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Abstract

We propose an estimator for the LASSO that iteratively optimizes the coefficients in pairs.
In addition to improving efficiency by coordinating the updates of the the paired variables, our
algorithm affords insights into the nature of the LASSO problem. Our method outperforms the
popular glmnet algorithm in all but high-K low-N settings, executing increasingly better as N

increases.
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1 Introduction

We offer an improvement to the coordinate wise descent method for estimating the LASSO pioneered

by [ihshirani (T99H), 4 (MUR), and by [Friedman, Hastie and Tibshiranj (P2OI0A). Our bicoordinate
descent method generalizes the one parameter at a time soft thresholding embodied in Fu’s “shooting
algorithm” by updating the parameter values in pairs. When the regressors are orthogonal our
algorithm coincides with one coordinate at a time soft thresholding, but when the explanators are
correlated our algorithm coordinates the simultaneous adjustment of the coefficients to update the
coefficient estimates more efficiently in pairs. The results is a substantial reduction in the number
of passes through the data that the algorithm takes on its path to convergence. The time required
by our method for each pass through the data increases relative to unicoordinate descent by much

less than the number of passes falls, resulting in an overall improvement in the time to convergence.
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Our exposition proceeds as follows. The next section introduces our bicoordinate descent al-
gorithm for LASSOed regression, and provides graphical intuition about its workings. Proofs are
provided in Appendix A. The subsequent section discusses some algorithmic adaptations that acceler-
ate computation. In the subsequent section we we provide some results comparing the computational
speed of our algorithm with that of the standard glmnet software. In the following section we ex-
tend the model, to encompass the probit, using the EM algorithm to create an interface between the
bicoordinate descent solution for the least squares problem and the nonlinear nature of the probit
model?. A final section concludes and discusses ongoing directions of research. The open source soft-
ware, bcd: Bicoordinate Descent for the LASSO, for fitting the proposed method is available

through the Comprehensive R Archive Network (http://cran.r-project.org/package=bcd).

2 Estimating the LASSO

[[Thshirani (TIYH) promulgated the LASSO model as a practical sparse estimator. He noted that
in the special case of orthogonal regressors a remarkably straightforward solution can be found by
individually soft thresholding each of the estimated coefficients. Ed ([I9R) developed a “shooting”
algorithm that generalizes this approach to any set of regressors—at each pass through the data the

algorithm successively updates the parameters one at a time using soft thresholding. Convergence

of Fu’s algorithm is quick, and [Friedman, Hastie and Tibshiran] (E0I0&A), hereafter “FHT”, make

the algorithm even faster by arraying solutions to a sequence of LASSO problems in a trellis, which
they refer to as a “regularization path”, in which they use each solution as a starting value for the
next problem. Their unicoordinate descent algorithm, which they supplement with a brace of best
programming practices, has defined the computational frontier for the LASSO model. Our primary
departure from the FHT algorithm is to update the parameters in pairs, exploiting correlations

among the explanatory variables to generate a more direct pathway to the solution.

2.1 Formalizing the Algorithm

Starting with data of the form {Yi, {Xij}}‘:1 }?:] we first center the observations, and normalize the 12

n
norm of each of the explanators to equal one, leaving us with: {yi,{xij}}<:1 }?:1 satisfying > y; =0,
i=1

n n
and for each j € {1,...,k} we also have ) x; = 0, and }_ xizj = 1. If any pairs of explanators
i=1 i=1

are perfectly correlated we arbitrarily remove one element of the perfectly correlated pair, until no

'We defer presenting some analytical results for weighted least squares to an appendix.
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perfectly correlated pairs of explanators remain®.

The LASSO estimator introduced by Mihshirani (TI98) is the solution to a problem of the form:

P1: én}ln RSS({B} ]I{{yl,{xu} 1}1 ]) subject to Z|B | <t (1)

15=1 J—]

where:

n

k 2
RSS ({B 1 1 {ys, (xi iy 3 ,) = Z(yi—ZBij-) @)

i=1 j=1
Next, recalling that we have culled all of the perfectly correlated observations, let’s arrange our
data into C = L%J pairs, indexed by ¢ € {1,...,C}, with at most one singleton observation which
remains when k is odd.
Now suppose that we take successive passes through the data. At iteration s we turn to each
pair of coefficients in turn, taking the others as given at their current values. We seek to minimize
the constrained residual sum of squares with respect to {f2c_1, B2c} only, while of course continuing

to satisfy the constraint. We can formalize this problem as:

P2¢: ﬁkr{lj%zc RSSc (Bae—1, Bacl{Vie Xize—15 Xi2c }1; ) subject to [Bae—1]+ [Bac| < 6%
where:
n
RSSc (Bae—1, Bacl{Vie Xize—1y Xi2e }1y ) = Z(Vfc — Bac—1X42e-1 — BacXi )
i1
and:

N 1,1 : 1 —1,1
( Z BS assoy Z B]S , assoxij) while ei —t— Z HS)S, a550| o Z ‘B]S , a550|

j<2c—1 2¢<j j<2c—1 2c¢<j

We denote the solutions to P2§ by (Bil“”o B3 1“SSO).
Finally, if k is odd, there remains a singleton observation that is not encompassed by any of the

pairs. Define:

n
2
P3s . né?Z(\)isk — kai’k> subject to [By| < 0}
i=1

20f course for each perfectly correlated pair for which at least one element is selected by the LASSO there will in

general be a continuum of equivalent solutions to our problem.



where:

1k - (141 Z BS laSSOXU') and Gi =t— Z ”35 1asso

j<k j<k

and we denote the solutions to P3° by Bfgla”o.

2.2 The Bicoordinate Descent Algorithm

Our algorithm for calculating (35.¢ lasso Bi‘classo) proceeds as follows. Let ([332’_151, B3 015) solve:

POLS?: min_ RSS.(B3. 1, [3§C|{v§c,xi,ch,xi,k};‘:])

2¢—1P2¢
SO:
n
Bicols 1 Z] Visc (Xi,20—1 - RCXi,ZC)
_ o i
s,ols 1— RZ =
BZE cl>wv o (Xi2c — ReXie 1 )
i=1
where:
n

Next define:

RE = sign(ps) x sign(Ps) x R (4)

We let A denote the Lagrange multiplier associated with the constraint in P1. We will treat this
a “tuning parameter” shared by all of the P23.

Couched in terms of A, when:

A . 1 1
W < min{|B325 ], B3 °1} (5)
our estimates are calculated as:
Bieye\ _ (ston(B5) (18541 — i) o
s,lasso s,ols s,ols A
BZC Slgn(B )(”3 H—RS*))

When condition (B) fails, but



BSOS | > [R5 (7)

then the update step for (B0, B5;10550) is:

A
(Baiepe, paie=) = sign(pse'ma { pgels| -+ Rizlpget - 5.0/ (®)
whereas if (B) fails but the inequality in condition (@) is reversed, then:
s,lasso ps,lasso ) __ s,ols O s,ols R*S s,ols| §
B2:577 Bk = sign(py’ ") max < 0, [R5 + REIBZES | > (9)

Notice that when RZ* = 0 the bicoordinate descent algorithm coincides with the soft thresholding
embodied in the “shooting” algorithm of i (ICI9S).

Of course, the solution to P3% is simply given by the soft thresholding result returned by Fu’s
algorithm:

A
;,lasso _ sign(ﬁf,"’ls)max {|B;,ols| _ 2)0} (10)

where:

s ols __
E vlcxlk

2.3 Why it Works

Let’s take a closer look at the objective function for P2§. First it’s useful to define a few terms. For

comparison let’s start with the unconstrained sum of squared errors:

n
2
sse(c),s = Z( Bzc 1X12c 1— Bz’Olsxl,Zc) (11)

i=1

Next consider the following quadratic function Q(B2c—1 — BZC Ty Bac — R3S ols Rs*).

1R\ (Baer — B3O
2c—1 7 P2¢c—1y P2c — c )= 2c—1 7 P2c—1y P2c — P2¢ ¢ ¢
Q(B Bs,ols B BS ,ols RS*) (B Bs,ols B BS,OIS) (12)
Rs* 1 B BS ,ols
c 2c —

It turns out that we can reconceive the objective function for P27 in terms of Q. We state this

formally as:



n 1 L
Lemma 1: RSS¢(Bac—1, Bacl{Viey Xize—1,Xi2c Fiy) = s5€5° + Q(Bac—1 — B3, Bae — B, RY)

Proof of Lemma 1: See the appendix.
Notice that ssef® is constant with respect to 2.1 and B¢, so Lemma T allows us to reformulate

P2 as a quadratic programming problem:

P2 min  Q(Bac—1 — BS2Y, Bac — BSOS, REF)  subject to  [Bac—1] + [B2c| < 0%

B2c—1,B2¢

The constraint is in the form of a diamond, while the level sets of the objective function for P2
are ellipses. This is illustrated in the lefthand panel of figure 0, where the hollow dot corresponds

to ([33’60_15], Bifls) while (B;ﬁf%so, B;g““o) is represented by the solid dot.

B2c Z2¢

C) Q

B2c—1 Z)c—1

Figure 1: Optimization P2{ vs PZ

There is an isomorphic relationship amongst solutions in distinct quadrants. To see this, define

61?' = sign(ﬁjs"’ls) and let zjs = éjs'ﬁj, and then rewrite problem P2 as:

min Q8% 1z2c1 — 831 BENI, Shezac — SIBELRY)  subject to Jza 1|+ [z2c] < 03
c—1y Cc

recalling our definition of R$* from expression (H) this can be reexpressed as:

. 1 .
PZ: min Q(z2e—1 — IBS2Y ] zac — IBSY], RE*) subject to |zae—1] + |zac < 03

If (25._4,25.) solves PZ then



1 1
(B33 B3 ™) = (83c123c-15 83c23c) (13)

is a solution to P2¢. The righthand panel of figure I depicts the reformulation of P2{ as PZ. The
orientation of the ellipse shifts with the translation to the first quadrant, this corresponds to the
change from R{ to R¥*. The hollow dot in the right panel corresponds to (|[3§’C‘f§||, I[SE’COISI) whereas
the solid dot indicates the solution values (z5._;,z5.) for PZ.

