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ABSTRACT: The symmetrical quasi-classical (SQC) method recently proposed by Miller
and Cotton allows one to simulate nonadiabatic dynamics based on an algorithm with
classical-like scaling with respect to system size. This is made possible by casting the
electronic degrees of freedom in terms of mapping variables that can be propagated in a
classical-like manner. While SQC was shown to be rather accurate when applied to
benchmark models with harmonic electronic potential energy surfaces, it was also found to
become inaccurate and to suffer numerical instabilities when applied to anharmonic
systems. In this paper, we propose an extended SQC (E-SQC) methodology for
overcoming those discrepancies by describing the anharmonic nuclear modes, which are
coupled to the electronic degrees of freedom, in terms of classical-like mapping variables.
The accuracy of E-SQC relative to standard SQC is demonstrated on benchmark models
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with quartic and Morse potential energy surfaces.

N onadiabatic dynamics plays a central role in a variety of
important chemical processes that range from electro-
chemistry to organic photovoltaics.'~'> The inherently
quantum nature of the underlying molecular dynamics makes
simulating such processes in complex molecular systems
challenging.”"*™" A frequently employed approximation is
based on invoking linear-response to represent the nuclear
degrees of freedom (DOF) in terms of uncoupled harmonic
modes, and describing their coupling to the electronic DOF as
linear in the normal mode coordinates.”” The nuclear DOF and
their coupling to the electronic DOF can then be described in
terms of a spectral density function, which can be conveniently
extracted from classical molecular dynamics (MD) simula-
tions.”>** Within this framework, one can simulate the
quantum-mechanically exact nonadiabatic dynamics of a system
with a modest number of electronic states (up to ~10),”~**
but only as long as the linear-response assumption remains
valid.***

Despite the popularity of the aforementioned harmonic
model Hamiltonians and their ability to fit many experimental
observations,™ the linear response approximation upon which
they are based can break down in many systems of interest.
One example is hydrogen-bonded systems.”'~* Another
example is charge transfer (CT) processes when they involve
coupling to low- frequency modes and/or take place in
nonpolar environments.** Yet another example is rate
processes,**® such as proton-coupled electron transfer."’~*’
In many cases of interest, the anharmonicity can be associated
with a relatively small number of nuclear modes, while the
remaining modes can be treated as harmonic and assumed to
be linearly coupled to the anharmonic modes.””*"
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TREATMENT

Despite many advances in quantum-mechanically exact
simulation techniques for general anharmonic Hamilto-
nians,”>>* semiclassical and mixed quantum-classical ap-
proaches remain the only viable methodologies for large-scale
simulations of complex technologically and biologically relevant
molecular systems. Such methods include Fewest-Switches
Surface-Hopping (FSSH),”**° the Ehrenfest method,*® partially
linearized path integral approaches,””® Trotter-Based Surface-
Hopping (TBSH),” the Forward—Backward Trajectory
Solution (FBTS)®”®' of the quantum-classical Liouville
equation (QCLE), 6263 the Linearized Semiclassical (LSC)
method,®*™%® the Poisson Bracket Mapping Equation
(PBME),””~"" and the symmetrical Quasi-Classical (SQC)
method.”*”"

In this paper, we focus on the SQC method. SQC is based on
the following two components: (1) mapping of the electronic
DOF” onto classical-like variables in a manner that accounts
for zero-point energy effects, while treating the nuclear DOF as
classical; (2) using symmetrical window functions for initial
sampling of the electronic DOF and estimation of electronic
observables at later times. In a series of recent papers, Miller
and Cotton have shown that SQC provides a rather accurate
description of nonadiabatic dynamics,*’ can recover detailed
balance,®’ can be straightforwardly applied to systems with a
relatively large number of electronic states,”® and provides a
prescription for obtaining the full electronic density matrix.””
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Figure 1. Primary mode anharmonic PESs studied in this work: (a) double-well quartic PES; (b) single-well quartic PES; (c) weakly anharmonic

Morse PES; (d) strongly anharmonic Morse PES.

SQC’s classical-like nature also implies a straightforward
incorporation within standard classical MD simulation
protocols.

