
as

Glw, 1) =

1 p w’
exp| —
\J4mAkgT 47kgT
where kyT is the thermal energy. Then, the VET rate is given by
TrT?
k= r—JaAaDUD(uA + 1)G(wy, — wp, 44 + Ap)
2z (13)
which exhibits the maximal transfer rate at the resonance w, =
@p. The above expressions can be easily extended to the thermal
equilibrium by introducing the thermal average, (v) =
[exp(fhw) — 1]7", which ensures the DB relation in eq 4. As
illustrated in Figure 3b, the VET rate in eq 13 can also describe
vibrational energy relaxation (VER) by summing over all
acceptors, which results in an ensemble average of molecular
configurations. Specifically, the relaxation rate can be obtained
by replacing the prefactor in eq 13 with a configurational
average:

1 = (107) = — [, ®I1e(R)1aR »
‘A

where p(l_i) is the density distribution of acceptor molecules.
More generally, we shall also account for orientational
distribution in conjunction with the spatial distribution.

To go beyond the monomer case, we now explicitly evaluate
eq 3 under the diagonal approximation, previously adopted to
approximately evaluate FRET rates in purple bacteria LH,.”***
Specifically, we consider the transfer rate between a pair of
delocalized eigenstates, ignoring the correlation between
different eigenstates. For simplicity, we limit our discussion to
far-field and explicitly evaluate the collective dipole correlation
function defined in eq 6 for the jth eigenstate, giving

>() =
C(w) = Say(y, + 1)G(w — @), 4)

and a similar expression for Cf(a)). Here, S; = Zn,mc”,jci’j is a
measure of the coherent size, i.e,, S & N, and 4, = chn,jcjfjﬂn is
the effective reorganization energy, where c is the expansion
coefficient, defined as g, = ¢, q;. Using eq 3, we obtain the VET
rate from the ith donor state to the jth acceptor state
p = (I ")
2

oy 0 p (s + DSy Sp, Gy — op ) Ay s + Ap))

(15)
which will be applied to vibrational polaritons below.

Next we turn to cavity-assisted intermolecular VET under
vibrational strong coupling (VSC) illustrated in Figure 3c. For
simplicity, we consider N identical harmonic oscillators with
vibrational frequency w in a constant optical field with cavity
frequency w. The VSC strength is characterized by g for
individual oscillators and by gy = \/ Ng for a collection of N
oscillators.'»** Then, we obtain the two vibrational polariton
frequencies

1 1
w; = E(wf + ) + E\/(wf -’ + gilwf'

(16)

where the sign corresponds to the two polariton branches and
w; = @ + gy ] is the effective oscillator frequency with the
account of the dipole self-energy term.” The hybrid of the
collective molecular and cavity modes is characterized by the
mixing angle

2

a)C
tan(0) = %
W — (17)

https://doi.org/10.1021/acs.jpclett.2c02707
J. Phys. Chem. Lett. 2022, 13, 10943—10951


pubs.acs.org/JPCL?ref=pdf
https://doi.org/10.1021/acs.jpclett.2c02707?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

The Journal of Physical Chemistry Letters pubs.acs.org/JPCL Letter
— 6. [0 inside cavity — G- inside cavity
o / ® =0.10F Pl alubinbn kbl E
2 0075t 2 ~ 1 ] Pl
® 4 % e -~
> »d N > e~
§ooof __ N 5
3 - o~ $0.05F -
B 0.025 | - — E-B ~& -0~ €8 8 —& - £~ ——H 3 Brm———Be———Be—— g g
E k=
0.000 : . . . . . . .
-200 0 200 0-0075' 0.4 0.6 0.8 1.0
(a) cavity mode detuning [cm™!] 12C160, concentration c¢/co
(b)
0.05 : : : . : . . . : ;
} e
0.04F y b
£ 2 16} ]
° 2
g 003f oo w ]l
> O 214f
S0l m-=-"s8500 1 s
3 outside cavity . a0t i
E 00lF p—=gr=r—" " difference
= (cavity effect) 1.0F 1
0.00 . L L . 0.00 025 050 075 100 125 150

0 20 40 60 80 160
(C ) Nhot

(d) C=0 bond potential energy in thermal CO5 [hwo)

Figure 4. Functional dependences of cavity-assisted VER rate reported in a recent numerical simulation'® on various control variables: (a) cavity mode
detuning; (b) donor molecular concentration; (c) number of hot molecules; (d) energy distribution in the donor. The data and plots in this figure were

provided by the authors of the published numerical study.'®

where the denominator is detuning. The remaining N — 1 modes
are dark states with the unperturbed frequency .