As it transpires the solution to PZ is non-negative. In fact, if the constraint binds the solution

is to be found along the first quadrant simplex A(63):

A(67) = {(zic,hzic)lzic,] +25. = 0% and zpc—1 > 0 and zp. > O} (14)

We state this important result as:
Lemma 2: The solutions to PZ satisfy Z;c_1 > 0 and Z;. > 0, while for 85 < IB?CES]l + |[3?CLS|,
(/Z\ic—ﬂiic) €S.
Proof: See the appendix.

Now let’s take a graphical approach to the solution. Consider the objective function:

Q(25e—1 — IBS, 25 — B3], RE) (15)
for PZ. The lefthand panel of figure B shows the level curves for Q. At an interior solution for
(25._1,25.) the highest level curve that makes contact with the constraint will be tangent to A(67),
and so it will have the same slope, —1, as the simplex, several points at which the slope of a level

curve matches —1 are depicted in the lefthand panel of figure B. The level curve slopes are given by:

0
dZ;C _ 622(3,1 (16)
dzic—] %

Setting this slope to —1 and solving we recover the locus of points at which the level curves of

Q share the same slope as A(67), see the central panel of figure

25, = 1BV — IBSOY | + 25, (17)

Putting this formally, we have:
Lemma 3: The locus of points at which the level curves of Q share the same slope as A(6%) is given
by (I2).
Proof: See the appendix.



If the line (IX) intersects A(0%) we have a tangency solution for PZ, such a solution is depicted
in the righthand panel of figure [, where it corresponds to the solid dot whose coordinates are given

by:

0s + s,o_ls __|Rs,ols 0s + s,ols _| s,o_ls|
(Zic—bzic) — ( [ HSZC 1| ”320 | c |BZC | BZC 1 (18)

2 ’ 2

Figure 2: Left: Tangencies Center: Locus of Tangencies Right: Interior Solution

‘B§E01S| U
02 T

R

S
0 1p3Y

Figure 3: Solutions relative to 0

A tangency solution will only exist if the locus of tangencies intersects A(0F), and expression

(I2) tells us that this set of tangencies always corresponds to a line with slope 1 passing through



(|[32C,1|, |f52c|)- This tells us that that whenever (B 1,B2:) lie in the region of figure B that is

marked T, southeast of the line through (|B2c—1l,B2:]) = (0, 02) with slope equal to one:

Zyc = 0% + 22c1 (19)

northwest of the line with unit slope that passes through (|[3§’C°l?| l, |[3§’C°15|) = (0¢,0):

Zye = —0F + 2pc1 (20)

and northeast of the boundary 6% < \Bi’cols]l + |[3§;f’15|:

Zye = 0 — 22c1 (21)

we will have a tangency solution. We can express the conditions, that establish whether the least

squares estimates are in region T more compactly as:

| 1BS2Y ] — B3y 1| < 62 (22)

So whenever the LASSO constraint is binding and we satisfy condition (Z2) we will have a tangency
solution given by (I8).

In contrast, if IBE’C"lﬁ [, and IBE’COLSI lie outside region T in figure B, and so fail to satisfy condition
(22), then Lemma 3 implies we cannot have a tangency solution .

For the remaining solutions it is useful to refer to the following lemma:

Lemma 4: whenever 05 > 0
sign ((Q(6F — 1B52'31, —IB3"1, R) — QU—IB3L), 02 — B3I, RY) ) = sign (1852251 — 1B5™1)

Proof: See the appendix®.

Thus we have:

Corollary A: (5251, 185°%)) € U implies

Q(—IB525 1,05 — 1RSI, RE) > Q05 — B3N |, —IBSL "I, RY)

3Notice that the case in which 65 = 0 is trivial, as the only possible solution is (£2¢_1,22¢) = (0,0) in which case

distinctions among tangencies and various corner solutions are vacuous.



Proof: By the definition of U, (IBE’COLS]I IBS: ols|) ¢ U implies IB5: ols| IBEC"lﬁI +0 > |[3§>C°lsll, and so by
Lemma 4 we have Q(—IB32, 65 — B3], RY) > Q(65 — B3, ~|B5), RY).

Corollary B: (|B5$°%],IB5°Y]) € implies

Q(6F — 1B, —IB3 I, RE) > Q(—IB5Y, 8¢ — IBS2™I, R¢)

The proof of Corollary B is completely analogous.

Now let’s consider what happens when (I(Sj’c"lﬁl IB5; Olsl) lies outside of region T, so that we do not

have a tangency solution. If we have a (B;cols, B3 Ols) pair above the line (@), in the region marked

U in figure B, so that:

B3 —1BS 1 > 6 (23)

then by Lemma 2 we must have a solution in A(6), but we have just established that (I BEVCOIS] |y IB5:s -ols |) €
T is a necessary condition for a first quadrant tangency, so the only remaining alternatives are a
solution at the upper corner of the constraint set (0,07) and a solution at the righthand corner,

(6,0). Corollary A to Lemma 4 implies that the upper corner of the constraint set:

(B3, B3™) = (0,65) (24)

provides a better solution. Likewise, if (Biﬂs, B3 OIS) lie below (£0), in the region of figure B marked

R, so that:

IBSE™ ] — 1832 = 0 (25)

then Lemma 4 Corollary B betokens a solution at the right corner:

(z2c-1y22¢) = (G(S:)O) (26)

It remains for us to solve for 0. Given that the constraint is binding, which it will be when

A > 0, we will have (zp¢_1,22.) € A(6%), and we can reposit PZ as:

10



' . s,ols s,ols S
PZ": min Q (ZZCA - Hsz’cof] |y z2c — ‘BZEO B Rc*)
Z2¢—1y%2¢
subject to  zpc—1 + 22 = 63
Z2¢-1 >0

ZZCZO

Formulating the Lagrangian we have:

Z2c—1%2¢

min L =Q(z2e 1 — B35, z2c — IB3 ", RE) + A <22c1 + 23 — 9§> — M2c1Z2c—1 — M2cZ2e (27)

Now let’s consider the possible solutions.

Lemma 5: At an interior solution to (Z4) with with both zy. 1 > 0 and z;. > 0 we have:

A
1+ R

C

05 = 1B |+ 1B5CY] — (28)

Proof: See the Appendix.
Substituting from (Z8) into (Z2) and rearranging terms we have our conditions for a tangency

solution in terms of IBE’CO_Iﬁ l, |[3§'c°15|, and A:

A : L 1
R < ™ {515 ) 29

when (Z9) is satisfied we can substitute from (Z8) into (I&) to obtain our tangency solution:

A A
. s,ols| s,ols| __ -
(ZZC—1 ) ch) - <|BZC]| 2(] n R(S:*) ) ”32(: | 2(1 + Rg*)> (30)

The lefthand panel of figure B depicts the solutions when R$* > 0, while the right hand panel shows
the case of Ri* < 0. In each figure, the region marked T, for “tangency”, corresponds to condition
(Z9). Notice that for a given value of A this area is more extensive when R$* > 0, as shown in the

left panel, than it is for negatively correlated pairs of regressors, as depicted in the righthand panel.

Now suppose we have a corner solution with zp._1 > 0 but z;. = 0.

Lemma 6: At a corner solution to (E4) with with zy._; > 0 but z3. = 0 we have:

11



B3
|Bs,ols| ¢ u T
2c U A
2(T+R¢)
A T A
2 2
N z R
20+Rg)| 7 R
A A s,ols A A s,ols
ey 2 RS S e ]

Figure 4: Left: Solutions with Rg* > 0, Right: Solutions with RZ* < 0

A

0F = B3+ RIB™ — 5 (31)
Proof: See the Appendix.
Of course, this only works provided 6§ > 0, that is, if:
)\ *
5 < IBSES I+ REIBSC™ (32)
Substituting 65 from (B) into % > 0 we have:
L 2R (2 — B3N + 20— IBID + A
3220 = c \#2c 2¢—1 2c
* * )\
= 2RT(BRIG|+ REIBS T — 5 — B3] + 20— IB3™1) + A
= —2IB5ON| 4+ 2REABSOS + AT —REF) >0
that is, we need:
& > (1 * s,ols
2> (14 RIBY; (33)

Combining conditions (B2) and (B3), we have:

A
(14 ROIBSSI < 5 < B3+ REIBS™

The set of (|[3§’C(f§| l, IBE’COISI) pairs satisfying this condition corresponds to the region labeled R in

figure A. This region is larger when R$* < 0, as shown in the right hand panel, than it is when

12



the regressors are positively correlated—the bicoordinate descent LASSO update is more likely to
eliminate one of the coefficients at the update step when the correlation between the regressors is
negative.

Substituting from (B1l) into (Z8) we have:

. A
(e, 220) = (18521 + RE B35~ 3,0) (349)

Likewise, we have a solution at the top corner, with:

. A
(z2¢-1y22¢) = (0, B3V + R IBSSY | — 2) (35)
provided:
* s,ols A s,ols $*|nSs,0ls
(T+RYIPII < 5 < B3I+ REIBI

Notice that when R{* < 0 a wider range of parameter estimates results in one parameter, as
in regions R and U, or both coefficients, corresponding to region Z, being updated to zero, see the
righthand panel of figure 8, than in the case shown in the left panel, corresponding to R{* > 0. In
either case, with R$* # 0 at each pass through the data the bicoordinate descent algorithm allocates
slack across the variables more efficiently than does unicoordinate descent, while in the “knife’s edge”
situation of RY* = 0 unicoordinate and bicoordinate descent update identically conditional on the

remaining parameter estimates.

2.4 Comparison with Unicoordinate Descent

To illustrate the advantages bicoordinate descent affords, consider a typical update step using each of

unicoordinate descent, the strategy used by [[Thshirani (I99d), and [Friedman. Hastie and Tibshirani

(2000&), and bicoordinate descent. While each algorithm will take it’s own pathway to a global
solution to the LASSO problem, let’s consider a hypothetical update step for coefficient pair c:

{B2c—1, Bac} holding constant {Bj}j¢c—1,2c)- Let the LASSO constraint correspond to™:

Mw

IB;l <t
=1

4Both algorithms parameterize the constraint by setting the first order conditions equal to the Lagrange multiplier
A, but there is an isomorphism between A and t. Here we make the constraint explicit to clarify the advantages of

bicoordinate descent.