It should be noted that usage of SQC has been far more
limited than the above-mentioned competing approximate
methods. This is somewhat surprising in light of the fact that
SQC appears to be able to overcome several of the weaknesses
that other methods suffer from. More specifically, SQC is cost-
effective and scalable, is invariant to the choice of electronic
basis, allows for an initially localized nuclear wavepacket to split
into multiple components that are subject to different forces,
and treats the electronic populations and coherences on the
same footing.

The aforementioned demonstrations of SQC’s accuracy were
mostly based on benchmark models where the nuclear DOF are
treated as harmonic. In a recent paper, Bellonzi, Jain, and
Subotnik®” have shown that adding anharmonicity to the model
can cause the standard SQC approach® to exhibit numerical
instabilities and violations of detailed balance. In this paper, we
propose a way for overcoming those discrepancies. We do so by
describing the anharmonic nuclear modes directly coupled to
the electronic DOF in terms of classical-like mapping variables.
In what follows, we show that doing so leads to a dramatic
improvement in accuracy, which is robust across a wide range
of anharmonicities and coupling strengths between anharmonic
nuclear modes and electronic DOF.

We start out by considering a Hamiltonian of the following
form:

A=HA+H+H,+H,+H, (1)
Here,
H, = heé, + hAS, ()

is a two-state electronic system Hamiltonian, where 2f¢ and
hA are the electronic bias and electronic coupling between the

two states, 6, = [T){(11 = I} ){l and &,= 1)L + L ){11 (I1) and

I}) are the electronic excited and ground states, respectively);

A2
. by .
H="X4+U(l
° M ¥) (3)

is the Hamiltonian of the anharmonic primary nuclear mode
directly coupled to the electronic DOF;
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is the Hamiltonian of N, secondary harmonic bath modes
directly coupled to the primary mode;

I:Iso = h‘:of]&z (5)
is the coupling Hamiltonian between the electronic system and
the primary mode, where ¢, is the coupling strength;

N,
Hy, = _Z X Y
k=1 (6)
is the coupling Hamiltonian between the primary mode and
secondary modes, where c is the coupling strength between the
primary mode and the kth secondary mode.

It should be noted that the approach presented below is not
limited to a two-state system and actually has a favorable scaling
with respect to the number of electronic states. It should also
be noted that our main interest in this paper is in cases where
the potential energy of the primary mode, U (Y), is
anharmonic. In what follows, we will present results obtained
for two types of anharmonic potential energy surfaces (PESs)
(dimensionless variables with energy unit given by AA and

distance unit by /#/MA were used):
®A quartic PES:

4

292 4 Ay

I 1
U(y) 2@ Y )
with @, = 1.0 and two different values of anharmonic coefficient
A: (i) A = 0.1, which corresponds to a double-well PES (see
Figure la), and (ii) A = 2.0, which corresponds to a single-well
PES (see Figure 1b).

eMorse PES:** ™%

U?) = D(1 — ) (®)

In this case, the anharmonicity can be measured by the number
of bound states, A = 2D/w,,> where w, = a~/2D (A = o
corresponds to the harmonic limit). Below, we report results
for two different sets of parameters: (i) D = 15.0 and a = 0.5,
which corresponds to A = 10 (weakly anharmonic, see Figure
1c), and (ii) D = 2.0 and a = 0.5, which corresponds to A = 4
(strongly anharmonic; see Figure 1d).
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Within the standard SQC (S-SQC) method, the electronic
operators {IT)(1T], [LY(LL, ITY(LL 10 (1} arée written in terms of

the corresponding mapping operators:”

1

Here, j and k are either 1 or |. The optimal value of zero-point
energy parameter y = 0.366°° was used in all calculations
reported in this paper. This is followed by replacing the nuclear
operators and the electronic mapping operators by their
classical analogues (q) =g p—p YV, Py — Py, X - X,
P - P) The dynamics of {q], pypY, Py X P} is then governed
by the corresponding classical-like counterpart of the
Hamiltonian in eq 1. Initial sampling of the classical-like
mapping variables, {qj, p]-}, is based on top-hat prelimit delta
function windows of width 2y of the corresponding action
variables, n; = (q; + p;)/2h — y (angle variables are sampled
randomly from (o, 277:]/) More specifically, starting in state I1)
implies that n; is a random number between (1 — 7, 1 + 7) and
n, is a random number between (—, 7). The expectation values
of the electronic populations at a later time are obtained using
the same window functions. For example, the population of
state |1) is determined by the fraction of trajectories with n;
within (1 — y, 1 + ) and n| within (—y, 7).

