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We consider a dynamic pricing problem for repeated contextual second-price auctions with strategic buyers
whose goals are to maximize their long-term time discounted utility. The seller has very limited informa-
tion about buyers’ overall demand curves, which depends on d-dimensional context vectors characterizing
auctioned items, and a non-parametric market noise distribution that captures buyers’ idiosyncratic tastes.
The noise distribution and the relationship between the context vectors and buyers’ demand curves are both
unknown to the seller. We focus on designing the seller’s learning policy to set contextual reserve prices
where the seller’s goal is to minimize his regret for revenue. We first propose a pricing policy when buyers
are truthful and show that it achieves a T-period regret bound of @(ﬁ) against a clairvoyant policy that
has full information of the buyers’ demand. Next, under the setting where buyers bid strategically to max-
imize their long-term discounted utility, we develop a variant of our first policy that is robust to strategic
(corrupted) bids. This policy incorporates randomized “isolation” periods, during which a buyer is randomly
chosen to solely participate in the auction. We show that this design allows the seller to control the number
of periods in which buyers significantly corrupt their bids. Because of this nice property, our robust policy
enjoys a T-period regret of @(M ), matching that under the truthful setting up to a constant factor that

depends on the utility discount factor.
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1. Introduction

We study the fundamental problem of designing pricing policies for highly heterogeneous items.

This study is inspired by the availability of the massive amount of real-time data in online platforms
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and in particular, internet advertisement markets, where the seller has access to detailed infor-
mation about items features/contexts. In such environments, designing optimal policies involves
learning buyers’ demand, which is a mapping from item features and offered prices to the likelihood
of the item being sold. Our key goal is to develop effective and robust dynamic pricing polices
that facilitate such a complex learning process for very general non-parametric contextual demand
curves for both truthful and strategic buyers. The pricing policies should overcome the challenge of
having limited information about buyers’ willingness-to-pay, address the general learning problem
for non-parametric demand curves, and resolve the issues that arise along with buyers’ strategic
behavior.

Formally, we consider a setting wherein any period ¢, the seller sells one item to buyers via
running a second price auction with a reserve price. Note that in the second price auction, which is
a prevalent selling mechanism in online advertising markets, the item is allocated to a buyer with
the highest submitted bid as long as her bid is greater than or equal to the reserve price, and the
winner pays the maximum value between the reserve price and the second-highest bid.

The item is characterized by a d-dimensional feature vector z;, observed by the seller and buyers.
We consider an interdependent contextual valuation model in which the buyer’s valuation for
the item is the sum of common and private components. The common component, which is the
same across all the buyers, is a function of the feature vector; and the private component, which
captures buyers’ idiosyncratic tastes, is independently drawn from an unknown non-parametric
noise distribution F. The common component determines the expected willingness-to-pay of the
buyers and is the inner product of the feature vector and a fixed scaling factor 5, which we call

the “mean vector”. We note that such a linear valuation model is very common in the literature

of dynamic pricing; see, for example, |Golrezaei et _al) (20184, |[Javanmard and Nazerzadeh (2016),

Kanoria and Nazerzadeh (2017) and |Javanmard (2017).

Under this interdependent and contextual valuation model, we study two settings, each of which

characterizes different types of buyer behavior. In the first setting, called the truthful setting, buyers
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always bid their true valuations, and our main focus lies in obtaining accurate estimates of the
unknown and non-parametric demand through buyers’ truthful bids in order to develop revenue-
maximizing pricing strategies. In the second setting, called the strategic setting, buyers may submit
corrupted, i.e., untruthful, bids in order to trick the seller to lower future reserve prices. In this
setting, our goal is to effectively learn buyers’ demand in the presence of such corrupted data
(bids). In particular, we associate this type of strategic bidding with the setup that buyers aim

to maximize their long-term discounted utility. We point_out that this discounted utility model

has recently been used in the literature, for instance, see |Amin et all (2013, 2014), |Golrezaei et al

20184), and ILiu et al) (2018).

The main problem of interest is to design policies that dynamically learn/optimize contextual
reserve prices against both truthful and strategic bidding behaviors. We take the perspective of
a typical seller who is not aware of the mean vector § and noise distribution F', and aims to
minimize his regret which is the revenue loss against a clairvoyant policy that knows both g and
F'. In fact, having full knowledge of 5 and F' corresponds to knowing the optimal mapping between
the observed context vector and the revenue-maximizing reserve prices. Hence, this benchmark
will always set the optimal contextual reserve price, which eliminates buyers’ incentive to submit
corrupted bids. Yet, for our problem of interest, when 8 and F' are unknown, in order to learn
this optimal mapping the seller needs to learn the buyers’ demand curves, which is associated with
three main challenges: (i) the demand curve is constantly shifting due to the variations of the
feature vector changes over time; (ii) the shape of the demand curve is unknown due to the lack of
information on the market noise distribution F' which may not enjoy a parametric functional form.
Furthermore, we do not impose the Monotone Hazard RatJ;I assumption on F', which is a common

assumption in related literature, but has been shown to be unrealistic in online advertising markets

Celis et al! (2014) and |Golrezaei et all (2017)); (iii) in the strategic setting, buyers take advantage

of the seller’s lack of knowledge in demand through submitting corrupted bids to manipulate future
reserve prices.

! Distribution F is MHR if % is non-decreasing in z, where f is the corresponding pdf.
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As our main contribution in this work, in light of the three aforementioned challenges, we present
two effective dynamic contextual pricing policies with sublinear T-period regret of (5(\/T )Ij where
the first policy lends itself to the truthful setting, and the second policy is tailored to the strate-
gic setting. In the truthful setting, the seller encounters the challenges regarding both constant
shifts and unknown shape of the demand curve; while in the strategic setting, the seller faces
the additional challenge to learn buyers’ demand (or valuation distribution) using corrupted bids.
Designing a pricing policy against strategic buyers is more challenging than that against truthful
buyers. However, by first studying the pricing problem in the truthful setting, we shed light on
some key techniques that enable us to attain accurate estimates of the mean vector and the market
noise distribution. In the strategic setting, we then build on these techniques to resolve issues due
to intentionally corrupted bids and buyers’ strategic behavior. We refer to our policy under the
truthful setting as the NPAC-T policy, where “NPAC” stands for Non-Parametric Contextual and
“T” refers to the truthful setting. Similarly, we refer to our policy under the strategic setting as
NPAC-S, where “S” stands for the strategic setting. In the remaining part of the introduction, we
briefly discuss these two policies.

NPAC-T Policy: The NPAC-T policy is designed for the truthful setting. In this policy, we
take advantage of the fact that the optimal reserve price in truthful environments can be written
as a function of the distributions of the highest and second-highest valuations; see Proposition
[ In light of this observation, to learn the optimal reserve prices, instead of the market noise
distribution F', we estimate these distributions using all historical bids/valuations. We notice that
the distribution of the highest and second-highest bids shift according to the time-varying feature
vector x; and unknown mean vector 3. Thus, to estimate these distributions, we first estimate
the mean vector by applying an ordinary least squares (OLS) estimator using all historical bids,
and then take advantage of our most up-to-date estimate of 5 to estimate the distributions. We

stress that because the noise distribution F' is not parametric, joint estimation of the mean vector

2 O(-) hides logarithmic factors.
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£ and distributions using a maximum likelihood estimator is not possible. Hence, we construct
empirical distributions for the distributions of interest by carefully controlling for the errors of
8 that may propagate into our estimates. Finally, we use these estimates as surrogates of their
ground-truth counterparts to set reserve prices, and show that our policy enjoys a low regret of
the order O (d\/T ) This regret bound is presented in Theorem [l

NPAC-S Policy: The NPAC-S policy is designed for the strategic setting and is robust against
corrupted bids. It is based on two modifications of the NPAC-T policy. First, the NPAC-S policy
partitions the entire time horizon into phases of increasing length, and instead of using all histor-
ical bids to update its estimates for the mean vector and the distributions of the second-highest
and highest valuations, it only uses the data in the previous phase. This will reduce the buyers’
manipulating power on future reserve prices, as past corrupted bids prior to the previous phase will
not affect future pricing decisions. Second, the NPAC-S policy incorporates randomized “isolation”
periodﬂ; that is, in each period with some probability the seller chooses a particular buyer at ran-
dom and let her be the single participant of the auction during this period. Put differently, other
buyers who are not chosen have a zero chance of winning the item regardless of their submitted
bids. For the “isolated” buyer, the reserve price is chosen uniformly at random. These randomized
isolation periods exploit the fact that buyers aim to maximize their long-term discounted utility,
and motivate the buyers to not corrupt their bids significantly for a large number of periods. In
the isolation periods, when the valuation of the isolated buyer is greater than the reserve price,
underbidding can lead to utility loss. Similarly, when the valuation of the isolated buyer is smaller
than the reserve price, overbidding can also result in utility loss.

We point out that the estimation techniques used in NPAC-S policy are the same as those in
NPAC-T policy, even though the OLS estimator and empirical distributions are both vulnerable to
large outliers/corruptions. The NPAC-S policy can still use OLS estimators and empirical distribu-
tions because, in virtue of our isolation periods, the number of past periods with large corruptions

3 Buyers are aware of the randomized isolation periods as the seller announces and commits to his pricing policy.
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is O(log(t)) for any period ¢t with high probability. Put differently, the number of outliers in the
submitted bids is small and as a result, there is no need to redesign the estimation techniques used

in NPAC-T for the strategic setting. We highlight that prior to this work, the best regret bound

for the same setting is O(dT?/?), given by |Golrezaei et al. (2018a) who also proposes an algorithm

that attains a regret of @(d\/T ) for a parametric noise distribution F' (via jointly estimating [
and F using a maximum likelihood estimator). In Theorem 2] we show that the NPAC-S policy
achieves a regret of @ (d\/T ) for general non-parametric distributions F'.

The rest of the paper is organized as followed. In Section 2l we review the literature related to
our work, and in Section B we formally define the interdependent valuation model, as well as both
the truthful and strategic settings. Section [ defines the clairvoyant benchmark policy. In Section
and [6] we present and analyze NPAC-T and NPAC-S policies, respectively. Finally, we conclude
in Section [ Appendix [ provides a proof regarding the benchmark policy, and Appendices [@ and

provide the proofs of the regret bounds for NPAC-T and NPAC-S, respectively.

2. Related Work

Our work lies in the intersection of dynamic pricing and online learning, which is an area that has

attracted increasing interest in recent years according to an extensive survey by |den Boer (2015),

partially due to the booming activities in online marketplaces

There has been a large body of literature that considers the problem of non-contextual dynamic

pricing with non-strategic buyers. Kleinberg and Leighton (2003) studies repeated non-contextual

posted price auctions with a single buyer whose valuations are fixed, drawn from a fixed but
unknown distribution, and chosen by an adversary who is oblivious to the seller’s algorithm.

4 Our work also lies in the domain of behavior-based pricing, where the seller learns from past behavior of buyers

and adaptively updates pricing decisions. Behavior-based pricing, as well as price discrimination, have been studied

extensively under different settings; see [Esteves et all (2009). Two relevant works include [Fudenberg and Villas-Boas

2006) and IBikhchandani and McCardle (2012), each of which considers two-period interactions (non-contextual)

between a seller and a strategic buyer, while our work focuses on multi-period interactions, associated with varying

contexts, between a seller and multiple strategic buyers.
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den Boer and Zwart (2013), [Besbes and Zeevi (2009), and [Broder and Rusmevichientong (2012)

study non-contextual dynamic pricing with demand uncertainty, where they estimate unknown

model parameters using estimation techniques such as maximum likelihood. |Cesa-Bianchi et al

2015) considers the dynamic pricing problem in non-contextual repeated second-price auctions

with multiple buyers whose bids are drawn from some an unknown and possibly non-parametric
distribution. In addition, they also consider bandit feedback where the seller only observes real-
ized revenues instead of all submitted bids. In their non-contextual setup, the seller’s revenue-
maximizing price is fixed throughout the entire time horizon, and the key is to approximate this
optimal price by estimating the valuation distribution. In our setting, however, the optimal reserve
prices are context-dependent, which means the seller is required to estimate (i) the distributional
form of valuations and (ii) buyers’ willingness-to-pay that varies in each period according to dif-
ferent contexts.

Another line of research studies the problem of contextual dynamic pricing with non-strategic

buyer behavior. |[Cohen et all (2016), [Lobel et al. (2018), and [Leme and Schneidern (2018) propose

learning algorithms based on binary search methods when the context vector is chosen adversarially

in each round. |Chen and Gallego (2018) consider the problem where a learner observes contextual

features and optimizes an objective by experimenting with a fixed set of decisions. They present a
tree-based non-parametric learning policy that adaptively splits the feature space into smaller bins
(hyper-rectangles), and eventually learns near-optimal decisions in each bin. However, since their
methodology is designed to handle very general objectives and not specifically tailored to pricing

problems, within the context of dynamic pricing, its performance deteriorates as the dimension of

the feature vector increases. lJavanmard and Nazerzadell (2016) also considered a contextual pric-

ing problem with an unknown but parametric noise distribution, and uses a maximum likelihood

estimator to jointly estimate the mean vector and distributions parameters. [Shah et al! (2019)

studied a dynamic pricing problem in repeated posted price mechanisms. They considered a model
where the relationship between the expectation of the logarithm of buyer valuation and the con-

textual features is linear, while the market noise distribution is non-parametric. This logarithmic
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form of the valuation model allows them to separate the noise term from the context, which makes
it possible to independently estimate the noise distribution and expected buyer valuation. In our
setting, however, the context is embedded within the noise distribution, and our estimation errors

in the mean vector 8 will propagate into the estimation error in the noise distribution, making the

learning task more difficult, compared to that in [Shah et all (2019).

We now review some related work that studies dynamic pricing facing non-myopic buyers who
may behave strategically to enjoy lower prices in the futureH We first highlight the significance

of such research areas as there exists empirical evidence that shows buyers in online advertising

markets indeed exhibit strategic behaviour; see [Edelman and Ostrovsky (2007), |Golrezaei et al

2018H). |Amin et all (2013) studies the dynamic pricing problem in a posted price auction with

a single buyer under the non-contextual setting where buyer valuation is fixed, or drawn from
some fixed but unknown distribution. They introduce the notion of strategic regret, which is the

revenue loss measured against a truthful buyer, and show that no sublinear strategic regret is

achievable when buyer future utility is not time-discounted. |Amin et all (2014) proposes pricing

policies for both a single truthful buyer and a strategic buyer using a contextual valuation model
with no market noise disturbance. In the strategic-buyer setting, their algorithm achieves a regret
of O(T?3), in contrast with our regret of O(v/T) using the NPAC-S policy presented in Section [
We point out that this is because, apart from the difference in buyers’ valuation model, their posted
price mechanism is associated with bandit feedback, which means the seller can only observe the

outcome of the auction, while in our setting we assume that seller can examine all submitted bidsH

In our work, we can handle the scenario of multiple buyers, and unlike |[Amin et al! (2013, 2014),

we also need to deal with the issue of learning a non-parametric distribution function.

® The general theme of learning in the presence of strategic agents or corrupted information has also been studied in

other applications; see, for example, |(Chen and Keskin (2018), [Birge et all (2018) and [Feng et all (2019).

5 This assumption is justified when with a small positive probability, the seller posts a reserve price of zero, incen-

tivizing the buyers to submit positive bids in all the auctions.
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Kanoria and Nazerzadeh (2017) also considers a buyer valuation model similar to ours and stud-

ies the incentive compatible properties of the second-price auction with personalized reserve prices
in a setting where (i) the seller has access to a training dataset of submitted bids with a given
size, (ii) buyers do not discount their future utilities, and (iii) the market noise distribution is
MHR. The authors design a static (one-shot) pricing scheme whose revenue is € away from the
optimal revenue when the size of the training dataset is O(bgi#) whereas we design dynamic
pricing schemes that minimize the seller’s cumulative regret over a finite time horizon, compelling
us to take into account the lasting effects of previous pricing decisions. Nonetheless, if one assumes

that the training data are obtained from pure exploration periods, the static pricing scheme in

Kanoria and Nazerzadeh (2017) can lead to a dynamic pricing scheme whose regret is in the order

of O(T?/3).