13



where k is the number of potential explanators in our model. Now define:

C=vie— ) By

j¢{2c—1,2c}
and let:

00 =t— Z I35

j¢{2c—1,2c}
while {Bgcf], B(Z)c} denote our starting values.
A unicoordinate algorithm will update as follows:

firstly choose Bﬁlcniﬁoord to solve:

N
. 2.
ming,., Z(V?c — Bac—1X2c-1,1 — BSexac;1)” subject to: [Bac1| < 00 — (RS

i=1

next, update the second coeflicient BE‘gﬁcoord as the solution to:

N
. 2
Pl : ming,, Z( — BEIGOT e g1 — BacXac,i)
i=1
subject to:
| | < 90 . | unicoord| 36
BZC > BZc—] ( )
The resulting sum of squares is:
N 2
RSSO(BET:%OOTd, BELCrucoord) — Z(Vgc o BELCTL_L%OOTdXZC_Li o Bﬁ?lcomdxk,i)
i=1

While any solution to P1,. must satisfy the constraint (B8). Substituting BE‘C”'ICO"rd for 3. we

are left with:

|BlzigllCOOTd| + |ﬁ2n1coord‘ < 90 (37)

In contrast, our bicoordinate descent algorithm will simultaneously update the coefficients to

(BYicoord ‘gbicoord) that solve:

z

2
PSimingg, g0 D (Ve — Bae-1X2e 1,0 — BacXaesi) (38)

i=1

subject to:

14



|BZC—]| =+ H32c| < 90 (39)

resulting in a residual sum of squares of:

RSSO(Bbwoord Bgécoord) _ Z( BbwoordXZC—],i _ Blzjgcoordngi)z

i=1
In particular, any other coefficient pair (B5,_;, B5.) that satisfy condition (BY) must give rise to

at least as high a sum of squares as the solution to P5, (Bbwoord ngcomd):

RSSO(Bbwoord ngcoord) < RSSO(Blchb B/ZC)

But from inequality (B4) we know that (Blzlg‘jﬁoord, Bﬁlg‘icoord) satisfy (BY), and hence:

RSSO(B‘Swoord Bblcoord) < RSSO(BunwOOTd Blzlnicoord)
c—1 c

For equal starting values, the sum of squares achieved by bicoordinate descent weakly dominates
the unicoordinate solution. This is the payoff for choosing the pairings for the explanators, and for
the trivial extra calculation involved in computing the bicoordinate updates. In Section B, we show
that in practice bicoordinate descent can substantially reduce the number of updates required for

each coefficient pair.

3 Computational Mechanics

The payoff to our algorithm is the speed with which it computes the LASSO estimates. While
bicoordinate descent provides savings in the number of passes to be taken through the data, we need
also to be abstemious in the computations required at each iteration. We highlight several areas in

which we have enhanced the efficiency of the algorithm.

3.1 Warm Starts

Firstly, the glmnet algorithm used by (Friedman, Hastie and Tibshirani, ZO0T0H) takes advantage of

“warm starts.” Their algorithm begins by identifying the smallest value for A that will still set all of
the coefficients equal to zero. Their algorithm descends from this value of A in a sequence of steps,
each of which takes its predecessor as the source of a starting value.

We emulate their approach. Let ry; be given by:

15



n
Tyj = 2 YiXji
i1

Now define:

A = 2max{ry; };;1

Next we choose a multiple € of Ay qx to define the smallest A value we will consider, Ajmin = €Amax-

Next we choose a number of “cross pieces”, M, for the trellis. Finally, we construct a “shrinkage

step”:
— (1 - €))\max
M
such that Amin = Amax — Mo. At each iteration we shrink A from it’s previous value: Ay, = Ajp_1 — 0.

We then start our calculations with lagged values for 6”550 of godww = B’_uasso =0. Our starting

value for round m € {1,..., M} of our descent to the next cross piece of the trellis is:

gm,start _ zgm—l,lasso . O.B’m—Z,lasso
m

At each iteration we then update the first and second lags of E . We find that these interpolated

“warm starts” provide more advantageous initial values than do the unalloyed elements of B’mq‘lasso.

3.2 Sufficient Statistics

Our algorithm calls for us to calculate (Bi’c"lﬁ, Bj’c"“) at each iteration step. While these calculations
depend on the status quo values for the coeflicients, they also rely on various cross products from
the data. We eschew recalculation of the latter.

Let 155 be defined analogously with 7 ;:

n
Ty = ij,ixj’,i
i=1
Notice that in this notation Re = 11 2.
To be comprehensive, let’s suppose there are k = 2k* + 1 explanators. The case of an even

number is yet easier. Now formulate the k x (k 4+ 1) matrix S, which we’ll use to keep track of the

moments in the data. For ¢ < k*, we’ll denote row 2¢ — 1 of S, as §5,_;. It’s elements are:
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—Tj2c—1 + T2¢,2¢—1Tj,2¢ ¢ {2c—1,2¢,k+1)

1— T%c,Zcfl
Sae-1,j = 0 j €{2c—1,2¢} (40)
Ty,2c—1 — T2¢,2¢-1Ty,2¢ J —k+1
1—13
2¢,2¢c—1

Likewise, the elements of row 2c of S, s}, are:

—Tj,zc1+ rzg,chm»zv‘ jE{2c—1,2¢,k+1}

— T2¢,2¢1
Sacj = 0 j€e{2c—1,2c} (41)
Ty,2c — T2(:,22(3711'1_4,2c71 ] —k+1
T =75 2
the k™ and final row of S, s}, is:
—Tik 1<j<k
Syj = 0 j=k (42)

ry,k j:k+1

Starting from the initial (k + 1) x 1 vector &%%°', where:

Byl j<2c-2

(st,c,ols _ 6571,015 2c4+1< j<k (43)
1 j=k+1
while:
Bjs,ols ] <k
O(jS’C’OlS — [S]SJLOIS J =k (44)
1 j=k+1
we update ([33’60_151, ﬁi’fls)i
%co_[s] _ —a/zc_16»(s,c,ols and B;,Cols — g*/zC&S,C,ols (45)
While:
Bi,ols _ g{{azs,k,ols (46)

We note that this algorithm yields the same results as reiterated solution of P§, a claim we

formalize as:
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Lemma 7: Given {B]?’Ols}jgzkz, {B]'S_]’Ols}chqgk}v and {yi,{xij};‘zl }?:], the left hand side values
of (B9) and (H8) correspond to solutions for P2% and P3%, respectively.
Proof: See the appendix.

&9 change, but S remains the same. For large

Notice that as we move toward a solution the
values of n this can represent a substantial computational saving. Hastie® describes using a similar
procedure, which he calls “covariance updating.” Indeed, we suspect that, adjusting for differences
in notation, the row of S that deals with the odd singleton variable in our framework coincides

exactly with the algorithmic artfulness described by Hastie.

3.3 Managing the Active Set

Another important source of computational speed is the management of the “active set” used in the
estimation. The idea is to restrict our attention to only variables that have a chance of surviving
the LASSO process, and for this we have a straightforward screening procedure.

Firstly we identify the explanator Xmax for which Tmaxy > 154Vj, this is our starting value Ayax
for A. Our “active set” of variables consists solely of Xmax. At A = Taxy the LASSO with xjmax as
our sole potential explanator will produce a coefficient of zero, just barely censoring Xmqx. We then
reduce A by successive increments.

Now suppose that corresponding to the current value of A we have an active set A, of variables
{XxJkea,, we have estimated the LASSO coefficients corresponding to A, and we are about to move
on to the next lower value, N = A — o, in our sequence. Before we move on, for each variable x; that

is excluded from the active set we calculate:

Ashadow . A»LASSO
b =1y5— ) TaB O

keAx
Notice that b]?‘smdow is equivalent to the j'* element of X’& where € is the vector of residual
values associated with A.

Next we check whether there are any variables in the complement of A, for which:

)\shadow

b

> A (47)

If there are any such variables, we add them to A,, and then repeat the calculations for the A

iteration. If there are no such variables, we then check whether for any variables outside of Aj:

®See http://web.stanford.edu/~hastie/TALKS/glmnet.pdf
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}\shudow
j

>N (48)
We then generate the active list for A’, A/, as the union of A, and the set of new variables that
satisfy condition (£8).

b;‘madow > A to the active list Ay corresponding to A.

Next, we add any variable x;« for which
These measures reduce the number of actual calculations needed to update the coefficients at
each iteration. In “wide” datasets with large numbers of explanatory variables this can represent

a substantial reduction in the computational burden. This approach to managing the active set

corresponds with the “strong rule” analyzed by [Thshirani et all (EOTH).

3.4 Bounding the Correlations

Even the calculations required to evaluate (E8) can become burdensome as the set of potential
explanators expands. We can delay, and in some cases entirely avoid, calculating some of the
correlations amongst the dormant variables by recycling the correlations we computed in the process
of establishing Amqx, which required us to calibrate the crossproducts of each column of X with .
Once we have the current round of coefficient estimates in hand, it is likewise straightforward to
calculate the crossproduct of the error vector € with §j. As it happens, these quantities convey some
information about the magnitudes of the correlations between €* the columns of X, which is to say,

about the b;\smdow.