S-SQC can become inaccurate and/or numerically unstable
in the presence of anharmonicity. However, as we will show
below, those problems can be solved by using a methodology
that we will refer to as extended SQC (E-SQC). E-SQC is
based on representing H,, = H, + H, + H,, rather than H, in
terms of mapping variables. More specifically, let {In)} and {E,}
be the eigenkets and corresponding energy levels of H,, such
that

A = Z E ln){nl

n=1

(10)

Although the number of eigenkets of H, is in principle
infinite, in practice one can obtain results at the desirable level
of accuracy within a truncated basis whose size, N, can be
determined by convergence (see the Supporting Information).
Thus, {I1) = 11) ® In), I|) ® In)} form a basis for the Hilbert
space of the composite system consisting of the electronic DOF
and the primary mode (i.e., the Hilbert space defined by H,,,).
Using this basis, the total Hamlltonlan, eq 1, can be written as

H= Z (H o) 1A + z (Hyp )y YA + H,
a

(11)

It should be noted that in our truncated basis, H,,, and H,,
are represented by 2N X 2N matrices. The correspondmg
matrix elements of the Hamiltonian of eq 11 can be found in
the Supporting Information.

In the next step, we write the operators {I1)(1'l} in terms of
the corresponding mapping operators:

, I oo A
H’><’1 | = E(q,ﬂ” + pgp,{' - 7h5M/)

(12)
Similarly to S-SQC, this is followed by replacing the bath and
the mapping operators by their classical analogues (§, = q,, P,
- py X, > X, P; > P,). The dynamics of {g,, p;, X, P} is
assumed to be governed by the classical-like Hamlltonlan
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HE-SQC({qA) Pﬂ}; {X, B}

= Z [(Hey o + (Hyp)ia'] (‘Jﬂ,y + pp, — rhdy)
A
N, 1
+ Z + ) —malX}
k=1 2M oy 2 (13)

E-SQC involves classical propagation of N, + 2N DOF, and
is therefore computationally more demanding than S-SQC,
which requires classical propagation of N}, + 3 DOF. However,
this difference is small in the typical case where N, > N.
Furthermore, the classical-like nature of the dynamics leads to
favorable scaling with the number of DOF.

We start out by considering the case where the primary
mode is decoupled from the bath of secondary modes, H,;, = 0,
and for which quantum-mechanically exact results can be
obtained (see the Supporting Information). The classical-like
dynamics within either S-SQC or E-SQC was simulated based
on the algorithm of Kelly et al.*” with the time-step set to At =
0.05. All the results were obtained by averaging over 5 X 10°
trajectories.

The following factorized initial density operator was used:

pO) =4 ®4 (14)

The electronic DOF were assumed to start out in the excited
state, 7,(0) = I1)(1l, and the anharmonic primary mode was
assumed to start out in the ground state, p,(0) = 11)(1l. Both
symmetrical, & = 0, and asymmetrical, & = 1.0, cases were
considered. E-SQC was found to perform equally well in both
cases. In what follows, we only report the results for the
asymmetrical case, € = 1.0, which is usually considered more
challenging for approximate methods.

The expectation values of 6, as a function of time in the case
of a primary mode with a quartic PES, as obtained from S-SQC
and E-SQC, are compared to the corresponding quantum-
mechanically exact results in Figure 2, for weak and strong
coupling (upper and lower panels, respectively). The results
show that S-SQC agrees with the exact results at short times,
and starts to significantly deviate from it at longer times. The
deviations are larger in the case of the double-well PES and
when the coupling is strong. At the same time, E-SQC is seen
to be in a very good agreement with the exact results for both
single-well and double-well cases, as well as for strong and weak
coupling. The size of the truncated primary mode basis, N, used
to generate the results is shown at the lower right corner of
each plot. In the case of a single-well PES and weak coupling N
= 2, while in the case of a double-well PES and strong coupling
N = 6. Thus, larger anharmonicity and stronger coupling is
computationally more demanding,

The expectation values of 6, as a function of time in the case
of a primary mode with a Morse PES, obtained from S-SQC
and E-SQC, are compared to the corresponding quantum-
mechanically exact results in Figure 3, for weak and strong
coupling (upper and lower panels, respectively).