Golrezaei et all (2018a) also study a linear valuation model with unknown market noise and

utility-maximizing buyers. Our work distinguishes itself from |Golrezaei et al. (20184) in two major
ways. First, they focus on a setting where the market noise distribution can vary arbitrarily over
time within a known class of distributions, and take a robust approach to design a pricing policy
that works for any distribution within the class. In contrast, our work relaxes this constraint and
does not require the seller to have any prior knowledge on the time-invariant noise distribution
F'. Second, in their setting, the seller only utilizes the outcome of the auctions to learn buyer
demand and results in a regret of O (T?/?). In our work, we exploit the information of all submitted
bids by taking advantage of the fact that buyers’ utility-maximizing behaviour constrains their

degree of corruption on bids. This eventually allows us to achieve a regret of (5(\/7) against a

clairvoyant benchmark policy. We note that very recently [Deng et all (2019) build on the result of

Golrezaei et all (2018a) by considering a stronger benchmark that knows future buyer valuation

distributions (noise distribution and all the future contextual information). They design robust

pricing schemes whose regret is O(T°/%) against the aforementioned benchmark, confirming the

generalizability of pricing schemes in |Golrezaei et all (2018a).
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Finally, we briefly discuss some recent literature within the domain of mechanism design and

online learning that adopt methodologies from differential privacy to deal with strategic agents.

McSherry and Talwan (2007) first establish the connections between differential privacy and mech-

anism design with the presence of strategic agents. Inspired by differential privacy assumptions, the
authors assume that agents have limited manipulating power on the outcome of the mechanism,
and with this assumption, they design mechanisms under which the agents have limited incentive

to be untruthful. Yet, unlike our setting, their focus lies in designing (approximately) incentive

compatible static mechanisms. Other works include: Mahdian et al) (2017) which studies a static

non-contextual setting and aims to select feasible mechanisms (based on a fixed training dataset)

that incentivize buyers to behave truthfully in the first place; and [Liu et all (2018) which considers

an adversarial and non-contextual buyers’ valuation model while we consider the stochastic setting
in which buyer valuations are generated randomly according to a non-parametric and unknown

distribution.
3. Model and Preliminaries

Notation: For any a € NT, denote [a] ={1,2,...,a}. For two vectors x,y € R%, we denote (x,y)
as their inner product. Finally, I{-} is the indicator function: I{.A} =1 if event A occurs and 0
otherwise.

We consider a seller who runs repeated second price auctions over a horizon with length T'
that is unknown to the seller. In each auction t € [T], an item is sold to N buyers, where the
item is characterized by a d-dimensional feature vector x, € X C {x € R?: ||7||oc < Tmax} Where
0 < Zpax < 00. We assume that z; is independently drawn from some distribution D unknown to
the seller. We define ¥ as the covariance matrix of distribution D11 We assume that X is positive
definite and unknown to the seller.

We focus on an interdependent valuation model in which buyers’ valuation has a common value
component and a private value component. Precisely, valuation of buyer i € [N] at time ¢ € [T,

" The covariance matrix of a distribution P on R is defined as Eywpza '] —puu', where = E,p|z].
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denoted by v; 4, is given by v;; = (8, ;) + €;;, where S, called the mean vector, is fixed over the
entire time horizon and unknown to the seller. The term (3, x;) is the common value component
that represents the expected (mean) buyers’ valuation and ¢;, is some mean zero market noise
that captures the idiosyncratic tastes of buyers. The noise is drawn from some time-invariant
distribution F' with probability density function f, both unknown to the seller. We assume that
market noise variables {€;; }ier)icin) are drawn independently from the distribution F. Further-
more, F' has bounded support (—€payx; €max), in which its probability density function is bounded
by ¢f 1= SUD. ¢ crnieman] f (2) = I0focl oy cmax) f(2) > 0. The support boundary €y, is not nec-
essarily known by the seller. We further assume that for any ¢ € [N] and ¢ € [T, valuation v;,
is upper-bounded by v,,.., where the seller and buyers know v,.x, i.e., the maximum possible
revenue/reward of the seller in an auction. We note that this type of boundedness assumption is

common in the related literature, where the bound for maximum reward is typically set to 1; see,

for example, |Amin et all (2013) and [Cesa-Bianchi et all (2015).
We highlight that our setting is general in the sense that we do not enforce distribution F' to
be parametric nor to satisfy the MHR assumption. We highlight that via analyzing real auction

data sets, it has been shown that MHR does not necessarily hold in online advertising markets

Celis et all 2014, (Golrezaei et al.[2017). Thus, by intentionally not enforcing this assumption, our

setting can better model realistic and practical environments in online advertisement markets.
Repeated Second Price Auctions with Reserve: As stated earlier, in each period ¢ € [T, the seller
runs a second price auction with anonymous reserve price r;, where r; is a function of the context

vector x; and the history set H,_; that includes all the seller’s observation in periods 1,2,...,t —1:

7-[15—1 = {(Tlablaxl)a (Tg,bg,fljg), ey (Tt—labt—17xt—l)}7

where we define b, := (b1 ;,b2,,...,bx,) to be the vector of all bids in period 7 € [t]. Without
loss of generality, we assume that all bids and valuations are never equal to one another. We now
proceed to describe the second price auctions with reserve when the number of buyers N > 2. In

any period ¢t > 1:
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(i) The seller observes the context vector x; ~ D and reveals it to the buyers.

(ii) The seller computes reserve price r; as a function of the context vector =, and history set
Hiq.

(iii) Each buyer i € [N], forms individual valuations v;, and submit a bid b; , to the seller.

(iv) Let ¢* =argmax;e;n) b; 1 8 If bjx , > 1y, the item is allocated to buyer i*, i.e., the buyer with
the highest submitted bid, and he is charged the maximum between the reserve price and second
highest bid; that is, max{r;, max;; b;,}. For any other buyer i # i*, payment is zero. If b ; <4,
the item is not allocated and all the payments are zero.

For the special case when there is only N =1 buyer, the auction only differs in step (iv) of the
multiple-buyer mechanism: the item is allocated to the buyer if her bid b; is greater than or equal
to the reserve r;, and her payment is r, if the item is allocated and 0 otherwise. In this paper, we
mainly focus on the case of N > 2 buyers as analyzing the multi-buyer case is more challenging,
especially when bidders are strategic. Yet we point out that our proposed algorithms can be easily
generalized to the single-buyer second price auction.

Buyers’ Bidding Behavior: With respect to buyers’ bidding behavior, we propose pricing
policies under two different settings: Truthful and strategic settings. In the truthful setting, buyers
submit their true valuations, i.e., b, ; = v;, for any i € [N] and ¢ € [T], and in the strategic setting,
the submitted bids and true valuations of a buyer may not necessarily be equal. Under the setting
where buyers are strategic, we assume that in any period ¢, each buyer i € [N] aims at maximizing

his long-term discounted utility U, ,:

T
Ui,t = ZT]TE [vi,‘rwi,‘r _pi,T] 9 (1)
T=t1

where n € (0,1) is the discount factor, w; , := I{i wins the item in period ¢} indicates whether buyer
¢ wins the item in period ¢ according to the allocation rule of the mechanism, p; ; is the payment of

buyer ¢ in period t according the payment rule of the mechanism, and the expectation is taken with

8 No ties will occur since we assume that no valuations and bids are the same.
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respect to the randomness due to the noise distribution F', the context distribution D, and buyers’
bidding behavior. We point out that this discounted utility model illustrates the fact that buyers

are less patient than the seller, and is a common framework in many dynamic pricing literature;

see|Amin et all (2013, 2014), |Golrezaei et all (2018a), and [Liu et all (2018). The motivation lies in

many applications in online advertisement markets wherein the user traffic is usually very uncertain

and as a result, advertisers (buyers) would not like to miss an opportunity of showing their ads to

targeted users. It is worth noting that |[Amin et all (2013) showed, in the case of a single buyer, it

is not possible to obtain a no-regret policy when 1= 1, that is, when the buyer is as patient as the
seller.

In the strategic setting, buyers may from time to time submit “corrupted bids”, i.e., underbid
(shade their bid) or overbid with respect to their true valuations, sacrificing current utility with
the aim to lower future reserve prices and increase their future long-term utility. We assume that
seller announces his pricing policy to all buyers so that buyers have full knowledge of the seller’s
learning and pricing algorithm and has the freedom to adopt any bidding strategy to maximize
their long term utility.

We now describe the scope of feasible buyer bidding behavior in the strategic setting. Recall that
the maximum possible valuation v,,., is known to both buyers and the seller. Thus, buyers have
no incentive to submit a bid greater than vy, i.e., b;; < vy for all i € [N],t € [T] as the seller
only sets reserve prices less than or equal to v,,.,. Furthermore, buyers submit bids satisfying the

following relationship:

bitzvit_ai,ta

) )

where a;; is called the degree of corruption, and we refer to the buyer behavior of submitting a
bid b;; # vi (i-e., a;y #0) as “corrupted bidding”. Note that when a,, > 0, the buyer shades her
bid, and when a;, < 0, the buyer overbids. Since the seller observes buyers’ bids instead of their
true valuations in the strategic setting, corrupted bids may deteriorate the estimation accuracy of

buyers’ demand, and as a result negatively impact pricing decisions in future periods. There are
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no restrictions on the degree of corruption a;; for a buyer ¢ in period ¢ other than it is bounded,

ie.,
’ai,t’ Samax7 (S [N]7t€ [T] (2)

Such a bound for a;, is natural as buyers always submit non negative bids and all bids are bounded
by Umax-

We compare our policies in both truthful and stratgic settings to the same benchmark policy,
detailed in the next section, that has full knowledge of the mean vector 5 and noise distribution F'.

We will further discuss the truthful and strategic settings in Section [l and Section [6] respectively.

4. Benchmark and Seller’'s Regret

The seller’s objective is to maximize his expected revenue over a fixed time horizon T through
optimizing contextual reserve prices r; for any ¢ € [T]. The seller’s revenue in period t € [T] is
the sum of total payments from all buyers. Thus, the expected revenue given context x; € X and

reserve price r; is

reve(ry) := E{ Z pi,t(rtabt) ‘ xtﬂ’t] ) (3)
1€[N]

where p; ¢(r;,b;) is the payment of buyer ¢ in period ¢, b, = (b1 4,b24,...,bn ) is the vector of all
bids in period ¢, and the expectation in Equation (3]) is taken with respect to the noise distribution
in period ¢ and any randomness in the bids submitted by buyers in period t (as buyers’ bidding
strategies may be randomized). In the truthful setting, we have b; ;, =v;, for all : € [N] and ¢ € [T].
Note that the reserve price r;, may also be random and depend on the history set H,_; as well as
x;. In the rest of the paper, for simplicity, we will use the following shorthand notation to represent
payments: p; ; :=p; (74, b;).

As discussed in the previous section, in a second price auction, the highest bidder wins the item

and is charged a payment that is the maximum of the second-highest bid and the reserve price set
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by the seller, while no transaction occurs if the highest bid is less that the reserve price. Hence,

buyer ¢’s payment conditioned on the context x; € X' for setting reserve r; is given by
pi: = max{b; ,r }I{b; ; > max{b;}, 7 }}. (4)

Here, b, and b, are the second-highest and highest bids in period ¢, respectively. When the number
of buyers N =1, we set b, to zero.

Maximizing seller’s expected revenue is equivalent to minimizing his regret, where the regret is
computed against a benchmark policy that knows the mean vector 5 as well as the non-parametric
noise distribution F'. As stated earlier, we use this benchmark to evaluate our policies in both the
truthful and strategic settings. This is, in fact, a rather strong benchmark because it corresponds to
the seller with full knowledge of buyer demand, which in turn knows the optimal contextual reserve
price that maximizes expected revenue with respect to the current context. Hence, this seller will
always set the optimal reserve price, and there will be no incentive for buyers’ to corrupt their
bids. To formally define this benchmark, we rely on the following proposition that characterizes

the seller’s conditional expected revenue when buyers bid truthfully.

PROPOSITION 1 (Seller’s Revenue with Truthful Buyers). Consider the case of N > 2 buy-
ers who bid their true valuations, i.e., v;; = b;; for any i € [N] and t € [T]. Conditioned on the

reserve price ry and the current context x; € X, the seller’s expected revenue is given by

/_OO 2dF~(2) + (B, x;) +/0Tt F~(z—(B,a:))dz— 1 (F"(ry— (B,24))) ,

o0

where for any z €R, F~(2):=NFN"1(2) = (N —=1)FN(2) and F*(z) := F¥(2).

The proof for this proposition is detailed in Appendix[8 In Proposition[], F*(-) and F~(-) are the
cumulative distribution functions of ¢, :=v;” — (8,z;) and ¢; :=v; — (B, x;) respectively, where v;"
and v; are the highest and second highest valuations in period ¢ € [T]. That is, ¢ and ¢, are the

N and (N — 1) order statistics of N independent random samples from distribution F'. Note

that this proposition also provides us with an alternative, and rather convenient expression for the
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seller’s expected revenue in the truthful setting as opposed to that given in Equation (B]). However,
we point out that this expression is not equivalent to the seller’s expected revenue when buyers
are bidding untruthfully, and in that case, we must return to analyzing Equation (3)).

Given Proposition [l we define the benchmark as followed,

DEFINITION 1 (BENCHMARK PoLICY). The benchmark policy knows the mean vector 8 and noise

distribution F', and sets the reserve price for a context vector x € X as

(@) =agmae{ [P (8.0)dz -y (PP (8.0) | )

Therefore, the benchmark reserve price in period t, denoted by 7}, is r*(z;), and the corresponding

optimal revenue, denoted by REV7, is given by

oo r*(2t)
REV} :/ 2dF~(2) + (B, xy) +/O F~(z—{(B,x))dz —r*(x;) (F+(T*(3:t) — (ﬁ,xt») )

We observe that this benchmark sets the reserve price that maximizes the expected revenue under
truthful buyer behavior illustrated in Proposition [l In fact, the benchmark provides an optimal
mapping from the feature vector x; to reserve price r*(z;), and this mapping remains unchanged
over the entire horizon because the mean vector S and noise distribution [’ are time-invariant.
This echoes our earlier point that, in our consideration, a seller who possesses full knowledge of
buyer demand will not deviate from setting the optimal contextual reserve. We highlight that this
benchmark offers contextual prices and as a result, obtaining a low regret with respect to this
strong benchmark is challenging. In non-contextual environments, regret is measured against a
policy that offers a fixed reserve price so it is sufficient to learn a single optimal value, whereas, in
contextual environments, the regret is measured against optimal prices that are context-dependent
which requires learning the entire optimal mapping.

Here, we make several remarks. When distribution F' satisfies the MHR assumption, the

objective function of the optimization problem in Equation (@) is unimodal in the deci-

sion variable y, and according to |Golrezaei et all (2018a), r*(x) can be simplified as follows:
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r*(xz) = argmax,>o{y(l — F(y— (B8,z)))}. However, as discussed in the introduction, we do

not assume that the market noise distribution is MHR as in various related literature; see

Roughgarden and Schrijvers (2016), Kanoria and Nazerzadell (2017), and |Golrezaei et al) (2018a).

This is because via analyzing real auction data sets, it has been shown that the MHR assumption

does not necessarily hold in online advertising markets (Celis et all 2014, |Golrezaei et all 2017).

Hence, although we are unable to simplify the expression for the optimal mapping which imposes
additional challenges to the analysis, our model offers greater generality.

We now proceed to define the regret of a policy 7 (possibly random) when the regret is measured
against the benchmark policy. Suppose that in any period ¢, policy 7 selects reserve price ], where
r7 is a function of the context vector x; and may or may not depend on the history H; ;. Then,
the regret of policy 7 in period ¢ and its cumulative T-period regret are defined as:

Regret; =E [REV} —rev,(r])] and Regret™(T)= Z Regret; , (6)

te(T)
where the optimal revenue REV} is given in Definition[I] and the expectation is taken with respect
to the context distribution D as well as the possible randomness in the actual reserve price 7.
We point out that in the calculations of rev,(r]) for any policy 7, the buyers may not necessarily
behave truthfully. Our goal is to design a policy that obtains a low regret for any mean vector 3,

noise distribution F', and feature distribution D.