Consider the following matrix of crossproducts involving 4, € and X, and arbitrary column of X:

2
sy SySeTey SyTxy
— 2
M = SySeTey Se SeTex (49)
SyTxy SeTex 1

We know that M is positive definite; all of our variables are centered, and the elements of X have
been normalized, so M is in fact a sample covariance matrix.
In particular, M will be positive definite if and only if the following matrix is also positive

definite®:

5Just pre and post multiply M by a diagonal matrix that contains é as the first diagonal entry, é as the second,

and one as the third element of the diagonal.
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Tey 1 Tex (50)

In particular, from positive definiteness of C we know that v, < 1, while det(C) > 0, that is:

— rﬁx + 2TeyTexTry + 1 — rﬁy — riy >0 (51)

Notice that Tex = 0 satisfies (B1l) only if:

oy ey <1 (52)

If the correlations of € and X with §j violate condition (B2), then their correlation with each
other cannot equal zero.
The roots of:
0% — (2reyTey)® — (1 — 12, —15,) =0 (53)

are:

(01,02) = (TeyTxy — \/1 —rgy\/l — riy,reyrxy + \/1 —rgy\/l —riy) (54)

Notice that these roots straddle the origin when we satisfy inequality b2, whereas the are both
of the same sign when the inequality is reversed.

In any case, positive definiteness of C tells us that re, must take on a value between min{6;, 0}
and max{61,0,}. Moreover, the roots to (B3) will always lie on [—1,1]. In fact, when r¢y = Ty the
roots are {—1, 1}, while otherwise our roots, and 1y are guaranteed to lie on the interior of (—1,1).

So, in particular, for the gradient check at step k we compare s rex with Ax_7, adding X to the

active set if:

2Se|Tex] < Ak—g (55)

whereas we otherwise omit it from the current round of calculations.
Of course, evaluating (B3) entails calculating r.x. But we can obviate the calculation of this

correlation when we satisfy:
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Zse(|reyrxy| + \/1 \/1 - 1‘2 < A1 (56)

When condition (BA) is met we can exploit the fact that rey is bounded by the roots, so that:

Irex| < (|Teyrxg| + \/] \/1 — T2

and hence we know 1y will satisfy condition (B3) without having to calculate it.
At each iteration of the LASSO our algorithm tallies the vector of residuals €, and then calculates

a fresh value ey, but this allows us to eschew the computation of any rex that satisfies (Bf).

3.5 Analytical inflection points and the Active Set

All of the preceding computational procedures are easily adapted to cases in which some of the
variables are exempted from the LASSO, as might arise when one knows that a certain list of
variables from a “reference model” need to be included in the specification. However, when the
entire complement of variables are subject to the LASSO, we have one more computational arrow in
our quiver—we can solve for the first two inflection points after Amqx at very low computation cost,
bringing analytical formulas to bear. This enables us to jump quickly through the initial portion of
the LASSO trellis, providing another substantial boost to the speed of our algorithm. These first
two steps are tantamount to the initial updates used by the LARS algorithm of [Efron-efall (2004).
The LARS algorithm entails inverting a cascade of increasingly large matrices, but our first two

steps involve no matrices larger than 2 x 2.

3.5.1 The First Jump

On the interval between A™® and the smallest A value, Agigekick, that leaves but one nonzero LASSO

coefficient we know that the coefficient for the nonzero LASSO coeflicient is a linear function of A:

Bmax = Sign(rmax,y) (|rmax,y| - %) = Qmax T CmaxA

1 .-
where Qmax = Tmax,y and Cmax = —351gN(Tmax,y)-
Over the same interval, the remaining OLS coefficients, conditional on Pqx, are themselves

linear in Bmax:

Bj =Ty — Tmax,j Bmax
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and hence they are also linear in A:

Bj = (Tj,y — Tmax,j Qmax) + Tmax,j CmaxA = a; + Cj7\

— . L — Lo .
where a; = Tjy — Tmax,jTmax,y and ¢j = 381gN(Tmaxy)Tmax,j-

Every variable except xmqx will satisfy the following condition for A € (Agigekicks Amax):

—7\<Cl]'+Cj7\<7\

Now let:
A= and Ay = )
—Cj b T+
while:
Aj = )
7\]._ if ¢ < 0

and Af = max{A;, 0}.
It follows that:

Asidekick = Maxj{A; tizmax

If we let Xgigekick denote the variable associated with this maximum value we see that at Agigekick

we have:

LASSO
max  — Qmax + Cmax}\sidekick

while all the other beta values are equal to zero. We’ll denote the active set of coefficients as

Alsidexick - After the first jump AMsidekick consists of {sidekick, max].

3.5.2 The Second Jump

Now let’s consider what happens for A € (Anext, Asidekick), where Apext corresponds to the next
inflection point after Agigexick- Let (Qmax, Rsidekick) denote the coefficients from an OLS regression
of Yy on Xmax and Xgigekick- Along this interval we will have an interior solution for the LASSO

coefficients corresponding to Xmax and Xsidekick, which will thus be linear functions of A:
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sign(Rsidekick) N

LASSO
1+ Tmax,sidekick)

A and o georick = Qsidekick — 5]

LASSO _ 4 sign(Q®max)

Xmax = Kmax —
2(1 + Timax,sidekick)
while the conditional least squares estimator for each of the remaining coefficients is linear in ok3550

LASSO .
and Xg{gerick:

_ 4LASSO

o LASSO
Bj = Tyj max  1jymax — KsidekickVj,sidekick

Substituting from our expressions for the two active coeflicients this becomes:

n ~
[3]' =aj+ Cj)\
where:
4j = Tyj — RmaxTj,max — RsidekickTj,sidekick

and:

G SigN(Rmax ) Tj,max + SIGN(Rsidekick )Ty, sidekick
;=
2(1 + rmax,sidekick)

We now proceed in parallel with the first update, every variable except Xmax and Xsigekick Wwill

satisfy the following condition for A € (Anext, Asidekick):

A< qG+GA<A

Now let:
AF = I AT = —4;
; 3 and A; T+¢
_ )\]+ if Cj >0
Aj=1< .
}\]_ if ¢ < 0

and 7\;‘ = max{A;, 0}.
It follows that:

3 *
Anext = man{Aj }jg{max,sidekick}
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If we let xnext denote the variable associated with this maximum value we see that at Apext we

have:
LASSO _ 4 Lan(& Anext
“mux - max Slgn( max)z(] T deki k)
max,siaekic
LASSO . Anext
Kgidekick = Rsidekick — SN (Rsidekick)

2 (] + T‘max,sideku:k)

while all the other beta values are equal to zero?. Notice that AMext = [next, sidekick, max}.

4 Comparative Timing

Our algorithm is still at the developmental stage, and in the hands of professional programmers we

do not doubt that our procedure will execute even more rapidly than it does. However, we do want

to provide the reader with an idea of the efficacy of our code so we here present some benchmarks

relative to the unicoordinate descent glmnet algorithm, using a variety of datasets that vary in size,

and in the severity of the collinearity observed among their component variables.

Data First Third

Passes Min. Quintile Mean Median Quintile Max.
DIABETES | Diabetes data from Efronetall (P004)
Bicoord. 215 | 412.044 427.4355 461.4442 452.783 478.276 1062.181
glmnet 1164 | 1839.346 1883.3175 | 2040.9046 | 1921.353 1975.819 7571.260
RED Wine quality data (red varietals) from Carfez et all (PI09)
Bicoord. 121 15.82811 17.01458 18.62527 17.43571 18.32009 45.96997
glmnet 342 60.78047 62.07158 65.92969 62.99484 66.20146 | 125.62298
SOIL Soil Quality data from Bondell and Smith (P2003)
Bicoord. 245 43.91919 45.29539 46.01222 45.85828 46.47594 49.01433
glmnet 647 | 138.48964 | 143.93945 | 146.69634 | 144.66505 | 145.93290 | 173.56228
WHITE Wine quality data (white varietals) from Corfez et all (P0Id)
Bicoord. 253 51.66146 52.67688 53.69331 53.02394 53.33742 82.76253
glmnet 520 | 100.26352 | 102.47824 | 104.02415 | 102.89359 | 103.92719 | 131.41892

Table 1: Speed Comparisons between Bicoordinate Decent and glmnet: Results are from

100 trials. Units are in milliseconds.

"In the very unlikely event that Anext < Adrop = 251gM(&max)(1 + Tmax,sidekick)&max We instead stop at Adrop, at

which point the “max” variable goes dormant, and we repeat the second jump using sidekick in place of max, and

Adrop instead of Agidekick-
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Figure 5: Sample Characteristics and Relative Convergence Speed: Simulation is based on
a set of randomly generated datasets with varying number of observations (N) and covariates (K).
The shaded region in gray color corresponds to the size of input matrix (N x K) where bcd is faster
than glmnet.

Results of several time trials appear in Table . We used the microbenchmark package in R
for the speed tests, with 100 trials. The first column counts complete “passes” through the data,
with each pass corresponding to a full set of parameter updates. Notice that this count is not an
accounting artifact of bicoordinate descent updating parameters two at a time. If we have twenty
parameters in our model, one data pass by bicoordinate descent consists of updating each of the
ten pairs of parameters, whereas one data pass for unicoordinate descent involves twenty single
parameter updates, either way twenty parameters are updated, and either way we count but a single
pass through the data. Managing the active set also leaves our accounting for iterations unaffected,
if we have twenty parameters with six active and fourteen dormant, then one round of updates to
the six active parameters counts as a full “data pass.”

We observe a dramatic reduction in data passes moving from glmnet to bicoordinate descent,
and a comparable reduction in the time required to conduct the calculations, with the bicoordinate
algorithm working between two and three and a half times as fast. We note that this speed advantage
comes despite the extra “overhead” costs of bicoordinate descent, which recalibrates the parameter
matches every time a new parameter enters the active set.

In general, for a given number of explanators there is a critical sample size above which bicoor-

dinate descent achieves results faster than glmnet.
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5 Extensions

In this section we present some results for the probit model, while we defer analytical results to
Appendix B. We note that while the probit model is of considerable interest in its own right as
an alternative to the logit, probits are also widely used in dealing with the censoring and sample

selection issues that can arise in a regression context.