Similarly to the case of the quartic PES, S-SQC is seen to
agree with the exact result at short times and significantly
deviate from it at longer times. The deviations are seen to
increase with increasing coupling strength and degree of
anharmonicity. At the same time, E-SQC is seen to be in a very
good agreement with the exact results regardless of the degree
of anharmonicity and coupling strength. The size of the
truncated primary mode basis increases as coupling strength
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Figure 2. Expectation value (5,(t)), as a function of time, in the case of
a primary mode with double-well and single-well quartic PESs (left and
right panels, respectively), as obtained from S-SQC and E-SQC,
compared to the corresponding quantum-mechanically exact result, for
weak and strong coupling (upper and lower panels, respectively).

changes from weak, for which N = 2, to strong, where N = 4—6.
It is also seen to increase with increasing degree of
anharmonicity.

It should be noted that, in the case where the primary mode
is decoupled from the bath of secondary modes, H,, = 0, E-
SQC is based on classical dynamics governed by a Hamiltonian
of a quadratic form, for which one expects SQC to be more
accurate. However, E-SQC also involves additional assumptions
regarding initial sampling and calculating observables by
binning with specific choices of the shape and width of the
window functions. Thus, the deviations between the E-SQC
and exact results in Figures 2 and 3 can be traced back to those
additional assumptions. We next investigate the case where the
anharmonic primary mode is coupled to a bath of harmonic
secondary modes, H,, # 0. To this end, we consider a primary
mode with a quartic PES coupled to a bath of secondary modes
descrigeg) by an Ohmic spectral density with exponential
cutoft ™

J(w) = Zwe

-0/,

(13)

Here, { is the Kondo parameter that measures the strength of
primary-secondary mode coupling, and @, is the bath cutoff
frequency.

The following factorized initial density operator was used:

p(0) =7 ®h ®p," (16)

The electronic DOF were assumed to start out in the excited
state, p,(0) = I1)(1l. The anharmonic primary mode was
assumed to start out in the ground state, p,(0) = I1){1l. The
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Figure 3. Expectation value (5,(t)), as a function of time, in the case of
a primary mode with weakly and strongly anharmonic Morse PESs
(left and right panels, respectively), as obtained from S-SQC and E-
SQC, compared to the corresponding quantum-mechanically exact
results, for weak and strong coupling (upper and lower panels,
respectively).

secondary bath modes were assumed to start out at thermal
equilibrium, which corresponds to the following Wigner phase

space density:

N,
. H" tanh(fw, /2 —2 tanh(fw, /2
/);,I%V _ anh(fow, )exp[ anw(k,/)’a),< )
k=1

P: 1
2my, 2

where f is the inverse temperature.

Three sets of parameters were used: (i) € = 0.0, A =0.3, ¢, =
0.05, 2 = 025, @y = 1.2; (i) € = 0.0, A = 0.1, ¢y = 0.3, A = 0.2,
wy = 0.6; (iii) € = 0.25, A = 0.1, ¢, = 0.3, 1 = 0.2, w, = 0.6.

The same values of the Kondo parameter, { = 0.1, inverse
temperature, # = 0.2, maximal bath mode frequency, @, = 3.0,
and number of secondary bath modes, N}, = 100, were used in
all cases. Dimensionless variables were used with the energy

(17)

and distance units given by Aw, and /fi/m@ for each
secondary bath mode. Initial configurations of the primary and
secondary modes were sampled as described in ref 51. The time
step was set to At = 0.05 and results were averaged over 4 X
10° trajectories. It should be noted that already reasonable
results can be obtained with as few as 5 X 10° trajectories (see
the Supporting Information). In what follows, we compare the
results obtained via E-SQC with results obtained via S-SQC,
FBTS, Ehrenfest, and TBSH. It should be noted that TBSH is
based on the mixed quantum-classical Liouville equation, which
is expected to be the most accurate method.”" We will therefore
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Figure 4. Expectation value (5,(t)), as a function of time, in the case of a primary mode with a quartic PES coupled to a bath of secondary modes, for
parameter sets (i), (ii), and (iii) (left, middle and right panels, respectively). Shown are the TBSH results (red solid line with red triangles),
Ehrenfest results (orange solid line), E-SQC results (blue dashed line), S-SQC results (gray dash-dotted line) and FBTS results (green dotted line).

use the TBSH results as a benchmark for assessing the accuracy
of the other methods.