5. Truthful Setting: NPAC-T Policy

In this section, we study the problem of learning contextual reserve prices in the setting where all
buyers are truthful and bid their true valuations, i.e. b;, = v;, for any i € [N] and ¢ € [T]. Hence,
here we will use the terms “bids” and “valuations” interchangeably. Recall that the seller observes
bids of all the N buyers in each period. To design a pricing policy under this setting, we need to
learn the mean vector 8 and the noise distribution F' simultaneously. For the purpose of motivating
our policy design, suppose that the mean vector § is known to the seller. Recall that, conditioned

on z;, F™ and F~ are respectively the distributions of ¢ =v;” — (8,2;) and ¢, =v; — (8, ;).
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Therefore, one can naturally estimate F'* and F~ via constructing their corresponding empirical
distributions using the highest and second-highest bids and knowledge of the mean vector 5. More
specifically, in period ¢ € [T], one can construct the most up-to-date empirical distributions

Bre) =g 3 Hur —(Ba) <2} and Br(e) =g S0 Moy — () <),

t—
TE[t—1] TE[t—1]

and use these estimates as surrogates for F'* and F'~ respectively in Equation (B to obtain an
approximation of the optimal reserve price. However, one of the main challenges is that the mean
vector [ is unknown, and as a result, to get any estimate of F'* and F'~, we would need to replace
£ in the empirical distributions (particularly within the indicator functions) with some estimate ﬁ ,
whose estimation error could then potentially propagate into the estimation errors in distributions
F* and F~. We will later discuss how we resolve this error propagation issue. We highlight that
because distribution F' is non-parametric, a joint estimation of the distributions and mean vector
via a maximum likelihood estimator is not possible. Yet, despite the challenges that arise from
embedding the estimate for 8 in the estimates for F'* and F'~, this intuition provides a rather
straightforward direction to design our estimation and pricing policy.

In light of the previous discussion, we now describe our policy, called NPAC-T. The policy
sequentially estimates 8, F'~, and I’ as more data points are observed, and uses its most recent
estimate of 8 and F'~, and F'™ to set reserve prices. Let Bt be the estimate of the mean vector 8 and
EF7(+), FF () be the estimates of F(-) and F~(-) respectively, at the beginning of period t. (We
will define these estimates later.) Then, inspired by the optimal reserve price stated in Equation
(@), the policy sets the reserve price r; by replacing 5, F'~, and F'" with their estimates, as shown
in Equation (7).

We now proceed to describe our estimation procedure. In any period t € [T'], we use the average
of submitted bids across all the previous periods, i.e., U, = (3, y i) /N for any 7 € [t —1], to
estimate the mean vector using an Ordinary Least Squares (OLS) estimator. Our estimate of 3 at
the beginning of period t—before the auction is run—is denoted by Bt and is given in Equation

[®). In Equation (B), A" represents the pseudo inverse of a matrix A, so if A is invertible, we have
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Al = Alg We then use the most recent estimate of 3, i.e., @, to update our estimate of F'™ and
F~; see Equation ([@). We also note that the policy does not require any pure exploration periods.
The reason is that at the end of each auction, all bids are revealed to the seller and as a result, the
seller can evaluate the revenue that he could have obtained had he posted any other reserve price

other than r;.

Algorithm 1 NPAC-T Policy: Non-Parametric Contextual Policy against Truthful Buyers
Initialize: 31 =0, and F} (2) = F;7(2) =0 for Vz € R.

For t > 1, observe x¢ ~D. Then,

- Set reserve price:

r¢=arg max | {/Oy F[ (z — (ﬁh:ct)) dz—vy (F;r(y — (ﬁt7xt>))} . (7)

YE[0,vmax
- Update the estimate of the mean vector:

Bt+1 = ( Z :chI)T< Z mTTJT) where o, = % Z Vi,r - (8)

TE[t) TE(t] i€[N]

- Update the estimate of F'* and F~: For any z € R, we have

B =1 S 10F ~{fsr,ar) €2) and Fipy () =1 32107 = (Buyn,ar) <2). (9)
TE(t]

TE[t]

Here, we briefly address how one can solve the optimization problem in Equation (7). The key
observation is that for any period t, F;r(-) is a step function with jumps at points in the finite
set B := {v} — (By,%,) }rey. Furthermore, F;7(z) =0 for any z < min By and F;"(z) =1 for any
z > max B;". Similarly, we have a corresponding finite set B; := {v- — <Bt,x7>}fe[t] which includes
all jump points for F{(-). This implies that in order to solve for the optimal reserve price 7,
in Equation (), it suffices to conduct a grid search for Vy € B;" U B, . More specifically, we let

{20 2 2D} be the ordered list (in increasing order) of all elements in B;" U B, U{0}, where

9In Lemma Bl we show that with high probability, ZTG[F” z,2) in Equation @) is positive definite, and hence

invertible.
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2 =0 and M := |B;” U B, | (here, we assumed that 0 ¢ B;” U B, without loss of generality).

Hence,
re = arg max § Y Fy (zm _ (ﬂ},m) (20— LGDYy ) (ﬁ‘;r(z(m) _ <tht>)> _
me[M] =

This shows that the complexity to solve Equation () is O(M?). More detailed discussions and

efficient algorithms regarding related problems can be found in [Mohri and Medina (2016).

Finally, the following theorem is the main result of this section and upper bounds the regret of

the NPAC-T policy in the truthful setting.

THEOREM 1 (Regret of NPAC-T Policy). Consider the case of N > 2 buyers. Then, in the
truthful setting, the T-period regret of the NPAC-T policy is in the order of O (cf \/Wlog(T)),
where the regret is computed against the benchmark in Definition [1l that knows the mean vector 3
and noise distribution F'. Here, c; =sup,c(_. . f(2) >0 where f is the the probability density

function of the market noise distribution F.

Observe that through constant cs, the regret bound provided in Theorem [I] depends on the
particular instance of F'. Here, we point out that the regret bound deteriorates as the market
noise instance is more difficult to learn, i.e., when the probability density is rather concentrated
in various regions on the real line. The dependency on N (i.e. the factor O (N 8/ 2)) is due to the
Lipschitz properties of F, F~ and F* which are induced by the boundedness of the pdf f, as
illustrated in Lemma [l That is, if it is directly assumed that distributions F, F'~ and F'* satisfy
some Lipschitz conditions (that do not depend on N), we can improve the regret of the NPAC-T
policy to O (cf\/m/\/ﬁ>.

The detailed proof of Theorem [lis presented in Appendix[@], and here, we provide an outline for
our analysis to upper bound the regret of the NPAC-T policy.

Proof sketch of Theorem[1 We first decompose the single period regret into the revenue loss due
to estimation errors for 3, F'~ and F'*, and hence, the proof boils down to bounding these errors.

In Lemma [, we first show Lipschitz properties for the distributions F, '~ and F'*. Next, as

stated earlier, one of the main challenges is that estimation errors for g will further propagate into
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the estimation errors in F'~ and F'*. Thus, in Lemma [2] we bound the estimation error |F~(z) —
E7(2)] and |F*(2) — F;*(2)| for any z € R by controlling for the estimation errors in 8. That is,
we bound the estimation error in the distributions by assuming that our estimation error for f is
small, namely [|3, — Bll1 < 8,/2max Where 8, = O(+/log(t)/t). Here, we highlight that one cannot
naively apply cdf-based concentration inequalities (e.g. the Dvoretzky-Kiefer-Wolfowitz Inequality)
to bound the distribution estimation errors. This is because the estimates ;" (-) and F; (-) evaluated
at any point z € R are biased. To see why note that because of the estimation error in the mean
vector B, vt — (Bii1,2.) and vZ — (Bi1,2,) in the expressions of F;"(-) and £, (-) in Equation (@)
are not realizations of € and €', respectively. In particular, E [F[ (z - <Bt,xt>)} + F(z - <Bt,xt>).
This also sheds light on the more subtle and challenging issue: the estimates F;r(') and Ft_(-) are
evaluated at points which may be random variables that depend on all information up to time ¢.
Observe that the expression F'~ (z — <Bt,xt>) is itself a random variable since Bt depends on the
entire past history up to the current period. The same issue occurs when bounding the error for
F, t+(')-

The proof of Lemma 2] provides a more detailed discussion as well as a solution to such issues,
and, by applying the Lipschitz properties of F'~ and F'", shows that the errors in estimating these
distributions are bounded by 7, 4+ 2¢;N?6, and -y, + ¢; N, with high probability, respectively, where
v = O(y/log(t)/t) and ¢y =sup,¢;_. . f(z). The term §, = O(y/log(t)/t) can be viewed as
the estimation error for 5, which echoes our earlier point that estimation error in the mean vector
propagates into the inaccuracy of the distributions’ estimates. Moreover, the dependency on cy
shows that the estimation accuracy also depends on the specific problem instance with respect to
the market noise distribution F'. Furthermore, Lemma [B] shows that || B, — Bll1 <04/ Tmax with high
probability, which indicates the estimation error in 5 decreases as more data points are collected.
Finally, combining these results, we sum up the cumulative single period revenue losses to attain

the cumulative expected regret for the NPAC-T policy.
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6. Strategic Setting: NPAC-S Policy

The previous section studied the dynamic pricing problem in the truthful setting, and in this sec-
tion, we consider the same pricing problem when buyers behave strategically. It is a well-known
result that during a single-shot second price auction, bidding truthfully is a buyer’s weakly dom-
inant action. However, this salient feature no longer exists when the second price auctions are
run repeatedly over time. This is because the repeated seller-buyer interactions provide buyers
with the opportunity to take advantage of the seller’s lack of knowledge in buyers’ valuations by
submitting corrupted bids instead of their true valuations: since the seller does not know buyers’
demand curves and aims to learn them using submitted bids, buyers are incentivized to leverage
their private information and “game the system” by submitting (corrupted) bids in an untruthful
and strategic manner so that they can manipulate future reserve prices.

With the aforementioned considerations, the problem of interest is, again, to develop a seller
strategy that extracts as much revenue as possible from all the buyers, and equivalently minimize
cumulative regret against the “truthful” benchmark described in Definition [[I Recall that under
this benchmark, the seller has full information of 5 and F and given this knowledge, sets the
optimal contextual reserve price defined in Equation ().

To maximize seller’s expected revenue in the strategic setting, we propose a policy called NPAC-S
that builds on the NPAC-T policy described in the previous section. NPAC-S differs from NPAC-
T in two main aspects. First, NPAC-S is a phased algorithm, where each phase ¢ > 1, denoted
as Ey, has length 772" which implies |E;| = vT and |Ee|/\/|Ee_1] = VT. At the end of each
phase, estimates for 8, F'~, and F'" are calculated in a similar fashion as Equations (§) and ([
in NPAC-T, but NPAC-S only uses data in the previous phase instead of all historical data. We
will illustrate the significance of this phased structure later in this section. Here, we point out that
because |Ep,1| > |E,| for all £>1 and for some ¢ > log, (log,(T")) we have |E;| = 72" > T/2, we
know that the total number of phases can be upper bounded by [log,(log,(7"))] + 1. The second

difference is that in NPAC-S, during each period in phase ¢, with probability 1/|E,|, the seller
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“isolates” one of the N buyers uniformly at random, and sets reserve r; = ri* ~ Uniform(0, vyay ),
where v, is the maximum possible buyer valuation. The seller discloses this random isolation
protocol to all buyers before the sequence of repeated auctions begins. Note that when a buyer 7 is
isolated, the buyer wins the item if and only if his bid is greater than the reserve price, and pays
the reserve price if he wins. Other buyers who are not isolated are not eligible to participate in the
auction. Hence, one can think of a randomized isolation period in NPAC-S as running a second
price auction with a single buyer. On the other hand, with probability 1 —1/|E,|, the seller sets the
reserve price 7, based on estimates of 3, F~, and F'* calculated at the end of the previous phase
¢ — 1 using the data from E,_;. The detailed policy is shown in Algorithm 2l We point out that
the seller’s pricing policy is announced to all buyers so that buyers examine the policy and have
the freedom to adopt any bidding strategy that would maximize their long term utility.

We now highlight some important features of NPAC-S policy and address the intuition behind
such a design. Similar to NPAC-T policy, NPAC-S policy uses an OLS estimator and empirical
distributions to estimate the mean vector and distributions F~ and F'*. One may question the
validity of using OLS and empirical distributions under the strategic behaviour of buyers since both
estimation techniques are extremely vulnerable to corrupted data (outliers). This, in turn, incen-
tivizes buyers to corrupt their bids to manipulate seller’s estimates and reserve prices. Because of
such undesirable properties of OLS and empirical distributions, naively adopting these procedures
in a learning algorithm can lead to a fragile policy that is largely subject to buyers manipulation.
Yet, we will now illustrate how the additional features of dividing the time horizon into different
phases and also leveraging randomized isolation in NPAC-S will make our learning policy robust
to the strategic behaviour.

Due to the phased structure of the algorithm, our estimates for 5 and F'~ and F'* only depend on
the bids and contextual features in the previous phase. Thus, corrupted bids submitted by buyers
in past periods will have no impact on future estimates as well as pricing decisions. One can think

of this as erasing all memory prior to the previous phase and restarting the algorithm, which can
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Algorithm 2 NPAC-S Policy: Non-Parametric Contextual Policy against Strategic Buyers
Initialize: 31 =0, and F} (2) = F; () =0 for Vz € R.

For phase /> 1,
- Set reserve price: For t € E,, observe ¢ ~D :
- Isolation: With probability 1/|E,|, choose one of the N buyers uniformly at random and offer him the item

at price of
ri ~ Uniform(0, vmax) - (10)
- No Isolation: With probability 1 —1/|E;|, set reserve price for all buyers as

Pt =arg max {/ Fz z— ﬂucct))dz— (Fz( (Bz,mt>))} (11)

Y€[0,9max]
- Observe all bids {b; }icn

- Update the estimate of the mean vector:

BZ+1 = ( Z :cT:cI)T( Z :cTBT) where b, :% Z bi,r. (12)

TEE, TEE, ie[N]

- Update the estimate of F* and F:

Frii(z | Z Z bir — (Bey1,2:) <2), then (13)
L TEE,i€[N]
Fra(x)=NFYT (2) = (N =DES(2) and B (2) = FL (2). (14)

potentially reduce buyers’ manipulating power on our estimates and reserve prices. Furthermore, as
all buyers are aware of the randomized isolation protocol, the presence of isolation periods restricts
buyers from significantly corrupting their bids, and the reason is as follows. If no isolation occurs,
a buyer may submit a bid that is far from her true valuation but face no consequences since her bid
may not change the outcome nor payment of the auction. An example may be a buyer having the
lowest valuation among all buyers, and submits a bid by adding a large corruption to her valuation,
but still ending up not being the second highest or highest bidder. Assuming, for simplicity, that
other buyers bid truthfully, such a scenario will not lead to any changes in utility of any buyer, but
introduces a large outlier to the set of data points used in our estimations. Since we use all bids for
our estimations, such largely corrupted bids may hurt our estimates. In words, when no isolation

occurs, buyers may be able to distort the seller’s revenue without losing anything. However, during
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an isolation period when a buyer is chosen at random, she is isolated from the influence of other
buyers, and corrupting her bid may perhaps yield a significant utility loss, e.g., losing the item by
underbidding when her true valuation is greater than the reserve price, or winning the item by
overbidding when her true valuation is less than the reserve price. Therefore, randomized isolation
incentivizes buyers to reduce the extent of corruption in their bids. Finally, it is worth noting that
as long as buyers are aware of seller’s commitment to the randomized isolation protocol, it is not
necessary for the seller to reveal, during an isolation period, which buyer is being isolated.

We now provide the key result for this section which provides an upper bound for the expected

cumulative regret of the NPAC-S policy.

THEOREM 2 (Regret of NPAC-S Policy). Suppose that the length of the horizon T >
max{(%fﬂ} where A is the minimum eigenvalue of covariance matriz Y. Then,
in strategic setting, the T-period regret of the NPAC-S policy is in the order of
O (cf\/Wog(T)'log (log(T)) <\/T+ 7%)), where the regret is computed against the

benchmark policy in Definition [l that knows the mean vector 5 and noise distribution F.