5.1 Extension to the Probit

It is straightforward to extend the bicoordinate descent algorithm to encompass the probit model

(BIsd, MI34), the nonlinear nature of that framework notwithstanding. To do so we exploit the EM

algorithm of Dempster, Laird and Rubiy (TI72), which allows us to convert a curvilinear maximum

likelihood problem into an syncopated sequence of “e-steps” and regression like “m-steps” each of
which lends itself to an unvarnished application of our LASSO algorithm. The applicability of the
EM algorithm to probit models was noticed by McCullocH (ITII9), who observes that the “working
probits” method of (I52), which applies an iterative weighted least squares algorithm,
converges more rapidly. However, for our purposes the straightforward interface between the m-step
and bicoordinate descent renders the EM process a natural artifice. We are not the first to advocate
the use of an EM algorithm to sparsify a probit model. (POI3) shows how to apply the EM
algorithm as part of a Maximum A Posteriori estimation of a Bayesian probit model with Laplacian
priors that closely resembles the LASSO. We note that glmnet contains a very efficient logit feature,
but does not include a probit module. Extension of bicoordinate descent to a logit setting is also
possible, but it entails the use of a weighted least squares algorithm, and a consequent increment to

the complexity of the algorithm described in the next section.

5.2 The Model

We now seek to solve:

k

n
méxelnCD((Zéi —1)%f) subject to Y [Bj| < T (57)
i=1 j=T

where §; € {0, 1} is the dichotomous dependent variable for the probit.

We'll do this using the EM algorithm of [Dempster, Laird and Rubin ([I74). First, let’s consider

the E-step.
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5.2.1 The E-step

First of all, let’s define p = %Z{; 0; as the sample mean of 6. We can start out estimating the

latent dependent variable, z{, as:

o~ '(p) if & =1
T1—p) ifd =0
More generally, if we inherit a set of estimates {zis_]} from the preceding iteration, s — 1, of the

algorithm, along with estimates {B;*]’LASSO}}‘:“ for {[Sj}}‘:1, we can start from:

Z‘L_XB_el

where €; ~ N(0,1). This framework tells us the probability 8; = 1 is equal to the probability that

e < 7?{[3', which is to say q)({{{ﬁ) If we take expectations we have:

b (XB)
@ ((28; — 1)X.(3)

To align with our LASSO framework we want to set the mean of our latent dependent variable z

E{zil61) = X\ — E{eildy, XiB} = Xif + (261 — 1) (58)

equal to zero at each iteration. This means that for a given {ZS ]}“ ; we calculate the mean z%. We

then generate an estimate for {z{}l* ;:

d(z¢ +XB)

2. (0] — 2$,LASSO 285, —1
B(E) =2 R 2 R

(59)

We now calculate the mean of the resulting values for 2;, call this z°. We repeat the steps with

z® in place of z* until the resulting sequence of means converges to z°. We then subtract this mean

from the expression in (B9) to obtain the latent dependent variable for the M-step z? = 2;(z°) — z°.

5.2.2 The M-step

We now apply the next stage of the bicoordinate descent algorithm using z{ as our dependent variable
in place of y;. B

$(z* +x{B)
@ ((26; — 1)[ze +XB))
lookup tables, and otherwise applying the computational expedients we employ with the regular

To speed the process we evaluate the inverse Mills ratios (26; — 1) using

bicoordinate descent algorithm®. One artifice from our least squares toolkit that does not translate

8We have a version of the LASSOed probit software adapted to encompass settings in which only some of the

variables are to be LASSOed.
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to the LASSOed probit is the application of two LARS like steps at the start of the algorithm.

6 Discussion

Given the advantages offered by exploitation of the correlations among the explanators, why should
one stop at bicoordinate descent? Why not coordinate across even more variables at each step?
Indeed, when the design matrix is of full rank the standard formula for calculating regression coeffi-
cients converges in but a single step. However, with a large number of explanators the constraint set
of the LASSO becomes a high dimensional polytope with myriad corners, edges, and faces to check
for possible solutions. Also, of course, the matrix inversion problem can be computationally intense
when the design matrix is of full rank but large, while it becomes impossible when the matrix is
nonsingular, as it is guaranteed to be for a sufficiently large number of explanators.

The huge appeal of one at a time coordinate wise descent is its robustness to the rank of the
design matrix. Tibshirani’s soft thresholding vastly streamlines the updating process, and it relies
on the convenient result that the signs of the LASSO coefficient updates will never be opposite those
of the signs of the unconstrained coordinate wise regression update steps.

The analogy to this “no sign reversal” condition in our formulation is that our pairwise LASSO
updates are guaranteed to remain in the closure of the same quadrant as the pairwise conditional
regression coefficient updates. The cost of moving to bicoordinate descent is that it will only work
for pairs of explanatory variables that are not perfectly correlated. But this is a scant price to pay,
as the analyst has a variety of options; our solution is simply to drop one element one each perfectly
correlated pair of variables from the specification. Alternatively, one could simply rematch the
perfectly correlated pairs with other variables, or one could apply ordinary coordinate wise descent
to the offending pairs.

Could this approach be extended to encompass tricoordinate descent? Perhaps, but the very
convenient result that the LASSO updates will always be found in the same quadrants as the uncon-
strained updates does not generalize. In his figure 3a, [Thshirani (T99A) p.271 shows that with three
variables the LASSO coefficients may constitute interior solutions in a different quadrant than the
conditional regression coefficients. An interesting subject for ongoing research is to identify whether
there are conditions on the correlations among triples of variables that guarantee that the LASSO
updates will be contained in the same octant as the least squares coefficient update steps.

Adapting bicoordinate descent to a weighted least squares setting is a subject of our ongoing

research. In a weighted least squares setting the LASSOed coefficients are no longer guaranteed
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to inhabit the same quadrant as the conditional regression coefficients, however, we show that it
is still possible to generate closed form solutions for the pairwise LASSO updates. As a practical
matter, most of these do remain in the same quadrant as the conditional regression coefficients. The
weighted least squares extension permits analysts to apply the bicoordinate descent algorithm to

logit models, as well as to other nonlinear models, such as those involving duration data.

7 Conclusion

We develop a bicoordinate descent algorithm for the LASSO. When the explanatory variables of a
regression model are correlated our algorithm takes a more efficient path toward the solution, while
it entails only a trivial amount of extra calculation as compared with the standard unicoordinate

descent approach. We compare the speediness of our algorithm with that of the state of the art

glmnet algorithm of [Friedman, Hastie and Tibshiranj (2000A). We also adapt the bicoordinate

descent approach to encompass an application of the LASSO to the probit. In addition, we show

how to adapt bicoordinate descent for weighted least squares estimators.
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Appendix A

Proof of Lemma 1
Proof.
RSSe (Bae—1y Bacl{ Vier Xi2e—1, Xi2¢ }1;)

i 2
= > (Vfc — B2c-1Xi2c-1 — BZCXi,ZC)
i
. 2
ol 1 1 1
= Z(Vfc — BISxXi2e-1 — By Xige — (B2e—1 — BI1)Xi2e1 — (B2e — B3 S)Xi,2c>
n

i=1

(.

i=1

+2(vi, — B3 xi2e-1 — B3 xi2¢) ((Bae—1 — BS2Y )xi2e-1 + (B2c — BS; Ols)xi,z(:)

2
—((B2e—1 — B3 X401 + (Bac — BS; Ols)xi,ZC) )

n
2
= Z(Vfc - Bic ls]Xl 2c—1 — Bs OISXI,ZC)
-
n
+2(Bac—1 — B: 018)<Z( — B3 xize 1 — B Xi,Zc)Xi,Zcf1)
i

n

+2(B2e — B3") <Z( — B X201 — Bz’cOlin,Zc)Xi,Zc>
i1
n

Z((Bzc 1= B )xi2e—1 + (Bac — B, Ols)Xi,zc)z

i=1

but the least squares estimates are chosen to guarantee that:

n n

L L 1 1
Z(Visc - Bico s]xl 2c—1 — BS Y SXl,Zc)Xi,Zc—1 =0 and Z(Vfc - B;co S]Xl 2c—1 — BS Y SXl,ZC)Xi,Zc =0

i=1 i=1

so our expression simplifies to:

RSS. (BZC—] ) BZC| {Vfc» Xi,2¢—1) Xi,2¢ }n )

n

2
= > (vi— BEMxi e 1= B3 xic)” +Z (Be—1 — B2 )Xi2e—1 + (Bae — BSY IS)Xi,Zc)

i=1 i=1
= SseO + Q BZC 1— Bico S]a BZC Bs ols )
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Proof of Lemma 2

Proof. When the constraint is not binding, the result is trivial and the OLS and LASSO estimates
coincide, whereas if 05 = 0 then the result again holds trivially, as the LASSO estimates must both

equal zero. Now consider what happens when 0 < 85 < [B$2%| 4 [B5°Y|. Any pair Zo = (z2¢—1, 22c)

such that zpc1 4 zpc = < 0% is dominated by Z' = (2.1 + %%“,ch + eg;(x):

Figure 6: The unit simplex dominates the constraint set.

Qz2e1 + 557 = IBSl 220 + 55 = IBE L RE") — Qz2e1 — B35 22 — BRI, RY)
1R\ (5 IPYC == T RSN ([ ze1 — RO

R 1)\ 8 202 R 1)\ 2 - ppsen

= 204 RE) (%) 4 204 R (57 fzaer + 220 — BY 183}

< (14RO — ) { %% + o — 67}

s 2
= R

< 0

Thus the only portion of the constraint that is not dominated according to this argument is the

line segment A(0%):
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A(02) ={(z1,22)lz1 2 0,22 2 0,21 + 25 = 0} (60)

hence the solution to PZ: (Z3._1,22.) € A(67).