As an example, we consider the case where both donor and
acceptor are lower vibrational polariton (LP) states. In this case,
we have the collective dipole correlation function given as

C(w) = Nilegcosz(Q/Z)af(yf + 1)G(w —w_, A_)

and a similar definition for C<(®). Defined in eq 7, N, ¢ reduces
to the incoherent monomer limit with N4 = 1 and the fully
coherent limit with N &= N. As a result, the VET rate for the two
LP states becomes

T 2
k= %(IA—(ZD—VD—(UA— + 1)NA—,effND_,effcosz(GA/z)
T
COSZ(QD/Z)G(CUA_ —wp_, A+ Ap) (18)

where the reorganization energy is rescaled according to A_ =
A cos*(6/2)/N. Similar results can be obtained for other pairs of
polaritons or molecular states. For molecules outside of the
cavity or far off-resonant with the cavity frequency, we can set
cos*(6/2) = 1.

Cavity-Assisted VET: A Case Study. A recent numerical
study by Li, Nitzan, and Subnotik'® explores collective VSC
effects on VER of a small fraction of hot molecules in the CO,
solvent. In their simulation, the excess vibrational energy of the
hot molecules is transferred transiently to the coherent lower
polariton state (LP) and subsequently dissipates to dark states or
solvent molecules, thus leading to an acceleration of VER of the
hot molecules. Since the second step is almost irreversible, we
will focus on the VET process as illustrated in Figure 2c.

Several intriguing phenomena have been observed in the
simulation and can be understood based on the VET rate in eq
18:

1. Equation 18 depends on the frequency detuning via the
spectral overlap (i.e.,, the Gaussian line shape function)
and the projection of the polaritons to the molecular basis
(i.e, the prefactor), thus reproducing the bell shape in
Figure 4a (ie. Figure 3 of the original paper) of the
reported simulation. Further, the LP wave function yields
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the ratio of sin*(6/2) and cos*(6/2)/N between the
photonic energy and molecular energy, so that the
transferred energy to the cavity photon is higher than to
molecules, in agreement with Figure 2c,d of ref 16. The
thermalization process will eventually recover the energy
equipartition for the cavity photons and molecules in the
long-time limit, as ensured by the DB condition in eq 4.

2. The Rabi frequency depends on the solvent concentration
as gy = V/Ng and leads to the concentration-dependence
in the peak frequency (see Figure 4a of the referred
simulation). According to eq 7, the VER rate at the far
field is proportional to the spectra overlap, which
increases with the LP frequency shift. Thus, the cavity-
enhanced VER rate increases with the solvent concen-
tration, consistent with Figure 4b (i.e., Figure 4b of the
reported simulation).

3. The hot molecules (i.e, donors) can be coherently
coupled via the cavity field or the intermolecular
interaction. Then the VER rate in eq 7 is proportional
to the emission intensity, which in turn is proportional to
N, i.e., the number of coherently coupled hot molecules,
thus explaining the N-dependence in Figure 4c (ie.,
Figure S of the referred simulation).

4. Since the O—C bond is modeled as a Morse potential, its
average frequency decreases with the vibrational energy.
Then, the hot donor molecule is in better resonance with
the higher vibrational excited states of the acceptor
molecule, so the energy is transferred to the low-energy
tail of the acceptor state distribution as shown in Figure 4d
(i.e., Figure 7b of the reported simulation).

Discussion. The proposed theory is motivated by two sets of
cavity experiments in the VSC regime: (i) cavity-assisted
intermolecular vibrational energy relaxation (VER) or intra-
molecular vibrational energy relaxation or redistribution
(IVR)'°™"* and (ii) cavity-catalyzed ground-state chemical
reactions.”"” The gRET rate expression in this Letter applies
directly to the first set of experiments and related numerical
studies. In comparison, the second set of experiments on cavity-
catalyzed reactions involve thermal activation and are not
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directly described within the framework of gRET. However,
both in solvents and in optical cavities, vibrational energy
transfer, relaxation. and redistribution are responsible for
thermalization and thermal fluctuations of reactive systems
and thus can play a potentially important role in cavity-catalyzed
reactions.