Here, we compare the cumulative expected regret of the NPAC-S policy with that of the NPAC-T
policy in the truthful setting in Theorem [ namely O (cf W) We observe that when
0 <n <1, the regret upper bound of the NPAC-S policy is approximately (5(\/% ), which matches
the regret upper bound of the NPAC-T policy. For general n, we notice that compared to the regret

of NPAC-T policy, the NPAC-S regret has extra factors which consist of three components, namely
froa(TVT1/4 froa(T T 1/4
O <ﬂ>, O (N*?), and O (log(log(T))). The extra factor O <ﬂ> in the regret

log(1/n) log(1/n)
bound of the NPAC-S policy serves as a worse case guarantee for the amount of corruption that
buyers’ can apply to their bids throughout the entire horizon 7. As buyers get less patient, i.e., as
n decreases, buyers are less willing to forgo current utilities. Thus, in the presence of randomized
isolation periods, impatient buyers are more unlikely to significantly corrupt their bids, which

translates into a lower regret. Furthermore, the additional factor of O (N 3/ 2) in the regret bound

of the NPAC-S policy is due to two aspects: First, in the worst case all N buyers are strategic and
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corrupt there bids, resulting in a multiplicative factor of IV; second, this extra N factor corresponds
to additional error in our estimations for 8 due to the strategic behavior of buyers, which further
propagates into the estimation errors in ', F'~ and F'". The additional O (log(log(T'))) factor of the
NPAC-S regret, compared to the NPAC-T regret, corresponds to the information loss due to the
policy’s phased structure, which “restarts” the algorithm at the beginning of each of O (log(log(T")))
phases and relies only on the information of the previous phase. Finally, we note that although the
NPAC-S policy is developed to cope with corrupted data (bids) submitted by strategic buyers, it is
also applicable to the truthful setting and hence can be viewed as a general policy under different
buyer behaviours.

We now provide an outline of the proof for Theorem

Proof sketch of Theorem [ The regret of Theorem 2 can be decomposed into two parts: (i) the
expected revenue loss due to the discrepancy between the posted reserve price r; and the optimal
reserve price 7} defined in Equation (H), which is caused by estimation errors in 3, F'~ and F'T;
and (ii) the revenue loss due to buyers’ strategic bidding behaviour.

First, we observe that the reserve price set by the seller depends on the estimates of 5, F'~
and F'* in Equations (I2) and (I3) of Algorithm [2 These estimates, however, are biased by
buyers’ corruptions {a; }ic(n)teir]- Regarding corrupted bids, we distinguish between two cases of
buyer behavior, namely a buyer submits a bid that is “slightly” corrupted, and a buyer submits
a significantly corrupted bid. Intuitively, small corruptions will have less impact on the overall
accuracy of estimates for 8, F~ and F'*. Hence, the major focus should be placed on bids that are
largely corrupted. Fortunately, utility-maximizing buyers do not have an incentive to significantly
corrupt their bids for a large amount of periods, as by doing so, they may suffer from substantial
utility loss, especially during isolation periods when they are chosen. Hence, one key aspect in
proving Theorem [l is to take advantage of this utility maximizing behaviour and show that the

number of times a buyer significantly corrupts his bids is small. Specifically, we define

1
o= te B aj] > ¢ . 1
Su={teBilonz ) (19
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The set S;, for any i € [N] includes all periods in phase E, during which buyer ¢ significantly

corrupts his bids. In Lemma 5 we show that |S; /| =O (lliggi'f;i')’ ) with high probability. Now, based
on this result, we are able to show that our estimate of 3, F~ and F' are relatively accurate

since the number of significantly corrupted bids is small, while the rest of the bids are only slightly

corrupted and would not have a large impact on estimates. In Lemma [7, we show that

1 n log(|Ey|)
VIE]  log(1/n)|E,|

with high probability. On the other hand, in Lemma[R] we show that

Al N”Og(‘Ef‘)> nd ngl()—FJr(z)‘—O( N +N10g(’E”)>

1Bev1 =Bl =0 (

Fia(z) = F(2)| =0 (

VIE|  log(1/n)|Ey| VIE|  log(1/n)|E|
for any z € R with high probability. Finally, Lemma [0 combines Lemmas [7] and [ to bound the
total impact of estimation errors on seller’s revenue, which enables us to show that the revenue
loss due to estimation errors is (5(\/@ ) in phase /.

Next, we analyze the revenue loss due to buyers’ strategic behavior. We note that there are
several reasons for why bidding untruthfully may lead to a reduction in revenue. For example,
suppose that the highest valuation is greater than the reserve price. In that case, if buyers were
truthful, the item would be allocated and the seller would gain positive revenue. Now, if buyers
shade their bids, the auctioned item may not get allocated, resulting in zero revenue for the seller.
In light of this example, we refer to the situation where a buyer could have changed the allocation
outcome had she bid untruthfully as an “allocation mismatch” for that buyer. Utilizing the fact that

|Sie| =0 (%) with high probability, we show in Lemma [6] that the number of periods during

10g(|E5|)>

which an allocation mismatch for any buyer occurs in phase F, is in the order of O (c + Yos(i/n)

Moreover, we show that when a mismatch does not occur, the revenue loss due to buyers’ strategic
behavior can be bounded by >,y g, [ai¢|- Again, by employing the order of |S;,| for any
i € [N], we have

N2log(|E)\ _ , ( N*log(|E,|)
ZZ’azt’< Z Z‘a’t‘+o< log(1/7n) >O<W> 7

teEyie[N t€E/(Use(N1Si,e) 1€[N]
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since |a; | <1/|E,| for all t € E;/S; ;. Eventually, this allows us to show the revenue loss in phase

Nzlog(\Ez\))

E, due to buyers’ strategic behavior is in the order of O ( Toa(L/m)

Finally, combining the two aforementioned constituents that cause a revenue loss, and utilizing
the fact that there are O(loglog(T')) phases in total, we can show the cumulative regret over the
entire horizon 7" as stated in Theorem

7. Concluding Remarks

The problem of designing data-driven optimal auctions has drawn much attention lately; see, for

example, [Roughgarden and Wang (2016), |Golrezaei et all (2017), [Derakhshan et al! (2019), and

Javanmard and Nazerzadeh (2016). There, the goal is to deviate from classical Bayesian settings

and take advantage of available data to optimize auction design either in an offline or online
fashion. Although this approach is very natural, it can lead to designs that are vulnerable to
buyers’ manipulations as the data may be generated by strategic agents. In this work, we show
how one can make data-driven auction design robust to buyers’ manipulations even in a setting
with a contextual and non-parametric demand model. To robustify our data-driven auction design,
we (i) restart our policy over time in a systematic way and (ii) incorporate randomized isolation
periods. While the former reduces the impact of corrupted (manipulative) bids, the latter makes

manipulations costly for the buyers and incentivizes them to well-behave.
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8. Appendix for Section [4: Proof of Proposition [1]
Let @Q;(-) be the distributions of a buyer’s valuation when we condition on the feature vector
xy. Further, let @, (-) be the distribution of v, , which is the second highest valuation at time ¢.
Then, we have Q,(z) = F(z— (5,x;)) and Q; (2) = F~(z — (B, 2;)). When N >2 and all buyers bid
truthfully, according to Equations ([B) and (), the seller’s expected revenue conditioned on x; by
setting reserve price r; is:
rev,(r;) = E [max{r,,v; JI{v} >} | 2,7]
=FE [rt]I{v;r >r, >0 o, ot >o7 >} xt,rt] , (16)
where we recall that v, is the highest valuation at time ¢. The first term within the expectation,

conditioned on x; and 7y, is
E [Ttﬂ{v:_ > 2 Ut_} ’ xt77't] =rN [Qt(rt)]N_l [1 - Qt(rt)] ) (17)

where we used the fact that r, is independent of v;" and v; since the seller sets reserve price 7,
based on only the past history H; 1 = {(r1,v1,21), (T2,v2,%2), ..., (ri—1,v:_1,7:_1)}, and both v;"
and v, , conditioned on x;, are independent of the past. The second term within the expectation

of Equation (IB) is
E [v; {vf > vy > 1} | 2] = E oy oy >r} | 2,7]
— E[(o; —r)Ho; 27} | 2,m] +7E [Ty > 7} | @]
_ /OOOIP(vt‘ > 2)dz e [1— Qp(ry)]
_ / t°° [1-Q; ()] dz+re [1—Q; ()]
= [ four] - [ - ()] s [1- Qi ()]
— B o]+ [ Q- ). (19)

Note that the integration starts from 0 because all valuations are considered to be positive. Since

F=(2):=NF""1(2) — (N —1)FY(Z) for any z € R, we have

Q; (1) = N[@t(’"t)]Ni1 [1—Q:(r:)] + [Qt(Tt)]N . (19)
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Hence, combining Equations (@), (I7), (), and (), we have
el = o o] + [ @r()dz - @)
= E[v | 2] +/0” F~(z— (B, x))dz — ¢ [F* (ro — (B, 22))]
_ /Z 2dF(2) + (B, 2) + /0 F(z— {B,2))dz — 1, [F* (ro— (B, 2))] -
9. Appendix for Section B Proof of Theorem [

To show that the T-period regret of Algorithm [ is upper bounded as Regret(T) =

(@) ( dN3Tlog(T )), we will makes use of the following events throughout our proof:

A oy ~4y/dlog(t — 1)emaxi
&i={18 Bl <=} where 6= VALY (20)

&= {(F-(z) —F;(z)( < i+ 2¢; N2, v,zeR} (21)

max

= {‘F*(z) —Fj(z)‘ <7 +¢; NG, Vz GR}, (22)

where v; = \/Tg(t) /V/t, A2 is the minimum eigenvalue of covariance matrix 3, and c¢; =
SUD, € [ enareman) / (2)- Under event &, the estimation error in the mean vector is small, and under
event & and &, the estimation errors in '~ and F* are small respectively. Furthermore, we note
that under these events, our estimates for 3, F'~, and F'* become more accurate as we obtain more
data points over time. We now define a threshold time period Ty, starting from which our estimates

are “sufficiently accurate”:

To= [max{\/d_,%?gmj}-‘ +1=0(VdT). (23)

We will later discuss the significance of this construction for T.

For simplicity, we let y; := (8, x;), and ¢; := <Bt,:vt>. Then, assuming that buyers are always
truthful, the regret in period t is given by

Regret, = E[REV} —rev,(r;)]

= E /OTt F~(z—y)dz—r; [FJF(r:_yt)] —/OTtF(z—yt)dZ"i‘rt [F+(7’t—yt)] . (24)
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where the expectation is taken with respect to z; ~ D and ry; the second equality follows from

Proposition Il Define
R :—/ F~(z—y)dz—r} [FJ“(T:—yt)] —/ F(z—y)dz+r; [F+(rt—yt)] and (25)
0 0

pt(r,y,F(”,F@’)::/ FO(z—y)dz—r [FV(r—y)]. (26)

0

Then, we have

Ri = pi(r}sye, B~ F5) = pi(re,ys, F~ FY)
= pe(rye, F FF) = po(rf G, 7L F)

+ (G, B FY) = oy 9 By )

S G T Y D B G /0 )

+ pe(re, 5 B ) = polre, 9, F~ FY)

+pt(rt>:gt>F_aF+) _pt(rtaytaF_?F+)' (27)

We note that the second equation follows from adding and subtracting terms. Observe the first and
the last terms of the second equation capture the impact of estimation error in the mean vector 3.
Further, the second and forth terms capture the impact of the estimation errors in distributions
F~ and F'* while the third term captures the errors in reserve price with respect to all estimations.
We now invoke Lemma H] where we show that when events &, &, and & happen, for r € {r},r;}
we have

(1) |pe(r,ye, F—  F*) = pe(r, e, F~,FT)| < 3re;N26, as.

(i) |pe(ryye, F~, FT) — py(r, @t,F[, F;F) < 7(3¢;N?0, + 27;) ass.
This result relies on the Lipschitz properties of F~ and F'™ shown in Lemma [ and allows us to
bound the regret using estimation errors without imposing the MHR assumption. Note that the
first inequality bounds the impact of errors 8 and the second bounds the impact of errors in the

distributions. Applying these bounds in (27]), we get

R, -I{&NE NETY
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< 307 +)erN0+ (oot 9 B B = pulres s B D)) 4+ (7 1) - (36 N30, + 20)

— 2(7’: +Tt) . (3CfN25t +'Yt) + <,0t(7':,:ljt, Ft_, Ft+) — pt(rt7gt7ﬁ‘t_7ﬁ‘t+)) . (28)

We recall that the seller’s pricing decision 7, in period t is defined in Equation (), and
observe that r, = argmax, . p:(r, e, F;, ;). Since 17 € (0,Umax), we obtain the fact that

A A

05 00 FT L FF) = py(re, G0, F, FF) < 0. Plugging this into Equation (28), we get
Rt . I[{é-t N é.t_ M é-:_} S 2(7’: + Tt) . (3CfN25t + ")/t) S 4Umax(3ch25t + ’Yt) . (29)

So far, we have bounded the single period regret for some period ¢ € [T] assuming that events &,
&, & all hold. But, before we sum this regret up across all periods to get the cumulative regret,
we first turn to upper bound the probability that not all of the events {& }is1,. {& }iomo, {& FeoT,
occur, where To = O(V/dT) is defined in Equation (Z3). We denote the complement of a set A to
be A°. Hence, the probability that not all of the events {& }is1,. {7 }ioo, {& FesT, OCCUr is

T T
F (U ({eyufetu {6?}C)> < D PUE)+PHE ) +P ()]
t=To =T,

According to Lemma [3, the probability P ({&,}°) is bounded by

P{&}) < (:dl)ﬁdexp (—%W) < (t3d1)2+%, (30)

max

where the second inequality is due to our construction of Ty, such that for t > T, we have t — 1>

1622

max

log(T) /2. On the other hand, by taking v =, = 1/2log(t)/v/t in Lemma[ the probability

P ({{t_}c) is bounded as:

. 4d t—1)\2
P({&}) < dexp(-t7?) Ty T2 <_(8T)0>
2
2log(t) 4d 2d
< dexp | - (T) T T

<4+ 4d +2d
-2 (k-1 T
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Similarly, we have PP ({gj}c) < A4

= ¢ (t

P(O ({£t}cu{£t}cu{£t+}c)> S Z<%+%+§>

t=To t=To

4511 7+ 72 24 Therefore,

s/ 15d+8 , _ 23d 23v/d (31)

ar @ S NV@T VT

The second inequality is due to Ty > v/ dT according to its definition, and the subsequent inequalities
use the fact that d > 1.

Finally, we break down the cumulative expected regret into three parts: the trivial bound v,y
for the regret from period t =1 to Ty — 1, the cumulative expected regret from period ¢t =T, to
T given the occurrence of events {& }i>7,, {& tistys {& }io7,, and the trivial bound from period

t=T, to T if not all these events occur. Hence, the final cumulative regret is

Regret(T)
< Uax (To— 1) + ZE Ri)
= Vnax (To= D)+ D _E[R-I{&N& NN+ Y E[R- (I{(&) U (&) U (&) })]
< Ve (To= D)+ Y E[Ry - ({& N & NE D] + TP ( U (@)ruE) v (£f)c)>

IN

T T
vmaxTO + Z 4Um&x (3ch25t +7t) +Tvmax P ( U ((ft)c U (é.t_)c U (é-:_)c)>

t=To t=T

T
23v/d
S vmaxTO + 4Um&x E 3ch25 + Y + Tvmax : —
t=To ( . t t) T

The first inequality applies Equation (24)) and uses the trivial bound vy, for each of the first T,
periods; the second inequality is because R; < vpay; the third inequality follows from Equations

[23)), and the final inequality follows from (BII). Then, by plugging in the definition of §; and ~;,

Regret(T")
44/d1 maxL V21
< Umax Vo + 40Umax / 3¢y N 2. og(7)e max og dT + 23V VAT
0 MV INT
24¢ € max dN3T log(T
S ’UmaXTO +4vmax ( Cy€ xma.x Og( ) +2 2T10g(T)> +23vmax /dT

A3

=0 (cf dN3Tlog(T)> ,
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where the first inequality follows from the fact that a summation of monotonically decreasing

functions can be upper bounded by its integral.