Finally we need to check that if zyc_1 + z2c = &« < 6 is inside the constraint set, then so is

(zoe1 + eC;a,ZZC + BC;X). The constraint |zc—1| + [z2¢] < 0% can be rewritten as: C1 : —05 <

Zae 1+ 22¢ < 03 and C2: —05 < 2y 1 — zpc < 0. The pair (zac 1 + %55, 25 + %5%) satisfy C1 by

— (z2¢ + GC;(X) = Zpc_1 — Zy¢ so that if —92 < Zpem1 — 22 < 0F it

construction, while

follows that 85 < zpe 1 + 25% — (250 + 2%5%) < 68

Proof of Lemma 3

Proof. Differentiating our expression for Q, (IH), we have:

0 o dzaer — 1Bzl + 2R (22 — IBac)  amd 22 — 2(zpc — 1Bacl) + 2R (221 — IB2c)

0z2¢ 1 0z
substituting into (I8) this yields:
dzpe _  2(zae1 — IBac1l) + 2Re" (22 — [Bacl)
dzc 2(z2c — |Bacl) + 2R¥* (z2¢—1 — [B2c—1l)

(zac—1 = [B2c—11) + R (z2c — [Bacl)
(z2c — IB2¢l) + RE*(z2c—1 — IB2e—11)

]
Proof of Lemma 4
Proof. Substituting from (I2) we have:
Q05 — IBS2S |, —IB3™|, RY)
RS* ”35 ols|
= (Gi _ “532:07151 |) ”33 olsD c 2c
Ri* 1 ”53 ols|
1 Rs* H-)’S ols
* C
= —205(IB5CY |+ RSBSOS + <9i2 + (—IB3S 1, —IB52™) > (61)
Ri* 1 “3; ols|
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likewise:

Q(—IB32%, 8% — B3I, R¢))

1 z* |Bsols
— (IBsl, 0 -85 | 1
R 1 6 — B3
1 R(S:* Hssols
= 205 (REIBSESI+ RS + [ 052 + (—IBS2S1, —IBSC™) (62)
Rs* 1 _|Bs,ols|
c 2c

Calculating the difference between (BIl) and (B2) we have:

Q(6F — IBS 1, —IB3 ™I, RE) — Q1B 83 — B3I, R¢))
— 29z<(|ﬁi,colsl| + RS*|[55 ,ols ) o (Ri*(|B§EOISl| + ”55 ,ols )))

= 205(1 — R (IBS2"] — 1BS2K))

However [R$*| < 1; recall that our data contain no perfectly correlated pairs. Likewise 65 > O by

assumption, and so 203 (1 — R$*) > 0, hence we have:

sign(Q(ei—IBS’c"_lS]I, —IB3Y1, RE) — Q(—IB32% 1, 85 — IBS"“,R*)))

= sign(IB5"| —1B5Y )

Proof of Lemma 5

Proof. Considering cases for which A > 0, at an interior solution the non-negativity constraints are

not binding, so that py._1 = puy = 0. Differentiating (Z4) with respect to zy¢_1, z2¢, and A we have:

oL s,ols

3 = 2(zac—1 — IBSS)) + 2Re(z2c — IBSES) +A =0
Z2c—1
oL
3 = 2Rc(zac — BSOS ) + 2(z2c-1 — IBSOS) +A =0
Z)c
oL
3 = A1tz 62 =0 (63)

If we add the first two equations:
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2(1 +Re)(z2e-1 — IBSN) +2(1 + Re)(zae — B3 +2A = 0

rearranging terms this becomes:

2(1 4 R)(22c1 + 22¢) — 2(1 + R)IBSS | = 2(1 + Re)IBSS| +2A = 0 (64)

now substitute from % =0 to obtain:

2(1+Re)0E —2(1 4+ Re)IBSES | — 2(1 + Re)IBSS| +2A =0 (65)

solving for 65 we have:

A
s — s,ols s,ols|
c |[32c—1|+“32c | 1 +Rc
O
Proof of Lemma 6
Proof. Turning to our first order conditions for (Z4) we require:
o 2z —IBIS) + 2RO — B + A =0
022e 1 = 2c—1 2¢—1 c 2c =
oL
I = e +0—-0;=0 (66)
Substituting zp.—1 from the third expression into the first and solving for 6¢ yields:
s s,ols sx|ns,0ls A
02 = B33+ REIBSE™ — >
O
Proof of Lemma 7
Proof. Start with the update for ([33’0"_15], Bi’c‘ﬂs). We solve:
= 2
minﬁzc—] ‘BEC Z (yl - Z Xj’iﬁjsyOls - Z deﬁjs_])(ﬂs - ch_])l[‘));cf] - XZC,iBEC)
i=1 j<2c—2 j>2c+1

This leads to the following first order conditions:

35



n
1 10l
—22 (yi — E iR — E Xj,iB5 0 = Xae1,iBre 1 — X2¢,iB3c)X2c-1i = O
i

j<2c—2 j>2c+1

n
1 1ol
2> (yi— D> Bt — Y x5BT = X2e1iB3e 1 — X20,iB3c) X2 = O
i

j<2c—2 j>2c+1

Using our newly developed notation we can rewrite these conditions as:

1 1ol
“2ryze1— ) T2 aBP = D miae By = Biy —Tac12eB3) = O

j<2c—-2 j>2c+1
—2(1‘ _ T Bs,ols_ T Bs—],ols__r B* _B*) - 0
y,2c jr2e Pj j2e D5 2c—1,2¢P2¢—~1 2c) =
§<2c—2 §>2c+1
That is:
L s—1,0ls
1 . B Tyse—1— D TPyt — X TPy
2c—1,2¢ 21| j<2c—2 j>2c+1
1l s—1,0ls
T2e—12¢ 1 B3 Tyze— 2 TRt — 2 myaeBT
j<2c—2 j>2c+1
This simplifies to:
s,ols s—1,0ls
B* 1 1 —r Ty,Zc—] - Z T],Zc—] B)” - Z T],Zc—] B) ’
21| 2c-1,2¢ j<2c—2 j>2c+1
- 2
— 1 s—1,0ls
B3 T =720 \ =120 12 1 Tyze — 2 TRt = 2 mjaeB
j<2c-2 j>2c+1

o ~S,C,0ls
$2c1%77

g*lz . &s,c,ols
But this is simply (EH). Similar, and even more straightforward calculations show that (E8) corre-

sponds to the solution for P3;.

O]

Proof of Lemma 8: Starting with a > ¢, which we have by assumption, we see that a—b > c—b,
and so, provided ¢ > b, we divide by ¢ — b to obtain the left inequality in (pothsteep). Similarly,
a > ¢ implies a+b > ¢+ b, and so, provided b < ¢, we can divide both sides by —(c + b) to obtain
the right inequality of (b p). O

Proof of Lemma 9: Starting with b < —c, expression (bhoumded) tells us that a +b > 0, while

by assumption a > ¢, hence we have:
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ac — b’ > b’ —ac
ac + (bc — ab) — b2 > b% + (bc — ab) — ac

(a+b)(c—b)>—(c+b)la—D)

—b
a+b>—(c+b)2
c—b
a+b a—b
— >
( c+b ) ( c—Db )
which corresponds to the righthand inequality in (pTus eepet). Moreover, given that a > ¢ while

b < 0 we also know that 0 < ¢ —b < a—b, dividing by ¢ —b > 0 gives us the lefthand inequality in
(pTusd5Steepen). O

Proof of Lemma 10: Starting with ¢ < b, we have:

b2 — ac < ac — b?
b2 + (ba —be) — ac < ac + (ba — be) — b?

—(c—=b)la+b)< (c+b)la—D)

a—Db
—(a+b)>(c+b)——
c—b

a+b a—b>b

_(c—i-b) ~ (c—b)

which corresponds to (minus4bSteeper). Moreover, given that a > ¢ while b > 0 we also know

that 0 <c+b<a+bandso —%2 <—1. O

Appendix B: Extension to Weighted Least Squares

To this point we have examined the bicoordinate solution to cases of ordinary least squares. Our
extension to the probit model first transformed the problem via the EM algorithm into a sequence
of m-steps, each of which was tantamount to estimating a least squares regression. Now we consider
the more general case in which we confront a weighted least squares problem, this encompasses the
solution developed in the preceding sections as an important special case. Weighted least squares
leads to different weights on each observation, and these differences in turn lead to different weights
on the first order conditions for different coefficients. This complicates the solution, but does not

render it intractable.
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Formulation

Now we generalize problem P2¥. Suppose we seek a solution to the following problem:

mjn(g — E)’I(E — 6) subject to Iblh < T (solveOriginal)
b
with T > 0 while:
- b .
f= ") anag= P (67)
b, 2

where ||6||1 = |by| + |by] is the 1l; norm and

T = (68)
Ly In

is a symmetric, positive definite matrix. When the diagonal terms of I are identical, this configuration
coincides with the quadratic form in expression (I[2), where Ij7 =12 =1 and Iy, = Ip; = R¥™.
For convenience, rather than focusing on it is preferable to work with the following

“canonical” problem:

min f(x,y) subject to [x|+ [yl < T (solveQuad)
XY
where T > 0 and:
f(x,y) = (Z—20)'Q(Z — o) (69)
while:
. X . X0
zZ= and zy = (70)
Y Yo

with Q a symmetric, positive definite matrix:
Q= (Qdef)
b
Notice that positive definiteness of Q implies that

ac—b%>0 (71)
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Likewise, for the canonical problem we require:

x0>0yo>0xo+yo>Ta>c>0 (72)

We form the link between (folveQuad) and (solveOriginal) as follows. Let’s define the matrices

sign(p1) 0
0 sign(p2)

and T:

O(Ipp < Iyp) 8(Iny < Ip2)
d(Iny < I2) 8(Ip < Ity)

T=

where 0 is the Dirac function: 6(TRUE) =1 and 6(FALSE) = 0.
Notice that (ST)™" =TS, so we can rewrite (folveOriginal) as follows:

min(b — B)'STISZSTTS(b — ) subject to [by] + byl < T
b

Next, if we let Q = TSZST, while Z = TSb and Zy = TSby we have [by| + [bs| = [x| + [y, and so
our problem coincides with (folveQuad). To be sedulously clear, if we start with (solveOriginal),

we can reach the corresponding version of (folveQuad) by setting b = sign(f1) x sign(fz) x Lz,
while if I > Iy, then xo = sign(B1)B1, yo = sign(Pz2)P2, a = Ij; and ¢ = Iy, whereas if 117 < Ix
then xo = sign(B2)B2, yo = sign(B1)P1, a =12 and ¢ = Iy;.