The expectation values of 6, as a function of time is shown in
Figure 4 for the above-mentioned three parameter sets. The left
panel corresponds to parameter set (i). The relatively large
value of the diabatic coupling in this case, A = 0.3, makes it
possible to obtain TBSH results for relatively long times, tw, =
17. E-SQC is seen to be in excellent agreement with TBSH in
this case, which is indicative of its accuracy. It should be noted
that converged E-SQC results require N = 6. At the same time
S-SQC, FBTS and Ehrenfest are seen to deviate from TBSH.
We also note that these methods appear to underdamp the
oscillatory dynamics of (6,(t)) in comparison to TBSH and E-
SQC.

More pronounced differences between E-SQC and the other
approximate methods are seen for parameter set (ii) (see
middle panel of Figure 4). Here too, the dynamics of (5,(t)) as
predicted by S-SQC, FBTS, and Ehrenfest are seen to be
underdamped compared to that predicted by E-SQC. Although
TBSH is not feasible for this case, the fact that a similar trend
was observed for parameter set (i) suggests that E-SQC is also
more accurate in this case. Further support for this conjecture is
provided in Figure S, where we compare the exact quantum
dynamics with that predicted by the various approximate
methods for the same set of parameters, but in the absence of
coupling to the secondary harmonic bath. While E-SQC is seen
to be in a very good agreement with the quantum-mechanically
exact result in this case, S-SQC, FBTS, and Ehrenfest are seen
to deviate significantly from it. It should also be noted that it is
unlikely that coupling to the harmonic bath is the source for the
deviations, since S-SQC has been shown to be rather accurate
for harmonic systems. It is therefore likely that the
anharmonicity is the source of those deviations, and the results
suggest that E-SQC does a better job at capturing them than S-
SQC.

The results for parameter set (iii) are shown in the right
panel of Figure 4. The energetic bias present in this case, € =
0.25, represents a challenge for S-SQC and Ehrenfest methods.
This is because Ehrenfest is known to violate detailed balance,
as does S-SQC in the presence of anharmonicity.”” However,
FBTS and E-SQC are observed to capture detailed balance in
this case. The fact that FBTS is underdamped compared to E-
SQC also suggests that E-SQC is more accurate. As expected,
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Figure 5. Expectation value (5,(t)), as a function of time, in the case of
a primary mode with a quartic PES without coupling to a bath of
secondary modes, for parameter set (ii). Shown are the exact results
(red solid line), Ehrenfest results (orange solid line), E-SQC results
(blue dashed line), S-SQC results (gray dash-dotted line), and FBTS
results (green dotted line).

the basis needed for convergence in this case, N = 12, is
significantly larger than in the unbiased case.

Finally, we note that two general ways of verifying the
convergence of E-SQC calculations with respect to the size of
the truncated primary mode basis N were used in this work.
Both illustrate that E-SQC is a systematically improvable
method. See the Supporting Information for a detailed
discussion and numerical verification of the convergence of
E-SQC with respect to N.

In summary, we proposed a new methodology for over-
coming inaccuracies and numerical instabilities in applications
of S-SQC to anharmonic systems, which is based on describing
the anharmonic nuclear modes in terms of classical-like
mapping variables. The new method, which we named E-
SQC, shares the advantages of S-SQC, namely, low computa-
tional cost, favorable scaling with system size, and straightfor-
ward implementation. At the same time it appears to be
significantly more accurate than S-SQC in the presence of
anharmonicity. E-SQC is expected to make it possible to
simulate nonadiabatic dynamics in molecular systems that
exhibit anharmonicity. A similar approach has been recently
applied by Martinez et al. to the calculation of transient
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absorption (TA) pump—probe signals using PBME and FBTS
for a model system that involves harmonic PESs.”> They
illustrated that neither FBTS nor PBME was able to produce a
quantitative agreement with exact population dynamics and TA
signals for multiple simulation parameters irrespective of how
the primary mode was treated. We showed that E-SQC is able
to produce essentially exact population dynamics for a broad
range of parameters. It would be highly desirable to investigate
whether E-SQC can accurately describe linear and nonlinear
absorption spectra for harmonic and anharmonic PESs as well.
Work in this direction is underway and will be reported in
future publications.
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