9.1. Lemmas for proving Theorem [1]

LEMMA 1 (Lipschitz Property for F, F~ and F*). The following hold for any z;,z, € R:
(i) |F(z1) = F(2)| < ¢4lz1 — 2.
(ii) |F~(z1) — F~(22)] < 2¢;N?|2 — 2.
(i17) |F*(z1) — F(20)] < ¢y N|zg — 2.

Here, 0< Cr= Supze[femax-,émax] f(Z)

Proof of Lemmal[ll. Without loss of generality, we assume z; < zo. Note that F(z) =0 for Vz €
(—00, —€max), and F'(z) =1 for Vz € [epax, ).

Part (i) We consider the following cases:

Case 1: (21 <22 < —€max O €max < 21 < 22): |F(22) — F(21)| =0 < |20 — 2.

Case 2: (—€pax < 21 < 22 < €max): By the mean value theorem, |F(z;) — F(21)| = f(2)]|22 — 21| <
crlz2 — 21|, where Z € (21, 23).

Case 3: (21 < —€max < 22 < €max): We have |25 — (—€nax)| = 22 — (—€max) < 22 — 21 and F(z) =
F(—€max) =0. Hence |F(z2) — F(21)| = |F(22) — F(—€max)| = [(2) |22 — (—€max)| < ¢f|22 — 21|, where
Z € (—€max, 22) by the mean value theorem.

Case 4 (—€max < 21 < €max < 22): We have |€pax — 21| = €max — 21 < 20— 21 and F(23) = F(€max) =1
. Hence |F(22) — F(21)| = |F (émax) — F'(z1)| = f(2)|€max — 21| < ¢f|22 — 21|, where Z € (21, €max) by
the mean value theorem.

Part (ii) & (iii) We recall that F~(2) = NFN"1(2) = (N —1)FV(z) and F*(2) = F"(2), so

[F™(22) = F~ ()]
= |[NF"" N (z) = (N = 1)FN(2) = (NFN 7' (21) = (N = 1) FN(21))]|

< N|FN71(z2)—FN71(21)|+(N—1)|FN(z2)—FN(z1)‘
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The second equality uses a”™ —b™ = (a—0b) (3", a" '™ ™) for any a,b € R and integer m > 2.
The second inequality follows from F'(z) € [0,1] for Vz € R. The final inequality follows from the

Lipschitz property of F' shown in part (i). Following the same arguments, we can also show that

|F*(22) = F(z1)| <¢yNl|za — z|. O

LEMMA 2 (Bounding Estimation Errors in F'~ and F). Define o, to be the sigma algebra
generated by all {x;},cp and {€; }icinyrepy- Then, for any o,-measurable random variable z and

any v >0, we have

P (‘F_(Z) - Ft_(z)‘ <7+ 2ch25t> > 1—4dexp(—ty*) — % — 2d exp <_ (t8;21))\3> and

max

(0] 22 500) = 1ot i (L),

max

44/d log(t—l)émaxwxznax

A34/N(t-1)

where 0, = and ¢y =Sup, e o f(2).

Proof of Lemmal2.  Our goal here is to show that ‘F “(2)— ﬁ’[(z)! is small with high probability.

According to our estimate of F'~ in NPAC-T policy,

B = == 3 1o —(Bom) <2

We highlight that E [F[(z)} + ﬁZTe[t—u - <z+ <Bt —ﬁ,x7>) because both z and Bt are o

measurable. Hence, one cannot naively apply concentration inequalities to bound ‘F*(z) — 7 (2)].
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Therefore, our approach is to first construct upper and lower bounds for F[(z) that are not func-
tions of Bt, and then apply concentration inequalities on these upper and lower bounds respectively.

Recall the definition of the event &, = {H B, — Bl <6:/ xmax}. Under this event, we have

1

- 1
P— Her<z=6} < Fi() < = > He <244} (32)

TE[t—1] TE[t—1]

Now, for any v >0, we have

P(Ft — Z+5t)<’7)
e (-} N16)
> P({ZTG[tHHt{_GTISZ—HSt}_F (2+6,) < } ﬂ £t>
> P sup t—l €%:lﬂ{e <zZ}—F~ ‘S’Y &
> 1-P [sup|— 3 1{e <5} -F (3)]>7 | -P(&)

TEt—1]

> 1—2exp (—2(t— 1)72) — % dexp (_ (t - )A(%)

2d — 1)\
2 1—2exp(—t72)—m—dexp <—(8#> s

where the second inequality follows from (B2), the fourth inequality follows from the union bound,
and the second last inequality follows from the Dvoretzky-Kiefer-Wolfowitz (DKW) inequality
(Theorem[IT)) and Lemma[3l We note that we can apply the DKW inequality because {€ },c;—1) are
t —1 i.i.d. realizations of the (N — 1) order statistic of N i.i.d. noise variables. The last inequality
holds because t > 2 and as a result, t — 1> % Furthermore, invoking the Lipschitz properties of

F~ shown in Lemma[, we have |F~(z+¢;) — F'~(z)| < 2¢;N?§,. Therefore,

i ( P (2)— F(2) < v+ 2ch25t>

v

P(F ()~ F (2 +6) <)

d
Z 1-— 2€Xp (—t’}’2) — m
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Similarly, we have |F~(z) — F~(z — &;)| < 2¢;N?§, by Lemma [Il Hence, following the same argu-

ments as in the case of P (ﬁ‘; (2)—F(2) < v+ 2ch2(5t), we have

P (F*(z) —F () <y+ 2ch25t) > P (F*(z —8,)—F (2) < 7)

> 1—2exp (—t7?) — 0 3d1)2 —dexp (_(té;%))%) . (34)

max

Finally, applying a union bound on Equations (33]) and ([34]) will yield the result in the statement

of the lemma. We can show a similar result for F*(z) — F;*(z) by following the same reasoning.

O

LEMMA 3 (Bounding Estimation Errors in 3). For any v >0,

5 N2\t tA\2
P(”Bt—i—l_ﬂul S’Y) > 1—2dexp< 770d>_dexp<_ 0 >7

Q.2 2 2
86maxxmaz Sxmaz

where A3 is the minimum eigenvalue of covariance matriz X and the estimate By, is defined in

Equation (8). Furthermore, setting v= I dlosW emaxtmax o g denoting 0,41 = VT max, we have

AZVNt
5 1) 2d A2

Proof of Lemmal3. The proof of Lemma [3is inspired by Lemma EC.7.2 in |Bastani and Bayat,

2015). First, recall that the smallest eigenvalue A2 of the covariance matrix ¥ of x ~ D is greater

than 0. Since the second moment matrix E[r,z]] = ¥ + E[z]E[z]", we know that the smallest
eigenvalue of E[z,x/] is at least A2 > 0. We denote the design matrix of all the features up to time
t as X where X € R™”? and €, = % for V7 € [t].

We first consider the case where the smallest eigenvalue of the second moment matrix
Amin (X TX/t) > A2/2, which implies that (X TX)™! exists and (X'X)"! = (XTX)" . Later, we
show that with high probability, Ami, (X T X/t) > A2/2. By the definition of 8,,, and 7, in Equations

(8)7

7, Zie[]]\\;} Vi1
Btﬂ:(XTX)_lXT :(XTX)_lXT
Q_Jt Eie[N] Vit
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Zie[N] €4,1
N
— B+ (XTX) " XT
2 ie[N] it
N
—B+(XTX) ' XTE,
where &€ is the column vector consisting of all €, = % for V7 € [t]. Therefore,
R -1 = 2 =
1B =Bl = I(X T X) XT5”2§W‘HXT5H27 (35)
0

since we assumed A, (X7 X/t) > A\2/2. Denote X7 as the jth column of X, i.e., the jth row of

XT, for j=1,2...d. Since | XTE3 =3, 14 !c‘:’TXj!Q, for any v > 0 we have

ﬂ}{!c‘fTin < %}2{%«)(?“29}. (36)

jEld

ST vj _ 2oreB, 2ie[N] Gi,r Xrj .
We observe that £ X7 = =72 lN[ L1777 where all €+ Xj are 0-mean and €,,,xTmax-subgaussion

random variables. Therefore by Hoeffding’s inequality, for any ¥ > 0

X2

P(|NETXI| <7)>1—2exp <—2€21—2W> (37)

max* max

Hence,

P<1.|1XT€|!2<7> >P| N {|£’TXJ‘|<%}
tA3 - - ~2Vd

Jé€ld]
o A2y
> 1—21@(\5TX3\> - >
Jé€ld] 2vd
NGt
Z 1 —2dexp —m s (38)

where the first inequality follows from Equation (B6]), the second inequality applies the union

bound, and the last inequality follows from Equation ([B7) by replacing 7 with Nt\2v/(2v/d).

19 A random variable Z is g-subgaussian if for Vv € R, Efexp(y2)] < exp(y20?/2).
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Now it only remains to show A, (X " X/t) > \2/2 with high probability, which can be achieved
by applying Lemma [I2l In the context of this lemma, we consider the sequence of random matri-
ces {z,z] [t};c, and note that X "X/t =37 . (z.x]/t). We first upper bound the maximum

eigenvalue of z, x| /t, namely \yax (2,2 /t) for any 7 € [t] by

T T 2
T, T T, X 1 T,

MAmax | —= | = max 2z T2 < = max (z'2)? < max
t llz[l2=1 t t |lzl2=1 t

This allows us to apply Lemma [I2] (setting ¥ =1/2 in the lemma) and get

P <Amin (XTTX> > %3> P <Amm <X1X> 5 Amin (E[A’;TX/t]f)

v

v

2
1—dexp (— 820 ) : (39)

where the first inequality follows from the fact that A, (E[X T X/t]) > A\2.

Therefore,

P(”Bt-l—l_ﬂul §’Y) > P(”Btﬂ—ﬂ‘bﬁ’Y)
2 _ XTX 22
P ({1 el < N o (55) 2 2}

2 . XTX\ A2
1-P = ||IxT P (A [ =2 ) < 22
(g 1781>2) =2 (3o (557) <3

N2t tAS
1-2 SR S0 A L - .
dexp< S 22 4 dexp S22

max* maxr max

v

v

The first inequality follows from the fact that ||z||; < |/z||s for any vector z; the second inequal-
ity follow from Equation (BH); the fourth inequality applies a simple union bound; and the final
inequality follows from Equations (38)) and (39). O

The following Lemma utilizes the Lipschitz properties of F~ and F* shown in Lemma [2] to

bound the seller’s regret in terms of the estimation errors of both 5, F~ and F'*.

LEMMA 4 (Bounding the Impact of Estimation Errors on Revenue). Assume that the

events & = {\\ﬁt—ﬂ\\lgét/xmm}, & = {‘F*(z)—Ff(z)‘§'yt+2ch25t foereR} and

& = {‘F*(z)—ﬁ’j(z)‘§7t+ch5t foerGR} occur with ~, = \/2log(t)/Vt, and &, =
4\/dlog(t71)emaxzr2nax

A24/N(t—1)

. Then, for re{r;,r} we have the following:
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(1) \pe(ryye, F~ FT) = pe(r, G, F~, F )| < 3rcyN?6; a.s.

(i) |pe(ryye, F=, F+) = po(r, G0, 7 E) | <1(3¢,N20, +27,) a.s.
where y, = (B, ), U = (Bt,xt>, B, Ey Fit are defined in Equations (8) and (9). The function p; is
defined in Equation (24).

Proof of Lemmal[jl Part (i) We consider the following:

|pt(rayt>F_aF+)_pt(’ragtaF_aF—’_)‘

/OT [F(z—y)—F (z— )| dz—r [F*(r—y) — Ft(r—g)]

IN

/OT‘F(z—yt)—F(z—§t)‘dz+r|F+(r—yt)—F*(r—g)t)‘

IN

/2CfN2’yt—gt‘dZ‘i_TCfN‘yt—gt‘

0

< [ 2N (1 = Bl ) dz-+ rerN By = Bl
0

< 3rcyN?6,.

The first equality follows from definition of p, in Equation [28; the second inequality follows from

Lemmald, the third inequality follows from Cauchy’s inequality: |y, — U;| = |<Bg+1 — By < ||Bg+1 -

Bll1%max, and the last inequality follows from the occurrence of the occurrence of & and N > 1.
Part (ii) Similar to part (i), we have

A

pt(ra :gtaFiaFJr) _pt(Ta QtaF;?FtJr)‘

/OT [F’(z —9) —F (= —Qt)} dz—r [F+(T — ) — Er(r _gt)] '

[

< (3¢, N6, +27,) .

IN

F(z =) — F (2= )

dz+r ‘F*(r —G¢) — F;r(r —G)

where the last inequality follows from the occurrence of events & and &, and N >1. [

10. Appendix for Section [6t Proof of Theorem

We first introduce some definitions that we will extensively rely on throughout our proof of Theorem

2l We start off with the “good” events &1, &, and &, for £>1 in which the estimates of 8, F~
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and F't are accurate:

§op1 = {H/éé—kl =Bl < f:x} (40)

where 81—/ 2d1080ED mutin | VA (N Lyt +1) 22, | .
N/NIE BN

i = {[Eea@) - 2)| < 28 (e e R (2

§7+1_{‘Fe11(z)—F+(z)‘ < N<’Ye+0f5é+%jh>} ; (43)

where ayay is the maximum possible corruption, v, = v/log(|E/|)/+/2N|E,|, A is the minimum
eigenvalue of covariance matrix X, and ¢y =sup,¢_ o f(2) > I0f.c cpareman £(2) > 0. Fur-

thermore,

_ log (v NIE' —=1) _  (log(|E4|)
Le= log(1/n) © <10g(1/77)> ’

where |E,| =T'2"" is the length of the £*" phase.
We also define the event that the number of periods in phase E, during which buyer ¢ submits

significantly corrupted bids is bounded by L,:

Gio:={|Sie| < L} . (44)

Here, S; ;= {t €E,:ai > “517} is the set of all periods in phase E, during which buyer i exten-

sively corrupts her bids.

We are now equipped to show Theorem [2] according to the following steps:

(i) Decompose the single period regret into Rgl) and R§2), where Rgl) bounds the expected
revenue loss due to the discrepancy between the actual reserve price r; and the optimal reserve price
ry and R§2), which bounds the expected revenue loss due to buyers’ strategic bidding behaviour.
Note that Rgl) is a result of the estimation inaccuracies in 3, F'~ and F'*.

(ii) Bound Rgl) using Lemmas [l [7] 8 and [l

(iii) Bound R\* using Lemmas [ and [l
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(iv) Sum up Rgl) and Rg) to bound the cumulative expected regret over a phase E, and the

entire horizon 7.

(i) Decomposing single period regret into Rgl) and R§2): According to the NPAC-S policy

detailed in Algorithm 2] the expected revenue in period ¢ is given by

rev,(r;) = E |max{b, ,7 }I{b; > 7;}I{no isolation in ¢} + Z ry1{b; , > ry }1{i is isolated} | @y, 7,
i1€[N]

(45)
where the expectation is taken with respect to {(z,,€;+,0;)}repicvy and 7,7y are defined in

Equations (I0) and () respectively. Hence, the regret is given by

Regret, = E[REV] —rev,(r)]
= E [max{v, ,r; }JI{v; >r;} —revi(r,)]
= (E [max{v, ,r;}[{v; > r;}] — E [max{v, , 7 }I{v;” > 7 }I{no isolation in ¢}])
+ (E [max{v, , #}I{v;” > #}I{no isolation in t} — rev,(r,)])
= RV AR, (46)
where the expectation is taken with respect the context x; ~ D and the randomness in r;; 7} is the

optimal reserve price (defined in Equation () if the seller has full knowledge of F' and (3; and we

defined:

R :=E [max{v, , 7 }{v;” >r;}] — E [max{v, , 7 }I{v; > #}I{no isolation in ¢}]

R :=E [max{v, ,# }I{v; > #}I{no isolation in ¢} — rev,(r,)] (47)
(ii) Bounding Rgl): We start by upper bounding Rgl) for a period t € Fy,, where £ > 1.