Notice that once we have solved (solveQuad) to obtain (x,y) we can go back to the solution for

(solveOriginal); (by, by) using the transformation b = STZ. In more excruciating detail, if Iy < Iy

we have by = sign(f31)x, and b, = sign(f;)y, while if I;; < I, we have by = sign(f1)y, and
by = sign(pz)x.
Preliminaries

Along the isoquant f(x,y) = k we have:

dy
0x

_ _(a(X—Xo) +b(y —yo)>
= b(x —x0) + c(y — yo)

for any point (x,y) at which the isoquant of f has a slope of —1 we have:

39



a—b>b

0
‘E&k:‘4‘4(y*UM:(C_b

0x

) (x —xo)

the lefthand panel of figure [@ shows several such points, the open circle corresponds to (xg,Yyo). In
fact, the set of all points at which the isoquant of f has a slope of —1 forms a straight line:

a—b>b a—b

y= (yo - (C_b)xO> + ()X (minus45)

see the central panel of figure @ where (IInisdd) corresponds to the line labeled t—. This line is of
some practical use: if there is a tangency between an isoquant of f and the first quadrant constraint
it will occur at the intersection of the line (imirsd3) with the first quadrant edge of the LASSO
constraint, the line segment on which x € [0,T] and y = T — x. This outcome is depicted in the
righthand panel of figure @. Conversely, if (minisdd) fails to intersect the northeast edge of the

LASSO constraint, then there will not be a first quadrant tangency.

y y — Y -

0

Figure 7: Right: Tangencies Center: lmmusdd Left: Interior Solution

We can likewise construct the set of points at which the the isolevels of f have slope 1:

0 a+b
=1 = (y—yo) = () (x—x0)
which comprise the following line:
a+b a+b
— — lus45
u= (v () ~ (g (st
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We shall see that if (plusdy) intersects the second quadrant edge of the LASSO constant, then

we will have an interior solution in the second quadrant.

Some Useful Results

Notice that the slope of (plusdy) is guaranteed to be negative unless —a < b < —c. In contrast,
(lminisdy) slopes upwards unless ¢ < b < a.
However, because by (1), we have |b| < v/ac where y/ac denotes the positive square root of ac.

So —b < y/ac, but the geometric mean is less than the arithmetic mean, hence:

—b<Vac < GT“ <a (bbounded)

and so it follows that (plus43) will not slope upwards unless:

c<—b (notQla)

In contrast, we know that (lminirsdd) will have a positive slope unless:

c<b (notQ1b)

For future reference, let’s consolidate these claims as:
Lemma 8: Provided that |b| < ¢, the line (minis43d) slopes upward, with a slope in excess of 1,

while (pTus4d) does not, exhibiting a slope more negative than —1:

a—b
c—b

a+b
)

]<( c+b

) and — ( < -1 (bothsteep)

Likewise, we have:

Lemma 9: If b < —c the (phus43) line slopes upward more steeply than (minis4d):

a—>b a+b
1< (c—b) <_(c+b

Lemma 10: If instead ¢ < b the (minisdd) line slopes downward more steeply than (plusd3):

) (plus45Steeper)

o)

< -1 (minus45Steeper)
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Solutions

Solutions to (solveQuad) divide into several categories, and we organize them relative to the value

of b. Let’s consider them in turn.

b<—c

Conditional on (xg,Yyo) the solution to the LASSO problem will be unique provided Q has full rank,
but when we have an extremely low value? of b there are no fewer than five potential and qualitatively
different forms this solution might take on. The set of (xp,yo) values leading to each solution type
are depicted in the right panel of figure [, these include two interior solutions, the OLS estimates
leading to LASSO estimates in first the first quadrant are marked 1Q1, while those corresponding to
a second quadrant interior solution are denoted IQ2. The set of values leading to a corner solution
at (T,0) are labeled R, another set, marked T leads to a LASSO solution at (0, T), while the set
of (x0,yo) corresponding to the region labeled L correspond to a LASSO outcome at (—T,0). Let’s

work through these cases one at a time.

Y + Y
T _ w
x
IQ1
R
/Q/ X X
Figure 8: A Right Corner Solution A First Quadrant Interior Solution

9Notice that these cases can only arise when ¢ < a, for if they have the same magnitude ¢ < b would violate the

positive definiteness condition for Q.
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A Solution at (T,0)

With b < —c we will have a corner solution at (T,0) when (xo,yo), denoted by a small open circle

in the left panel of figure B, is to the right of the line (alphd):

—b
Y= (x=T) (alpha)
Notice that (jalphd), labeled « in figure B, passes through (T,0) with slope ‘éf_g.
Algebraically, we can express (xo,Yo) being to the right of (lalphd]) as:
—-b
Yo < 2_ 5 X0 —T) (rightB)

The region to the right of the « line is labeled R in the figure, the set of all possible tangencies
between level curves of f and the first quadrant portion of the LASSO constraint comprise the line

(Fnimisdn):

y=T—xwith0<x<T (Quadl)

denoted in figure B by the line T—. Because T~ is parallel to «, it never intersects the constraint
diamond for the LASSO, precluding a first quadrant tangency.

The set of potential second and fourth quadrant tangencies, corresponding to expression (plus43),
constitute the line T". This line also passes through (xg,yo), and by Lemma 9 it is even more steeply
sloped than T, so it also misses the LASSO constraint diamond.

Thus we have no interior solution. Amongst the possible corner solutions, and for any (xo,yo)
pair in region R, the right corner minimizes the loss of meeting the LASSO constraint; the ellipse
centered on (xp,Yo) that just grazes (T,0) represents the lowest attainable loss relative to OLS for

any estimator in the LASSO diamond.

An Interior Solution in the First Quadrant

With b < —c we will have a tangency in the first quadrant provided also that the line defined in

(Iminisdy) intersects the constraint in the first quadrant, that is, along the line:

y=T-—x
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with 0 < x < T. This will happen when (xg,Yo) lies between the line with positive slope 27;15’ passing
through (T,0), marked « in the righthand panel of B, and the parallel line that includes (0, T), marked

w on the right of figure B. Algebraically this occurs when:

a—>b a—b>b
xo—T)<yo<T+ X, 1Q1
0T <yo . 1Q1)

in which case the solution will consist of:

x* (c=b)T+(a—=b)xo—(c=b)yo
= ate—2b (solvelQ1)

% (a—b)T—(a—b)xp+(c—b)yo

Y a+c—2b

The right hand panel of figure B illustrates such a case-the OLS estimate corresponds to the

open dot, while the ellipses are the level curves for f, the residual sum of squares.

A Solution at (0, T)

Still considering the case in which b < —c we arrive at a corner solution at the “top” vertex, (0, T),

when (x¢,Yo) lies above the line with slope ‘CL;E that passes through (0, T), but below the line passing

: +b.
through the same vertex with slope —i3:
a—b> a+b
T+C_bx0§yo§T—(cib)xo (topcorner)

Pairs (xo,yo) satisfying (fopcormet) correspond to the region labeled T in figure [0, and tan-
gencies with the constraint diamond are incompatible-the locus of potential tangencies with the left
upper face of the diamond that encompasses these points lies too far to the right to intersect the
upper left face of the diamond, while the potential tangencies with the righthand upper face of the
constraint pass to the left of that face. These points can only result in a corner solution, and a quick

check confirms that the least onerous element of the constraint is the corner at (0, T).

An Interior Solution in the Second Quadrant

Still taking as given that b < —c, we will have an interior solution in the second quadrant provided

(x0,Yo) lies above the line with slope —% that passes through (0, T), but below the parallel line

passing through (—T,0). In this case the solution will be found at the intersection of the line given
in (plusdy) with the second quadrant portion of the constraint:
a+b

(o <uo < (E) (o + T) (1Q2)
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which crossing occurs at:

x* —(c+b)T+(a+b)xo+(c+b)yo
= atetrb (solvelQ2)
" (a+b)T+(a+b)xp+(c+b)yo
Yy a+c+2b

A Solution at (—T,0)

Finally, and still with b < —c, we are led to a corner solution at the “left” vertex, (—T,0), when

(x0,Yo) lies above the line with slope —% that passes through (—T,0):

- (c b )(x0 +T) <o (leftcorner)

—c<b<c

There are only three qualitatively distinct types of solution in this case, an interior solution in the
first quadrant, a corner solution along the x axis, and a corner solution along the y axis. Notice that
the ordinary least squares model satisfies this condition, as the combination of a = ¢ and ac—b? > 0

guarantee that —c < b < c. Let’s first turn to the interior solution:

An Interior Solution in the First Quadrant

With [b| < ¢ we will have a tangency in the first quadrant provided we satisfy ([QT]), leading to a
tangency at (SolveIQT]).

A Corner Solution at (T,0)

With |b] < ¢ we have a right corner solution at:

(x*,y*) = (T,0) (solverightcorner)

provided (xg,Yyo) lies below™ the line passing through (T,0) with slope g7 a condition already

summarized as (FightH).

A Corner Solution at (0, T)

Again in the case of [b| < ¢ we have a top corner solution when the line with positive inclination %

that includes (0, T) passes below (xg,Yo), given above as the first of the two inequalities in condition

10Recall that by assumption (xo,Yo) are in the closure of the first quadrant.
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(Eopcorien).

c<b

There are but two qualitatively different solution classes corresponding to extremely high values™

of b, an interior solution in the first quadrant, and a corner solution at (T,0).

A Corner Solution at (T,0)

With ¢ < b, consistent with Lemma 10, the set of possible first quadrant tangencies forms a nega-
tively sloped line, denoted by T~ in the lefthand panel of figure [, while the set of possible second
quadrant tangencies constitute an even more steeply sloped line, labeled Tt in figure II. The line
passing through (T,;0) and parallel to T~ marks the boundary of the set of (xp,yo) pairs that corre-
spond to a corner solution. All of the (xp,yo) pairs above and to the right of this line, recall that by
assumption (xg,Yp) are in the first quadrant, correspond to a corner solution, as is depicted in the

righthand panel of the figure. The formal condition for this is given by expression (Fightbplus):

a—>b
c—b

(T—x0) <yo (rightbplus)

this region of the first quadrant, corresponding to solutions at the right corner of the constraint set,

is labeled R in the diagram.