Specifically, it is revealing to analyze the intriguing
phenomena of cavity-catalyzed adiabatic chemical reactions in
the context of enhanced VER, as suggested by the authors.'® In
the current context, the cavity-induced enhancement of the
vibrational relaxation rate of the solute molecule results in an
increase in the effective friction coeflicient

Nysc = NN, (19)

where N is the effective coherent number defined in eq 7.
According to the Kramers rate theory,*” the N 4fold increase
in the friction constant leads to the enhanced reaction rate in the
energy diffusion regime as k, & #jygc and the suppressed rate in
the spatial diffusion regime as k, & 1/#ysc. The gRET theory
presented here connects the reaction rate to the polariton
spectral line-shape and molecular density, in agreement with
experiments. Yet, the kinetic effect arising from enhanced
effective friction is largely temperature-independent, takes
different functional forms in the under-damped and over-
damped regimes, and cannot e;gplain the orders of magnitude of
change induced by cavities.””*” Thus, VSC-catalyzed reactions
require further analysis,*’~** which likely involves a quantum
rate calculation®, and possibly a different mechanism.

In fact, a recent quantum transition state theory (TST)
analysis™ attributes the VSC modification of reaction rates to
vibrational frequency shifts in the reactive well and transition-
state barrier. The reported perturbation analysis of vibrational
polariton modes™ predicts the dependences on temperature,
cavity frequency, and light—matter coupling strength. However,
the collective effect cannot be easily explained by incoherent
thermal activation within the TST framework. In this sense, the
thermal rate calculation proposed for VSC-catalyzed reactions
and the gRET theory developed for VSC-assisted vibrational
dynamics are complementary and can be integrated to yield a
more complete picture. Of particular relevance is the potential
application of gRET to intramolecular vibrational energy
redistribution (IVR) in cavities, as exemplified by the solvated
ABA model illustrated in Figure 2d, which has been suggested as
a mechanism to understand cavity-catalyzed reactions.””*°

Finally, we comment on the validity of classical simulations of
quantum dynamics. The quantum correlation function has a
simple classical limit, which can be supplemented with quantum
correlations to ensure DB.*"*"** In fact, the spectrum of the
harmonic potential or the Morse Opotential can be described
accurately by classical dynamics,”® within the framework of
quantum—classical correspondence.”™>* Yet, classical simu-
lations may fail to capture more subtle quantum effects. An
interesting example is the system—bath entanglement in the
generalized FRET rate in eq 10. In an MC system, the initial
state of the donor’s emission E(w) is an entangled equilibrium
state of system and bath and cannot be factorized. This
nonfactorized initial state brings technical difficulties in
computing the emission spectrum and FRET rate in MC
systems and has been a subject of recent studies.'>>>>*

Summary. The generalized resonant energy transfer (gRET)
theory encompasses various degrees of freedom as well as
coherently coupled composite states and reduces to the FRET
or MC-FRET rate in the special case of excitation energy

transfer. The resulting rate expression in eq 3 allows us to
establish the basic properties of gRET: (i) The rate obeys the
DB condition in eq 4 when the donor and acceptor are at the
same temperature and can lead to a NESS flux when at different
temperatures. (ii) The gRET rate is proportional to the overlap
between the donor’s correlation tensor Cj and acceptor’s

correlation tensor C7,, which is not equivalent to the spectral
overlap except in the far-field limit. (iii) The collective spectral
function and rate have simple scalings with the effective coherent
size defined in eq 7, which equals the number of molecules for
small aggregates but becomes the coherent size for large
aggregates. (iv) The collective rate in homogeneous systems
such as solvents or liquids can be decomposed to the monomer
and coherence contributions as in eq 8, and the ratio of the two
contributions defines the quantum enhancement factor in eq 9.
(v) The donor—acceptor coupling tensor J can be determined
from the interaction potential as in eq 12, thus specifying its
orientational and spatial dependences.

The application of gRET to cavity-assisted VER provides a
physical explanation of intriguing phenomena including
cooperativity, resonance, and anharmonicity, as shown in a
recent simulation.'® Though demonstrated in cavity-assisted
intermolecular VER, the gRET formalism can apply equally well
to intramolecular vibrational energy relaxation or redistribution
(IVR) in cavities, as exemplified by the solvated ABA model
illustrated in Figure 2d.**® The correlated vibrational mode
coupling in polyatomic molecules may shed light on the VSC-
induced phenomena in energy transfer and reaction kinetics and
is an interesting subject for further study.
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