RY = E [max{v; ,r7}{v; >r7}] —E [max{v; 7 }T{v; > 7 }[{no isolation in ¢}]
= E [(max{v; ,r; }I{v} > r}} —max{v, , 7 }{v; > #}){no isolation in ¢}]

+E [max{v, ,r; }YI{v; > r;} (1 —I{no isolation in ¢})]
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1
= E [max{vt_,rt*}ﬂ{vj > i} — max{v; , 7 JI{v;} > ft}] <1 _ W)
i

+E [max{vt ;i {ot >y }] |E1 |

< E [max{v; ,r YI{v] >} —max{v; , 7} {of > 7} + % , (48)
v

where the third equality is because an isolation event is independent of any other event, and the
final inequality follows from a simple observation that max{v, ,r; }I{v;" > rf} < vpax.

For simplicity, we define
RV =E [max{v;,rt*}}l{v;r >rf} —max{v, , 7 JI{v} > 7} ‘ $t,ft} ,

so Equation ({8) yields

Rgl) < E [ﬁgl)] + Umax ’ (49)
| Eel

where the expectation is taken with respect to the context x; and reserve price 7;. Notice that
max{v; , 77 }H{v;” > r;} —max{v, , 7 }I{v;} >} is exactly the revenue difference rev,(r;) — rev;(r;)
had the seller set reserve prices r; or r, when all buyers bid truthfully. Hence, similar to the
Equations ([24) and (7)) in the proof of Theorem [ by defining y; := (5, x;), y; := <Bg,xt> and
pi(r,y, FO F2) = for F®(z—y)dz—r [FY(r—y)] (Equation (20)), we can apply Proposition [l

and obtain

ﬁi” =E [max{v[,r:}]l{v;r > rf} —max{v, , 7 {vS > 7} ‘ xt,ﬂ]
= pi(r Yo, F FT) = po(rf 9, F L F)
+ (0 F 7 FT) = oo 0 By B )
+Pt(TfaQtaFﬁr1aFﬁl)—Pt(ftal:/taFeH»Ful)
+pt('fltagtaﬁzjrl?Feil)_pt(ftagtaFiaFjL)

+pt(’fltagtaF_aF+) _pt(ftaytaF_’F—i_)' (50)
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Note that we can apply Proposition [[l because 7, is the reserve price set according to the NPAC-
S policy when no isolation occurs, which only depends on the current context x; and the past
Hi 1 ={(r1,b1,21), (12,2, @), ..., (re_1,bs 1,24 1)}

We now invoke Lemma [9, where we show that when events &+, {,,, and 52;1 happen for some
phase ¢ > 1, we have for r € {r}, 7},

(i) |pe(ryye, F—, F) = p(r, e, F~,F )| < 3re;N?6, as.

(11) pt(rugt7F77F+) _pt(r7yt7Fé+17F£+1)

2 crtly
< 3rN (")/g +¢p0e+ ~15 ) a.s.
Note that the first inequality bounds the impact of errors 8 and the second bounds the impact of

errors in the distributions. Applying these bounds in (B0), we get

ROV T{&nE L NELL Y < 3(r +7,)ey N2,

. +L
+3(r; +7)N? <’yg +cplp + %)
4

—+ pt(rf,?)t,ngrl, FZH) — (P Ut Fr, FZH) . (51)

We recall that the seller’s pricing decision 7, when no isolation occurs is defined in Equation
(), and realize that in fact 7, = argmax, ¢ (0,vmax] Pt(7 yt,FgH,FZH) So, by the optimality of 7,
and 77 < Upay, We obtain the fact that p,(r, 9, Fyyy, Fib L) — pu(F1, 00, Frpyy B)) < 0. Using this

inequality in (B]), we get

Y -1 {EEH a £E+1 n EZH}

IN

L
6UmafoN25e+6UmaxN <’Yz +Cj5g+ o |;_ | Z)
4

log(|E,]) | ¢+ Ly

V2NIE,| ||

6Umax/ N3 log(| Ey)) N 6Vmax N2 (s + Ly)
2F, | E| ’

= 12UmafoN25e + 6UmaxN2 (

= 120axC; N5+

(52)

where we used the fact that r;,7, < v,.. in the inequality. Note that L, =

log (v, V| Ee[* — 1) /log(;) = O (log(T) / log(1/n)), since we recall that |E,|= T2
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To complete the bound for Rgl) in period t € Ey,;, we continue to bound Equation ({49]):

R(l) < E '75(1)] +Umax
t i t ‘Eg’

=E :ﬁgl) -1 {&Jrl N 5211 ﬂﬁeil}] +E [ﬁz(el) -1 {£§+1 U (Eejﬂ)c U (52;1)0}} + TE:T

< B[RO 1{&1 060 NG} + vmanP (64U (€50) U (€51)) + TEZ’[

6Umax N3 lOg(’Eg’) + Umax (6N2(Cf + Lf) +9N +15d + 9)

< 1204ax N25 )
= O maxCy o 2E, | E|

(53)

where the second inequality follows from a simple observation that ﬁi” < VUpax almost
surely, and the third inequality uses Equation (52) and Lemma [0, which shows
P (& U (6) U (Eh)") < (ON +15d+8)/|Ed,

(iii) Bounding R§2): So far, we have bounded Rgl) for t € B,y (0> 1), and will move on to

bound R\ defined in Equation ([q) for t € E, for any £ >1 . We define
bt,,=maxb;, and o', =maxv,,, (54)
’ J#EL ’ J#i

which represent the highest bid excluding that of buyer ¢, and the highest valuation excluding that

of buyer i, respectively. We then have

R® = E [max{v, , 7 }I{v;” > 7 }I{no isolation in t} — rev,(r,)]

< E [max{v, , 7 }I{v; > # }I{no isolation in t}| — E [max{b, ,r }I{b; > }I{no isolation in ¢}

1

= (E [max{v; ,#}I{v; > #,}] — E [max{b, , 7 JI{b;} >7}])- (1 _ @)

< E [max{v; , 7 }I{v;” > #}] — E [max{b; , 7 }I{b] > #}]

— Z E [max{v[,ft}}l{vi_,t > max{vfi_’t,ft}} —max{b, , 7 }I{b;; > max{bfiytft}}]

1€[N]

= Z E [max{v;,ft}]I{max{vfi_’t,ft} <y < max{bfiytf’t}}]

i€[N]

— Z E [max{vt_,ft}]l{max{bfi)tft} < < max{vfm,ft}}]

i€[N]

+ Z E [max{v[,ft}]l{viyt > max{bfiytft}} —max{b, , 7 }I{b;, > max{bfi_’tft}}]
1€[N]
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< Z E [max{v, , 7 }I{max{v®, ,, 7} <v;; <max{b®, 7 }}]
i€[N]
+ Z E [max{v[,ft}]l{viyt > max{bfi7tft}} —max{b, , 7 }I{b;; > max{bfmft}}]
1€[N]
< Z UmaxE [[{max{v®, ,, 7} < vy <max{b®, 7 }}]

1€[N]

+ Z E [max{vt_,ft}]l{vm > max{bfi7tf’t}} —max{b; , 7 }1{b; ; > max{bf“f’t}}] , (5b)

i€[N]
where the first inequality follows from Equation (45]); the third inequality is due to the fact
that 3, v E [max{v; , 7, }[{max{b*, 7} < v;, < max{v®, ;,7}}] > 0; and the last inequality holds
because max{v; ,7} < V. To continue the bound for Equation (B3]), we use the definition of

B;:=B;,UB;, in Lemma [6l where

Bi,={teE,:I{v,, >{b*,,, 7} } =1, I{b;, > {bF,;,,7}} =0}

BZ@ - {t S Eg . ]I {Ui,t > {bti7taf-t}} — O 5 ]I {bi,t > {bti7taf-t}} — 1} .

Here, B;, represents the periods during which buyer i could have won the auction had she bid
truthfully but in reality lost since she shaded her bid, while B, represents the periods when
buyer ¢ would have lost the auction had she bid truthfully, but instead won the item due to
overbidding. The “s” and “0” present represent shading and overbidding respectively. Hence, for
any period t € E,/B; o :={t € By : 1{v;, > {b*,,, 7} } =1{b;, > {b*,,,7:}} } (which means in period
t € E;/B,, the outcome for buyer ¢ would not have changed even if she bid truthfully), we have

I{v;, >max{b’, ,, 7 }} =1{b;, > max{b", ,, 7 }}. Therefore, defining B, := Ujcn)B;,, we have

’R,g)]l{t S Eg/Bg}

< Z Vpmax & []I{max{vfi_’t,ft} <y < max{bfi_’tft}}]

i€[N]

+ Z E [max{v, , 7 }I{v;, > max{b*, ;7 }} —max{b; , 7 }[{b;, > max{b*, ,#,}}| I{t € E;/B,}

i€[N]

— Z Upax o []I{max{vfi_’t,ft} < < max{bfi_’tft}}]

1€[N]
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+ Y E[(max{v, 7} —max{b, 7 }) I{b;, > max{b", 7 }}]

i€[N]

< Z UmaxB [{max{v®, ,, 7} <v;, <max{b?, 7 }}] +E [max{v, 7} —max{b; 7 }]

1€[N]

< Z VUpmax []I{max{vfi_’t,ft} <y < max{bfi_’t,ft}}] +E [(v; — b;)*] )

i€[N]
The first inequality follows from Equation (BI); the first equality follows from the fact that ¢ €
E;/By; the second inequality holds because 7, v I{b;, > max{d™, ;7 }} < 37,3 H{bis > b1, }} =
1; the third inequality applies the fact that max{a,c} — max{b,c} < (a —b)" for any a,b,c € R.
Denoting * := argmax;en v;,s, We have

Z Vmax B [H{max{vfiyt, Tr} <vig < max{bfiﬁt, ft}}]

1€[N]
= VUpaxlB [[{max{vF,. ,, 7} <vir e <max{b®,. ,, 7 }}]
since [{fmax{v", ;, 7} <wv;,} =0 if i #i*. Therefore

Rg)]l{t €Ey/Bi} < vpaxE [H{max{vfi*_’t,f’t} <V < max{bfi*ﬁt,f’t}}] +E [(vt_ — b;)q ,  (56)

To bound the first term in Equation (BAl), we again evoke the inequality max{a,c} — max{b,c} =

(a—0b)* for any a,b,c € R and get max{b*,, ,, 7} —max{v’, ,, 7} < (b%., — Ufi*7t)+. Hence,

E [{max{v®, ,,#} <vi, <max{bl . ,7}}]

IN

E[[{max{bty o7} = (0F, = vt ) < v < max{bt, 7.}

= E|E {H{max{bfi*7t,ft} — (bF, — vfi7t)+ <y <max{bl. ,,7}} ‘ bfi*7t,vfi*7tﬂ

max{bti*’t,ﬂ}—(:@@ﬁ
- E / f(z)dz

N +
max{bti*’tﬂ”t}7 (bti*,tivti*,t) —(B,x¢)

IN

¢/E [(btm - vtﬁ_’t)*] . (57)

Now, set j € [N] such that b* . , =b;, (j # i*), i.e. j is the highest bidder among all buyers excluding

i*. Then b* . , —vF,. , =b;, —vi,, <bj, —v;, = —a;,, where the inequality follows from the fact
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that vfi*yt is the highest valuation among all buyers excluding ¢* (which includes j as j # i*).

Therefore, continuing the bound in Equation (51), we have
E [{max{v",. ,, #,} <, <max{b'. 7 }}] < ep(—a;0)" < e D (—ai)" (58)

To bound the second term in Equation (Bd), namely E [(vt_ —by )1, without loss of generality
assume vy > Uyy > -+ > Uny. Hence v, = vy, If boy < b, we have v; —b; <wvyy —byy = ag,.
Otherwise if by ; > b, , then buyer 2 submitted the highest bid, so b;; <b, for any 7 # 2 and thus,

vy —b, <wviy—b; <wiy—biy=ay,. Hence,

E| (v —0)"] <max(a)" < 3 (40" (59)

F<INl JE[N]

Finally, combining Equations (B0, (58], and (B9), we have for any ¢t € E, and ¢ > 1

R,EQ)]I{t € E,/Br} < UnaxCy Z —a;) "+ Z (@i )" < (Umaxcy +1) Z |a; 4| (60)

i€[N] i€[N]
iv. Bounding Cumulative Regret: We now bound the cumulative expected regret in a phase

E,1 (¢ >1) via first bounding ZteEul R and ZteEHl R respectively.

> =

tEEZ+1
6 max N31 E max N2 L N +15d
< Z 1200x¢ N260 + v og (| Ee|) +U (6N?(cp+ Ly) +9N +15d +9)
teE 2F, 1B,
£+1

60/ NIB(E) |, vonas (6N (s + L) +9N +15d +9)
2F, | B
3Umaxy/2N3log(|Ey|) 4cfemaxxmaxx/a
2 + 1
VIEd| Ao

|Epir] [ 120maxc N2V d (N LyGuax + 1) 22,
| E| A5

= |Eg+1| <12’UmaXCfN25g +

= ’Ez+1"

+ Vmax (6N?(cp 4 L) + 9N + 15d + 9))

< clep/dTN3log(|Eg) + e VAN? LT
N3log(|E)T1
log (1/n) ’

for some absolute constants c!,c? ¢, > 0. The first inequality follows from Equation (G3)). In the

/ 2
QdIOg(‘EU)emaxzmax + \/_(NLeamax“Fl max deﬁned

A2/ N|E,| [Ee|23

< ciep/dN3log(|Ed)) <ﬁ+ (61)

second equality, we then used the definition of §, =
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in Equation (I]). In the second inequality, we relied on the construction of the length of phases
in Algorithm B i.e. || =T""%" so that |Eypy|/\/[Ee] = VT and |Egy|/|E| =T <T%. The
last inequality follows from the fact that L, =log (v?, N|FE¢|*—1)/ log( ).