A First Quadrant Tangency

The lefthand panel of figure I depicts a typical tangency. Elements of the scalene triangle marked
IQ1 correspond to interior solutions in quadrant one. Formally for the case of b > ¢ we have a first
quadrant tangency when:

Yo < —L(T —Xp) (tangent1b)

Notice that there are no corner solutions at (0, T), save for the trivial case in which (xq,yo) =
(0,T), a solution that is encompassed among the tangencies. This is a byproduct of the steepness

of the T~! curve, which slopes more steeply than the first quadrant constraint, and so even points

HNotice that these cases can only arise when ¢ < a, for if they have the same magnitude ¢ < b would violate the

positive definiteness condition for Q.

46



along the y axis above (0, T) lead to interior solutions, provided yy is not too large, or to right corner

solutions when yg exceeds —%(T —Xg).

Connecting with A

We now have a comprehensive solution for (x,y) in terms of (x¢,yo, T). Whereas what we need is to
solve in terms of (xp,Yo,A). Our attention now turns to making the connection. Firstly let’s revisit

(solveQuad) and formulate the Lagrangian:

L= f(x,y) +A(Ix| + yl = T) (74)

The first order conditions for a maximum are:

0 .
a[, = fx(x,y) + Asign(x) =0
0 .
@ﬁ = fy(x,y) +Asign(y) =0
which leaves us with:
a b X=x0| A sign(x) (75)
b ¢/ \y—yo 2 \sign(y)

At an interior solution we have:

B A csign(x) — bsign(y) . .
R =X E( b2 ) (interiorx)
and:
- A —bsign(x) + asign(y) L
J=yo— E( " ) (interiory)

Corner solutions require a bit of extra care. Consider a solution at the right corner. We know
that the derivative of the objective function with respect to T will equal —A, that is:
of

—(T,0) = —A
(1,0

Computing the resulting derivative and solving for T we have:

b A
T= —Yo— — ightX
X0+ Yo 5 (RightX)
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and so our solution pair (%X,{) is:

A

o b .
(X)g) = (XO + EUO - Ea O) (rlghtex)
For a solution at the left corner we must have:
of
—(—T,0) = —A
7 (—T0)
which leads to:
b A
T=—xy — —Up — — LeftX
Xo— Yo~ 5 (LeftX)
and so the solution pair will be:
b A
(Q)g) = (XO - EUO - ga O) (leftex)
Likewise, at a top corner solution we have:
b A
T=-— - — TopY
X0t Yo~ o (TopY)
leading to (%,9):
b A
oM (g L _N h
(%,0) (O, Cxo + Yo Zc) (topwhy)

Naturally, these solutions only make sense when T > 0. When this condition is violated we will
be at the degenerate special case of a corner: (x,y) = (0,0).

So, couldn’t we have skipped the preceding pages and simply jumped to expressions (inferiorx),

(interiory), (Fightex), (leffex) and (fopwhy)? Yes, provided we could have correctly guessed the

values for sign(x) and sign(y). The real point of the preceding pages was to derive the conditions
for both types of interior solution and for each of the three potential corner solutions, and these we
have in terms of T. We need them relative to A, and so, by a straightforward process of equating
our earlier solutions for (x,y) expressed in terms of T with our new ones, expressed relative to A we
now solve for T in terms of (x¢,yo,A) for each of our special cases.

We already have expressions for T in the case of our corner solutions: (RightX), (CeftX), (Top¥Y).

The interior solutions are straightforward. At a first quadrant interior solution the constraint that

x +y < T is binding, so starting with (inferior¥) and (inferiory) we can substitute to find T:
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Aa+c—2b

7 e (TIQ1)

T=x%0+Yo—

likewise, at an interior solution in the second quadrant we will have —x +y = T, substituting from

(feriorx) and (fiteriory) yields:

(T1Q2)

b<—c

Now let’s revisit the five ranges of solution that can emerge in this case, connecting our earlier analysis
in terms of T with the Lagrange multiplier A. Figure 2 provides a graphical depiction of the link
between (xo,yo) and the type of solution we will encounter when b < —c. Let’s consider these in
turn. The label “IQ1” indicates an interior solution in the first quartile, while “IQ2” corresponds to a
second quartile interior solution. The labels “Left”, “Top”, and “Right” indicate the corner solution
that will emerge for the indicated set of (xp,yo) pairs. The region labeled “Origin” corresponds to

the corner solution at which both X and {j are equal to zero.

Right Corner

Substituting from (RightX) into (fightB) and simplifying we have:

a—b A

< —= 76
Yos Ge—p22 (76)
we must also confirm that T is positive, substituting from (RightX) this condition becomes:
A
Yo < = — Ixg (TPRlambda)

2b b

So, when b < —c and we satisfy both conditions ([Z6) and (IPRLambdd) we have a corner solution

given by (rightex).

Interior Solution: First Quadrant

Substituting from ([[IQT]) into ([QT) and simplifying we have:

—— < Yo (IQ1lambda)
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Inspection of ([[IQT]) reveals that if we satisfy both of these conditions, T is guaranteed to be
nonnegative, so when b < —c, ([QTlambdd) fully characterizes the sufficient conditions for an
interior solution with X given by (Inferiaorx) and {j corresponding to (fnferiory):

A —b A —b
(%,9) = {XO - E(ﬁ)»yo - E(h)} (IQ1Sol)

Top Corner

Now we start with (fopcormet), and replace T with our expression in (TopY). After a little manip-

ulation, this expression becomes:

c+b A c—b A
- < —_ = TClambd
ac—b22 == qe—p22 (TClambda)
Expression ([TopY) reveals that to ensure T > 0 we need:
A b
Yo > 50— X0 (TPTlambda)

This tells us that we will have a corner solution given by (fopwhy) if and only if we satisfy both

(ICTambdd) and (IPRTambdal).

Interior Solution: Second Quadrant

In the case of an interior solution in the second quadrant we substitute from ([[IQZ) into ([Q2).

When the chalk dust settles, we are left with:

ctb A Aatb _
ac—b22 M 72 Yo

As with the conditions for an interior solution in the first quadrant, given by ([QTTambdd]),

Xo < — (IQ2lambda)

satisfying ([QZTambdd) is sufficient to guarantee T > 0, leaving us with X given by (inferiarx) and
{ as in expression (interiory).

c+b )) 0_%( a+b )}

ac — b? ac — b? (I1Q25ol)

(%,9) = {xo+ 3

Left Corner

Now we substitute (CefiX)) into ([effcorned). The resulting expression simplifies to:
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a+b A

_— 77
Yo < ac — bz 7 ( )
We will have T > 0 whenever:
A a
—_ TPLI
Yo > —op — X ( ambda)

s0, when b < ¢ conditions (IZ4) and (IPITambdd) are jointly necessary and sufficient for us to have
a corner solution characterized by ([effex).

Finally, we will have a solution at the origin, with X,{) = (0,0) if and only if we simultaneously

fail to satisfy (IPRTambdd), (IPTlambdd), and (IPITambdd). This condition can be expressed as:

A a A b

a A
_ < < 1 JE _ — —
2 p S Yo S min{—op - x50 — X0 (78)

Mediocre b Values

The case |b| < ¢ encompasses least squares regression with homoscedastic errors, and it contains
fewer cases than the more complicated situation that confronts us when b < —c. It is helpful to
refer to figure 3, which depicts 0 < b < c¢. In particular, with |b| < ¢, (IQTlambdd) is necessary
and sufficient for an interior solution, which will correspond to expression ([QTSol).

For a top corner solution, with (%, {j) as given by (Eopwhy), the righthand inequality in expression

(ICTambdd):
N c—b A
°= ac—122
and:

A b
3 EXO < Yo (79)

provide necessary and sufficient conditions. The latter of these two conditions, (IZ9) guarantees that

T> 0, which we have when we encounter (xo,yo) above:

A b
Y=o X (80)

For a right corner solution, in which (X, 1)) is given by (fFightex), it is necessary and sufficient for
us simultaneously to satisfy (Z8) and (B1):
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2a «a
The latter condition guarantees that (xo,yo) is to the right of the line:
A a

AR 2
Y=2% v (82)

Finally, we will have a solution at (X,{) = (0,0) when (xo,yo) satisfy:
b

A Db A
< — — — < — — —
Yo < 50— cXoand xo < 5o — Yo (83)

When b € (—c¢,0) the analytics are the same, but the lines corresponding to (B0) and to (B2)

each slope upward instead of downward as they do in figure [3.

b>c

When we encounter large positive values, for b, that is b > ¢, matters become starkly simple, see
figure @ for a graphical representation.

Let’s start by substituting T from (RightX) into expression (Fightbplud). This yields:

a—b A

m E (nghtAnSWer)

Yo <

For there to be a right corner solution we also require that T > 0, which, substituting from
(RightX) leaves us with:
A

b
5o gUo < %0 (RightBigB)

In this case we have a corner solution with X given by (Fightex), while § = 0.
On the other hand, for an interior solution at ([QTSol), we must fail condition (RightBigB))
while at the same time we have T > 0. Substituting from ([TIQT]) this second condition for an interior

solution becomes:

Aa+c—2b
2 ac_pz 0w &)
We will have a solution at the origin when:
. (Aa+c—2b A a
Yo < mln{zw TX0y 5y BXO} (85)
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Glancing at [[@ notice the long shared border between the region marked IQT1, corresponding to
(x0,Yo) pairs that lead to an interior solution, and the region indicated by the self explanatory label

Origin. Notice also that the boundary of the set of (x¢,yo) pairs that lead to a solution at the

_ A _a—b
~ 2ac—b?"

origin has a kink at yo
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Figure 10: A Left Corner Solution
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Figure 11: A Right Corner Solution A First Quadrant Interior Solution
To
Yo P 1Q1
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agsz 3 I Q2 2c c
at+b A
ac—b? 2
Left
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Figure 12: Solution types for (xo,yo) when b < —c

56



Yo
Top 1Q1
A
2c
A b
= & — X
a—b A Yo 2c c ™0
ac—b? 2
Right
Origin
— Yo= 5~ pXo

c—b A A X0
ac—b2 2 2a

Figure 13: Solution types for (xo,yo) when |b| < c.
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Figure 14: Solution types for (xo,yo) when ¢ < b.
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