On the other hand, to bound ZteEHl R'? | we again utilize the definition of B;,:=B;, VB,
and By := UjenB;¢ where B, and By, are defined in Equation (Z0) of Lemma 6l Denote Ky, :=
2L41 +4cy +8log(|Epy1]). Then, we have

> RP > RPI+E] > RY

t€Ep1 te€Bq t€Ey 1/Bota

IN

UmaxE [|BE+1| : H{|BE+1| S NKZJrl] + UmaxE [|BE+1| : H{|BE+1| > NKlJrl}]

+ (Umaxcy + 1)E Z Z |a; 4|

t€EE;11/Byq1 i€[N]

S UmaxNKlJrl + Umax|EZ+1| : P (|BZ+1| > NKE+1) + (Umaxcf + 1)E Z Z |ai-,t|
t€Ey 1/Bpy1 i€[N]
S UmaxNKlJrl + 4vmaxN + (Umaxcf + 1)E Z Z |ai-,t|
t€Ey 1/Bpy1 i€[N]
S UmaxN(KlJrl + 4) + (Umaxcf + 1 Z Z |a1 t| 9 (62)

teEpyqi€[N]

where the first inequality follows from Equation (60) and uses the fact that 72§2) < VUpax; the
second inequality is because |Byii| < |E,y1]; the third inequality applies Lemma [ which shows
P(|Bi 1] > Koi1) < 4/|Epgq], and hence P(|Bpyi| < NKpyy) > P (mie[N] {IBs,e41] < Ke+1}) >1-
AN/|E;44]. To bound E [ZtGEHI Ziem |a1-_,t|} , we recall Spiq:=U;e(niS; 041 Where S; ¢4 is defined

in Equation (I5), and consider the following

B % S| <22 v T ¥ g

te€Ey 1 i€[N] 1€5p41 i€[N] t€E11/Sp41 €[N Hl‘

S N Amax HS€+1H +N
= NawmaxE [|Seq1] - (I{[Seia| S NLpja } +I{[Spia| > NLpa )]+ N
< Namax (NLoyr + | Eos1| P(|Ses1] > NLgiy)) + N

S N2amax (LEJrl + 1) + Na (63)
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where the first inequality holds because |a;,| < 1/|E;44| for all ¢ € Eyy1/Siy1 and the fourth
inequality follows from Lemma [ that shows P(|S; 1| > Liy1) < 1/|E¢i1|, which implies
P(ISe41] < NLeypa) =P (Nieny {[Sies1] < Lega}) > 1= N/|Egyal.
Hence, Equations (62) and (@3)) show that ), Erir R'? is upper bounded as
Z REQ) S UmaxN(KE + 4) + (Umaxcf + 1) (N2amax (LEJrl + 1) + N)
teEE) 11

(64)

for some absolute constant ¢, > 0. Combining this with the wupper bound

1
cicp/dN31og(|Ee|) <\/T+—V]V31°g(IEZI)T4> shown in Equation (6I]), the expected cumulative

log(1/n)

regret in phase F, . is

VN3 log(T)T't
Z Regret, < c3cp/dN3log(T) (\/T—i- o8(1) 4) ;

o log (1/m)

for some absolute constant c;3 > 0. Finally, since the total number of phases is upper bounded by
[loglog(T)] + 1, the cumulative expected regret over the entire horizon 7' is

[loglog(T)]

N3log(T)T'
Regret(T) < Umax’E1’ + g C3Cyy/ dN3 IOg(T) <\/ T+ Og( ) >
(=2

log (1/n)
=0 (Cf\/Wog(T)-log(log(T)) (ﬁ—i_]\sgkz—f%ﬁ)) |

10.1. Lemmas for proving Theorem

LEMMA 5 (Bounding number of lies). Consider a buyer i € [N] and some phase £ > 1. Then,

the cardinality of S;y={t € E¢:|a;| > 1/|E,|} is bounded as

1
P(|S; L) < —
(’Sl,f‘> @)— ’EZ‘ )

where L, =log (v2, N|E,|*—1)/log(1/n) and vyay is the mazimum possible buyer valuation.
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Proof of Lemmald.  According to the definitions of the cumulative discounted utility defined
in Equation (Il) and the NPAC-S policy in Algorithm 2l buyer i’s utility for submitting a bid

b € [0,Vmax] in period t € [T conditioning on v;,b", ,, 7, is given by
(vi,s — max{r;,b¥, ,}) I{b>max{r,,b";,}} no isolation
ui,(b) = (vig —r) {b>1r} i is isolated ) (65)

0 j #1 is isolated

where bfi_’t is the highest bid excluding that of buyer ¢, and the reserve price r, =
7 I{no isolation in t} + r}*(1 — I{no isolation in t}) (7, and r{ are defined in Equations (I0) and
() of the NPAC-S policy respectively). Note that u;(b) is a random variable that depends on
the x4, {€;: }ic| N],b:_’t and r;. The undiscounted utility loss u;, for buyer 7 if he submits a bid b, ,
compared to bidding truthfully is wu; , = u; (vi,¢) — wi (i)

Now, when any buyer j # i is isolated, the utility for buyer i is always 0 regardless of what
he submits, so there is no utility loss due to bidding behaviour. We now consider the scenarios
when no isolation occurs and when buyer i is isolated, respectively, using the definition of utility
in Equation ().

No isolation occurs: The undiscounted utility loss for bidding untruthfully is
u,; I{no isolation in ¢t} = (u;,(vi¢) —u(bs))[{no isolation in ¢}
= (Uiyt — max{ry, bfl-_’t}) {v;; > max{r,, bfiyt}}

— (Uiyt — max{ry, bfl-_’t}) I{b; , > max{r,, bfl-_’t}}

v; ¢ — max{r;, bfi_’tH I{v; ; > max{r,, bfi_’t} > b}

_l’_

v; ¢ — max{r;, bfi)tH I{v; ; < max{r,, bfi)t} <bi.}

> 0. (66)

Isolating buyer i: The undiscounted utility for submitting any bid b € R for any given r; is

(v — 7)) I{b>r,}. Hence,

u,; I{7 is isolated} = (w;(vi,) — wie (b)) {7 is isolated}
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= (vi,t —T) ]I{Ui,t >r}— (Ui,t —

(Ui,t — T't) H{Uiyt > T > bi,t} + (_Ui,t + T't) H{Uiyt < T < bi,t} .

Tt) ]I{bi,t > T't}

(67)

The NPAC-S policy offers a price r; drawn from Uniform(0,v,,.,) to the isolated buyer ¢ with

probability 1/|E,|, where i is chosen uniformly among all buyers. So, the expected utility loss u;

for a buyer i € [N] conditioned on the fact that the buyer lies by an amount of a, ; is

Elug, | ai]

1
= — K
UmaxN|EE|
(am)2
/UmaxN‘Ed ‘

E

E[u;,I{i is isolated} 4 u; I{no isolation in ¢} | a;]
> Elu, I{i is isolated} | a; ]

E [(vi,t — Tt) I[{’Ui)t > > bt} + (_vi7t + T't) ]I{bt <1 < vi,t} ’ CLi7t]

/'Ui,t
v

it~ GGt

Vi ttaq ¢

(viy —7)dr+ (v ¢ +1)dr ‘ @iy, viyt] ‘ aiyt]

vt

(68)

The first inequality follows from u, ,I{i is isolated} > 0 as demonstrated in Equation (G6]). Now we

lower bound the total expected utility loss in phase E,. First, by Equations (66) and (67), we know

that u,, >0 for Vi,t. Therefore, denoting s,,; as the first period of phase E,,,, for any z >0 we

have

E

> ntuu]

teEy

v

Y

v

E|E Z ntu;t

n
E -
Z UmaxN|EZ|3

E Z ntu;t

teES; o

E| Y n'u,I{|Sid > 2}

teS; 4

{ai,t}teEe H{|‘Si.,l| > 2}

teS; ¢

t
I{[Siel = 2}

teS; p

SZ+171

t
n -
E E — - {|S; (]| >
'Umax-z~ |EE|3 {| .’£| - Z}

| =se+1— ’51',2‘
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Sp41—1 77t
> E ——— {|Sis| > 2
= t Z ~vmaxN’E€‘3 {’ 75’—2}
=Se41—%

(o) g
(1 - n)vmaxN‘EAS

(ISiel 2 2) (69)

where the first equality holds because |S; (| = ZteEl {a; > 1/E,} is a function of {a;;}cE,; the
third inequality follows from Equation (68) and a;; > 1/|E,| for any t € S; ;; and the fourth inequal-
ity is because n € (0,1).

Furthermore, corrupting a bid at time ¢t € E, will only impact the prices offered by the seller in
future phases, i.e., phase £+ 1,/ +2,..., so the utility gain due to lying in phase ¢, denoted as U;rz
is upper bounded by v,ax thseH N' = Vmaxn®+1 /(1 —n). Since the buyer is utility maximizing, the
net utility gain due to lying in phase ¢ should be greater than 0, otherwise the buyer can choose
to always bid 0 in phase ¢ which is equivalent to not participating in the auctions. Hence,

U;fg— Zntui}] >0.

teky,

E

Combining this with U}, < vpaxn®+1/(1 —n) and the lower bound for E [ZteEl u:t] shown in

Equation (©9), we have

Unmax 41 P (1—n7%) .
> PS> ),
I—n — (1_77)UmaxN|El|3 (| 1£|_Z)

2
max

which holds for any z > 0. Taking z =log (v2,, N|E,|* — 1) /log(1/n) and by rearranging terms, the

inequality above yields

2 4
log(;) | |

O

LEMMA 6 (Bounding outcome changes for non-isolation periods). Define the following

two sets of time periods:

B'L'S,l = {t S E[ -1 {Ui,t 2 {bti,t>ft}} =1 s I {bi,t 2 {bti,t”flt}} = O} and

B;),f = {t S E[ Bl {’Ui,t 2 {bti,t?ft}} =0 s I {bi,t 2 {bi—ii”flt}} = 1} s (70)
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where bfl-_,t s the highest among all bids excluding that submitted by buyer i, and 7 is the reserve
price offered to all buyers if no isolation occurs (defined in Equation (I1)). Then, for B, =
B;,UB;,, we have

4
P(|B;| < 2L, +4cs +8log(|Ef)) > 1—W

Here, the probability is taken with respect to the randomness in {(x,,€; r,0;+)}rcE, ic(N]-

Proof of Lemmal@l. We first provide a road-map for the proof of this lemma. Recall the defi-
nition of §;, in Equation (I3]), and hence E,/S;,={t € E,: |a,;| <1/|E,|}, where a;, =v;; — b; .
Note that E,/S;, can be considered as the set of periods during which buyer ¢ “slightly” corrupts
her bids. We start with the case when a buyer shades her bids. For any give period t € E,, we
provide an upper bound on the probability that a buyer “slightly” shades her bids but changes
the outcome of the auction had she bid truthfully (i.e. ¢t € (E;/S; ) N B;,). Then, we translate
these probabilities for every period in F, into a high probability bound for the number of such
periods (i.e. a bound for |(£,/S;.) N B;,|), which further yields a bound for |B;,| since |B;,| =
1Si,e VB )|+ [(Ee/Sie) N B | < Sl +1(Ee/Sie) N By, and |S; 4| is bounded in virtue of Lemma [El
A symmetric argument results in a bound for |B7,| by considering the case where buyers overbid,
and the final result will follow from the fact that B; , = B;,U B,

In light of this roadmap, we now formally prove the lemma. Defining H, ; := (bfi)T, Try@r)}rens

we have

E [I{t € (E¢/Sie) N B} | Hid]

= IP te Eé/Szé mBzé ‘ HZt)

~

v, > max{b" i Te) s big < max{b" aTer s @i € (0,1/]E]) | H”)

= P (max{bF, ,, 7} — (@, 8) < ey <max{b¥, ,, 7} — (x4, 8) + ais , air € (0,1/|Ee|) | Hiyp)

(
(vi
(
(

< P (max{d’, .7} — (2, 8) < €0 Smax{dT, 7} — (x4, 8) + 1/| Ee| | Hi)

I
=

/max{bi’t)"ﬁt}_<mt;6>+1/E2

max{bT, .7} —(w¢,8)

z)dz ‘ ’Hi,t]

Cr
o 71
I ()

IN
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The last inequality uses the fact that ¢y =sups¢;_... . f(Z).

Define ¢, =I{t € (Ey/S; )N B;,} and ¢, =E [I{t € (E,/S; ) N B;,} | Hiy]. Then E[¢; | Hid] = 1,
which implies E[¢, — ¢ | 32, (30, &l =E[E[G =y | Hid] | 32,30, 6] = 0. Hence,
in the context of the multiplicative Azuma inequality described in Lemma [I3] by setting 2 ; = (;,
2oy = ¢y, ¥=1/2 and A=2log(|E,|) we have |z, — 22, <1

P (% PN +2log(!Ee!)> < exp (—log(|Ey)) - (72)

teE, teFky
Now, according to Equation (1)), we have ¢, < c¢;/|E,|, so ZteEl ¢r < c¢;. Moreover, |[(E,/S;¢) N
B;,|=>cp, ¢ Hence, following Equation (), we have

P (1(E/Su) B3| 2 2¢; + dlog(|EdD) < PGZQZ Z¢t+zlog<|Ee|>>

teFky teFy

< exp(—log(|Er) = 7= (73)
| E|
When the event G;; = {|S;| < L¢} occurs, where L, = log (v, N|E,*—1)/log(1/n), we have
1B | < [Siel + [(Ee/Sie) N BS | < Lo+ |(Ee/Si0) N B | Therefore when event G; ; occurs,

(!B o < Lo+2¢ +4log(\Eg\))

v

]P( ’B ’<Lg+20f+410g ’Eg } ﬂ gzt)

Y]

P ({I(B/Si0) N Byl < 2¢r +410g(1E)} () G )

Y]

— P (|(Ee/Si0) N B}, > 2¢; +4log(|Ed])) — P (G5,)

> 1o 2
| B

The second inequality follows from |B;,| < L, + [(E,;/S; ) N B;,| when the event G, occurs; the
third inequality applies the union bound, and the final inequality follows from Equation (73]) and
Lemma

Similarly, we can show the same probability upper bound for |By,|. Finally, using the fact that

Bi,=B;,UB;, and applying a union bound would yield the desired expression. [
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LEMMA 7 (Bounding Estimation Errors in (). For any phase E, and v >0, we have

A d (NLEamax + 1) Tmax
P — <
<||5z+1 Blli < v+ B, 2

N’)/2>\4|Eg| |E£|>\2 N
> 1-2dexp | — 20 ) o (2dM0 ) X
- P < 2€max 22, d P 782 |E|’

max

where N} is the minimum eigenvalue of the covariance matriz X, Bg+1 is defined in Equation (8),

and Ly, =log (v2, N|E:|*—1)/log(1/n). Furthermore, setting v = ~ 2dloelPr)emaxtmax o - denoting

max )\g\/N|Ee‘
= d(NL amax-l-l)m?nax
0p =" Trmax + Z‘EH/\% , we have
3 0 2d+ N E,|\2
]P’(Hﬂéﬂ—ﬁﬂlﬁ Z > >1— 5| —dexp <_ |8x£2| 0) .

Proof of Lemma[7]. The proof of this lemma is based on several modifications to that of Lemma
to resolve the issues that arise when estimating 8 in the presence of corrupted bids submitted
by buyers.

Recall that the smallest eigenvalue A2 of the covariance matrix ¥ of x ~ D is greater than 0, and
as argued in the proof of Lemmal3] we note that the smallest eigenvalue of E[z,z, ] is at least A2 > 0.

2oie[N] Cir
S for

We denote the design matrix of all the features in phase E, as X € RIF¢*4 and €. =
V1 e E,.
We first consider the case where the smallest eigenvalue of the second moment matrix

Amin (X T X/|E,|) > A2/2, which implies that (X' X)~! exists and (X'X)™' = (X"X)". By the

definition b, ; = v;, — a;, and the definition of b, for any 7 € [T] in Equation (I2)) we have

1_71 2 ic[N] Vi1 — @1
N
- -1 . -1
Bm=X"X) XT|:|=(X"X) X7
7 Zz Vit — 4,
b, g[N]N t—aq

N
=+ (X'X) X'

Zie[N] €i,t A4,

=B+ (XTX) ' XT(E-4), (74)
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where £ is the column vector consisting of all €, := W, and A is the column vector consisting
of all a, := w for V7 € [t]. Therefore,

1Bes1— Bl = 1(XTX) ' XT (£~ A)],
1

< B2 (IXTE2+ 1 X TAf2) - (75)
0

Denote X7 as the jth column of X, i.e. the jth row of X " for j =1,2...d, we now bound || X " &||,

and || X T A, separately. First, since | X &[5 =32, !gTXj|2, for any v >0,

ﬂ] {|5TX‘j| < ’Ei’/%gv} C { ‘Ej% JXTE|L < 7} . (76)

jeld

ZTEEZ ZiG[N] €i,r Xrj

We observe that £T X7 = =

, where all €; . X;; are O-mean and €,,,xZmax-subgaussion

random variables. Therefore by Hoeffding’s inequality, for any 4 > 0

X2

P(INETXI| <4) > 1 2exp <_26 — ‘EAN) (77)

Replacing 7 with N|E,|\2v/v/d and using Equation (76) yields:

1 = — . ’Eg‘)\Q")/
P |XTE §7}> > P {ETXJ < 1220

\%

- , E |\
> I—ZP<|5TX‘7|>M70’Y>
jeld] Vd
N2 X5 | Ee
2 1—2dexp —m 5 (78)

where the first inequality follows from Equation (76]), the second inequality applies the union
bound, and the last inequality follows from Equation (7).
In the following, we show a high probability bound for || X" A||2 by using the fact that |a; | <
1/|E,| for any t € E,/S; s, where S, ={t€ Ey:|a;;| >1/|E,|}, and S, , < L, with high probability.
Recall the event G; ¢ = {|S; | < L}, and in Lemma [ we showed that P (G¢,) =P (|S;¢| > L,) <

% We now bound || X " Al|; under the occurrence of G, , for all i.

[Eg|"
A = A j ZT E ZZ CL@-,—X.,.» 2
HX H§ Z‘ XJ|2 = E < S ;[[N] J)

Jjeld] jeldl

2
D rep, 2aiein || Tmax
> N . (79)

J€ld]

IN
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For periods in S, := U;cn1S; ¢, we have,
; A r | Tmax
Yoes, Zze][\z[w ikt S e € N, (80)

TESy

where the last inequality holds because events G, , occurs for all <. On the other hand, recall that

la; ;| >1/|E,| for any i and t € S; 4. Hence, |a;,| <1/|E,| for periods in E;/S,,

i Qi 7 | Tmax max max
ZTEEZ/SZ ZzE[N]| ; | < Z X Z X (81)

N T s, P Bl
T 0/Se TEE)
Combining Equations (79)), (80), and (81]), we have
2
1 ai,T Lmax
HXTA”Q S d (Zre[t] Zlej[g] | | ) S \/&(NLgamax—i—l)a;max. (82)

Now, following the same arguments of Equation (B9) in the proof of Lemma [ but by replacing ¢

with |E,|, we have

XTX\ _ A2 |22
P A [t ) >20) > 1 2 )
(e (57 )25 2 1o (552) )

Putting everything together, we get

\/8 (NLéamax + 1) Tmax
| Ee|AS

P <HB£+1 =Bl <y +

v

P

’\/E NL amax + 1 xmax
HﬁHl—ﬂHz <7+ (WL, )

| Ee| A5

. VAd(NLjtpax +1) x XTX\ _ A

> P ([XTEa+ IXTA|2) <v+ max max {,\min <_ ) >_0}
\|XT5||2<7} NlNne.l N {A | <_XTX>>A_%}

|E |>\2 iy ZG[N] 2, min |EZ| —_— 2

> 1—IP<{|E WHXTSHQM}) > E( £e>—P<{Amm<)|(;j(> Az}>

1€[N]

N’)/2>\3|Eg| N |Eg|>\2
> 1—2dexp <_2€max2332 7)) T —dexp 832 .

max

The first inequality follows from the fact that ||z||; <||z||2 for any vector z; the second inequality
follows from Equation ([Z3)); the third inequality follows from Equation (82) when the event N;cnGi
occurs; the fourth inequality applies a simple union bound; and the final inequality follows from

Equations ([8), (83) and LemmaBl O
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LEMMA 8 (Bounding Estimation Error in F'~ and F''). Define 6, to be the sigma algebra
generated by all {x.,a;;,€ ;}icin) rey- Then, for any 6,-measurable random variable z and v >0,

we have

2
P(|F(2) — F~(2)| £2N%%) 2 1—dexp(-2N|E]y?) - AAAN) o oep (= [BN
B 8a2
P

where zp =+ cp0¢+ (cy+ Le) /| Eel|, ¢ =supsci_c oy f(2), 6 is defined in Equation (41), and

Ly =log (v}, N Ee|* — 1) /log(1/n).

. d+ N E N
F;J_rl(Z)—F-’_(Z)‘SNZg) > 1—4exp(—2N]Eg\'y2)—(’Td)—%lexp( ’82‘ >,

max

Proof of Lemma[8. We first bound the error in the estimate of F, namely |F,,(z)— F(z)|.
Then, we use the relationship F'~(z) = NFN71(z) — (N —1)FN(z) and F*(z) = F¥(2), as well as
the definition of ) +1(2) and E; "1 (2) in Equation (I4)) to show the desired probability bounds.

We first upper and lower bound F y1(2) for any z € R. Recall the event S, =
{te E;:|a;| >1/|E¢|} and in Lemma [l we showed that P (|S, | > L,) < 1/|E,|. Hence, for any

i € [N], we have |a;,| <1/|E,| for all periods 7 € E,;/S,; 4, so

ZH{” (Bey1, ><Z}

reE,
= Z H{bi,7—<34+1,337>32}+ Z H{”i,f—<ﬁe+1>$r>ﬁz}

TEE/S; 4 TES; »

+ Z H{ i /Bé-i—la < } Z ]I{ Vg, r /Bé-i-la )<z } . (84)

TESZ ¢ TESZ ¢

Consider the sum in first the parenthesis of Equation (84) and note that b; , =v; ; —a, , = (8, 2,) +

€i.r — Q;,. Since |a; .| <1/|Ey| for any i € [N] and 7 € E;/S, ,

1
< bZT — </87x7'>+€l7'

— VreE,/S;,. 85
|EE| = 4/ N4 ( )

1
s L +€ir - T
(B.2) +e, =
Now, assume that the event &, = {H@H — Bl Ség/xmax} holds. Therefore, we can upper

bound the sum in first the parenthesis of Equation (84]) as

Z H{bm - <B/z+1,$7> SZ} + Z H{Uz‘,r— (Be+1,$r> SZ}

TEE@/S@Z 7—681.7(
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1 . 1
< Z ]I{ezréz+<5e+1 5#@"‘@}"‘ Z H{6i7752+<5€+1_ﬂ’x7>+m}
TEEL/Si, ‘ TESi L)
. 1
= ZH{Ei,T§Z+<BZ+1 ﬂa'x‘r> |EZ|}
TEE[
1
< ZH{EZTSZ—F(&—F = } (86)
TEE) | E|

where the first equality follows from v; , = (8,z,) + €, and b;, = v; , — a,,; the first inequal-
ity follows Equation (8); and the final inequality is due to the occurrence of the event &, =

{H Bul — Bl <0,/ xmax}. Similarly, we can also lower bound the sum in the first parenthesis of

Equation (84]):
3 A 1
Z H{bi=7_<ﬂl+1,$r>ﬁz}+ Z H{bz‘,r—<5l+1,$r>§z} > ZH{Ei,Tﬁz—&——} .
TEE/S; 0 TES; . rEE, |EE|

(87)
Furthermore, assuming events G; , = {|S; ¢| < L,} hold for all i € [N], we can simply upper bound
and lower bound the expression in the second parenthesis of Equation (84):

—-L, < Z ]I{ ir 5e+17 } Z H{ Vi 7 5e+17 ><Z} < L. (88)

TES; ¢ TES; ¢
Combining Equations (&), ®8), &), [@%), and using the definition Fj i(2) =
m Ziem ZTGEZ { </8€+17 < z}, under the occurrence of events &1, and G;, for all

i € [N], we have

1 L,
z‘r_ 5 _F d
> Srfarsimm L2 < ) w

i€[N]TEE,

L,
F, ) < €ir < 2400+ }+—. 89
N|Ee| Z 21 { B TIE) (89)

N]TEE),

N\Ee!

Now, for any v >0,

1 - L
(r (-0 imp) =1 )

> P {F(z—ég—ﬁ>—ﬁ‘g+l(z) ‘E’} (& ()| ) G

i€[N]
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1 1 1
> P F<Z—5e—®>—mzZH{Q,TSZ—(se—@}ﬁ’Y ﬂ&ﬂﬂ ﬂgi,f

i€[N|T€E, i€[N]

v
~

sup F(?)—ﬁ Z Z]I{eiﬂ'ég} <7 ﬂ et m ﬂ Gis

ZeR i€[N] T€Ey i€[N]

5 1 -
> 1-P| Ssup|F(Z) — —— Z Z]I{e”ﬁz} >y =P (1) — Z]P)(gi,é)
zZeR N’Ef‘ i€[N]T€E, i€[N]
2d+ N E |2 N
> 1—2exp(—2N\Eg]*y2)—< TN + dexp <—|8;%>>—®
2(d+ N E |2
= 1- 2€Xp (—2N‘Eg"}’2) — % - dexp <— ’8(;2’ 0> s (90)

where the second inequality follows from Equation (89]), the fourth inequality uses the union bound,
and the final inequality follows from the DKW inequality (Theorem [IT]), Lemma [7, and Lemma [
We note that we can apply the DKW inequality because {¢; ; } rc g, icn) are N|E,| i.i.d. realizations
of noise variables. According to the Lipschitz property of F' shown in Lemmalll, |F(z—d,—1/|E|) —

F(z)| <cy(dp+1/|E,|) for Vz € R. Hence, combining this with Equation (O0), yields

P(F) - P < 1oy (00 72 )+ )

[Eel) B
1 - Lg)
>PlFlz=0——— | —Fri(z) < v+ —
(7 (o=t gg) o) < 4
2(d+N) |Eo| A2
> 1-— — 2y~ -~/ _ _ 0 .
> 1—2exp (—2N|E,|7?) T dexp< S22 (91)

Similarly, |F(z 4, + 1/|Ee|) — F(2)| < ¢y (8, + 1/|E¢|) for Vz € R, so we can show

P<Ffz+1(z)—F(z) < y+e <55+i> +ﬂ>

[Edl ) B
. 1 L
> P<F£+1(z)_F<Z+5£+®> < 'Y—i-ﬁ)
2(d+N E|\2
> 1—2exp (—2N|Eg|72)—(|Te|)—dexp <— ’83:2‘ O) . (92)

Combining Equations (OI)) and (02) using a union bound yields

. cy+ L
P <‘Fg+1(z) —F(z)‘ <y+epde+ f‘EA f)

4(d+ N Eo| N2
> 1—4exp (—2N|E/|y*) —%—Qdexp <— ‘83;62‘ 0) . (93)

max
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Finally, we now bound |E; (z) — F~(2)| and |F;*(z) — F*(z)| using the fact that F~(z) =

NFN=1(2) = (N —=1)F¥(z) and F*(z) = F¥(2).

i (2) = F~(2)] = |[NEATN2) = (N = DEY,(2) = (NFY1(2) = (N = DFY(2))|
< N|BXT() = F¥2 )| + (N = D] B () - FY(2)]
=N <Fg+1(Z) —F(z)) (JVX_:l (FHl(z))"_l (F(Z))Nln>
+(N=D|(Fin(2) - F(2) & (Bn) ™ <F<z>>N">
< N(N-1) (ﬁm(z) . F(z)‘ L (N-1)N (Fm(z) - F(z)(
< 2N? FHl(z)—F(z)‘. (94)

The second equality uses a™ —b™ = (a — b) (D", a"~'b™~™) for any integer m > 2. The second

n=1

inequality follows from Fy(2), F(z) € [0,1] for ¥z € R. Combining Equations (@3) and (), we get

"

4(d+N Ey|\2
> 1—4eXp(—2N|Eg|'yz)_%_Qdexp< |8 / >

max

. B +L
Fra(z)—F (z)‘ <2N® <7+Cf52+cf‘Eé’ é))

The probability bound for

Fljrl(z) — F*(z)‘ can be shown in a similar fashion by noting that

similar to Equation ([04]) we can show ]ﬁ’ﬁl(z) —Ft(z)|<N ‘Fgﬂ(z) - F(z)‘ O

LEMMA 9 (Bounding the Impact of Estimation Errors on Revenue). We assume that the

events 41 = {Hﬂul —Blh < mmax}, §o1 = {

&= {‘Fé-i-l —F*(z )‘ <N <w +cpbp+ cf;f‘()} occur for some phase £ > 1, where z €R, v, =

Fry(2)—F (2 )(<2N2 (ve+esde+4rt) } and

V9og(|Ee|)/\/2N|E,|, and &, is defined in Equation {1]). Hence for any r € {r, r,} wheret € E, 4,
we have the following:

(i) |pe(ryye, =, FT) = py(r, 90, F~, FT)| < 3reyN?6,  a.s.

(ii)

where y, = (B,x), Gr = By, 1), B€+17Fe+1aF+1 are defined in Equations (I2) and (I4). The

~ _ cr+L
Iot(’raytaF >F+)_pt(rayt>FZ+lﬂF€+l)‘ < 3TN2 (’75_{_61‘65_{_ J‘I;_dl) a.s.

function p; is defined in Equation (20).
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Proof of Lemmald.  Part (i) We consider the following:

|pt(r7yt7F77F+) _pt(rugt7F77F+)|

/T [F*(z—yt) —Ff(z—?)t)] dz—r [F*(r—yt) —F*(r—gjt)]

T!F_(z—yt)—F‘(z—gjt)|dz+7’|F+(r—yt)—F+(r—?)t)‘

<
0

< / QCj'N2|yt — G|dz +1rep Ny, — Uil
0

< / 2c;N*? <”B€+1 - 5”133max) dZ—i—T'CfN”Bg_H — Bll1Zmax
0

S 3T'CfN2(5g.

The first equality follows from definition of p; in Equation (28], and the second inequality applies
the Lipschitz property of F~ and F'* using Lemma [Il The third inequality follows from Cauchy’s
inequality: |y, — ;| = |<Bg+1 — Byxy)| < HBEH — B|l1Zmax, and the last inequality follows from the
occurrence of £, and N > 1.

Part (ii) Similar to part (i), we have

pe(r, 9, F= F7) = py(r, 0, Fry s Fiiy)

A A~ ‘

/OT {Fi(z - ngrl(z - gt)] dz=r {FJF(T — ) - FzL(T - ?)t)] ‘

< [P0 Fas-ao|ds |- a0 - B30
0
L
< o (urerbor S5,
4

where the last inequality follows from the occurrence of events §,,; and &/,, and N >1. [

LEMMA 10 (Bounding probabilities). The probability that not all events §41, &, and §Z+1

occur for some phase £>1 is bounded as

9N +15d+ 8

P (&1 U (&50) U (E5)") < :
|

where the events £y, &, and &, are defined in Equations ([Z0), (73), and {{3) respectively.
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Proof of LemmalLl. We first bound the probability of £f_;, and then proceed to bound the the

probability of (&) and (£/,,)".

Recall that &, = {||BZ+1 — B < X } Then,

Tmax

. 2d+ N ]Eg])\g
]P)(é-é'i'l) < |E,| + dexp <_ ]2

max

2d+ N log(|E|)T1 A3
< dexp [ - 2BUEDET TN
= TEl X( 82,00
N +3d
< SEed 95
B (95)

where  the  first  inequality  follows  from  Lemma [ by taking ~ =

v/ 2d10g(| Ee]) €maxTmax/ ()\3\/N|Eg|>; the second inequality uses the fact that |E,| > |E,| = VT,

4
T> max{(ng‘gax> ,9}, which implies |E,| > log(|E,|)\/|E.| > T4 log(|E,|). Note that here we
0

used the fact that /z >log(z) for all x >9.

We now bound the probability of (&, +1)c:

2
_ e log (| Ee|) 4(d+N) ( \EW\%)
P < 4ex —2N|E,| - | V—7———= — 2 4+ 2dexp | ————
((§e+1) ) p | Ef| ( /72N|Eg| )| p 812
2(2N d—+2
||

where the first inequality follows from Lemma B by taking v = v, = \/log(|E(|)/+/2N|E|, and

the last inequality again uses the fact that |E,| > log(|E|)\/|E| > T%log(|E,|) when T >

Similarly, we can bound the probability of (Qﬁrl)c:

N +3d+2)

P((er)) < 2 VAR (97)

Finally, combining Equations (@5), (@6 and (@), we have

C C C C 9N 15d 8
]P(fgﬂ U (§£_+1) U (@:1) ) < P(&H) —HP((&_H) )+P((§;+1) ) = _TEA - ’
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11. Supplementary Lemmas

LEMMA 11 (Dvoretzky-Kiefer-Wolfowitz Inequality (Dvoretzky et all (1956))). Let

Zy, Loy ... Zy be i.i.d. random wvariables with cumulative distribution function F, and denote the

associated empirical distribution function as

R 1 &
F(z)=-— H{Z < R.
(2) nZ{ i<z} ze (98)
Then, for any 7 >0,
P (sup F(z)— F(z)‘ < "y) >1—2exp (—2n7y%) . (99)
z€R

LEMMA 12 (Matrix Chernoff Bound (Tropp et all (2015))). Consider a finite sequence of
independent, random matrices {Z), € R} yepr). Assume that 0 < A\pin(Zy) and Mpax(Zy) < B for

any k. Denote Y = Zke[K] Z1y Pomin = Amin (E[Y]), and prmax = Amax(E[Y]). Then for ¥y € (0,1),

1—3) 20
]P)()\min(Y) S ?/’Lmin) S deXp <—%> .

LEMMA 13 (Multiplicative Azuma Inequality (Koufogiannakis and Young (2014))).
Let Z, = ZTe[T] 21, and Zy = ZTe[T] 29, be sums of non-negative random variables, where T

is a random stopping time with a finite expectation, and, for all T € [T], |21, — 22-| <1 and

E [(21,7 —2a,) ! Yo Piss D ser 22)5] <0. Let ¥€[0,1] and A€R. Then,

P((1-3)2 > Zy + A) < exp (~7A)
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