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Scope:
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Diffraction by a circular cylinder, theory and simulation.
Diffraction by a wedge
- Parabolic approximation

- Exact theory and Numerical simulation.

1 Introduction to two dimensional scattering

When waves are intercepted by a physical boundary, reflection and scattering occur.
Since in principle any transient signal can be represented as a Fourier integral of simple
harmonic waves within a wide specrum of frequencies, it is a basic problem to study
scattering of monochromatic waves.

For sound in a homogeneous fluid, the veloctiy potential defined by u = V¢ satisfies
— = V?% (1.1)

where ¢ denotes the sound speed. Recall that the fluid pressure p = —p,0¢/0t also
satisfies the same equation.

We first generalize the plane sinusoidal wave in three dimensional space
QZS(X, t) _ ¢Oei(k-x—wt) _ ¢Oei(kn~x—wt) (12)
where n is the unit vector in the direction of k. Here the phase function is

O(x,t) =k -x—wt (1.3)
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The equation of constant phase 6(x,t) = 6, describes a moving surface. The wave

number vector k = kn is defined to be
k=kn=V§ (1.4)

hence is orthogonal to the surface of constant phase, and represens the direction of wave

propagation. The frequency is defined to be

a0
Is (1.2) a solution? Let us check (2.1).
0 0 0 :
Vo = <%, 8_y’ @) ¢ =ik¢
V26 =V Vo =ik-ik¢ = —k*¢
D¢ 5
oz~ YO
Hence (1.1) is satisfied if
w = kc (1.6)

Scattering by an object has been the focus of research in physics, electrical, acousti-
cal and oceanographical engineering for a long time. Depending on the geometry, the
mathematics can be quite involved. Mountains of literatures on analytical and numerical
methods can be found. In this chapter we shall limit our study to two space dimensions.
For a plane sound wave of single frequency scattered by a cylinder whose axis is parallel

to the incident crests, the two-dimensional, time-dependent potential can be written as

P(z,y,t) =N [cb(:v, y)e‘i”t} (L.7)

where the potential amplitude ¢ is governed by the Helmholtz equation

0%  0°¢? W
V2¢+k2¢:a—£ a;; + k%¢ =0, k:E (1.8)

On the rigid and perfectly reglective boundary B the normal velocity vanishes,

99 _

5 =0 (1.9)
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Let the total wave be the sum of the incident and scattered waves

¢=¢1+ ¢s (1.10)

then the scattered waves must further satisfy the radiation condition at infinity, i.e., it
can only radiate energy outward from the scatterer.

Th preceding boundary value problem goeverns wave scattering in a variety of physi-
cal contexts. Elastic shear waves scattered by a cylinderical cavity waves is one example.
The scattering of surface water waves in a sea of constant depth is in principle thee di-
mensional, yet it can be reduced to the same two-dimensional boundary value problem
above, if the scatterer (a breakwater, a storage tank , etc.,) has vertical side walls
extending the entire water depth. Let us explain why.

Conder a vertical cylindrical structure of of arbitrary plan form in a sea of constant
depth h. A train of monochromatic waves is incident from infinity at the angle o with
respect the x axis. The still water surface is in the x,y plane.

In the water region defined by 0 > z > —h, the velocity potential ®(r, 6, z,t) must
satisfy the Laplace equation,

2 2 2
i rigw g @

and subject to the linearized free surface boundary conditions

0P
5 = 96 (1.12)
a¢ 09
kRl 1.1
ot 0z (1.13)
which can be combined to give
0?P 0P
ﬁ%—g& —0, z=0. (1.14)

Along the impermeable bottom and coasts, the no flux boundary conditions are
0d
0z

0d
o0

0 on z=—h (1.15)

0 at 6 =0 and v (1.16)
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The incident wave train is given by

—igAg cosh k(z + h)
w cosh kh

CI%' — ¢(7,, e)efik:r cos(0—a)—iwt (117)

where £ is the real wavenumber satisfying the dispersion relation
w? = gk tanh kh, (1.18)

and 7 + « is the angle of incidence measured from the x axis. Aj is the incident wave
amplitude.

Because of the vertical side-walls, we assume

coshk(z+h) _,

@(r707z7t) = AOQS('I',y,t) COSh k_h € wt (119)

where ¢(z,y,t) is the horizontal pattern of the potential normlized for an incident wave

of unit amplitude, and is related to the amplitude of the free surface displacement 7(x, y)

by
_ign(z,y)

” (1.20)

$(x,y) =
Substituting (1.19) into the Laplace equation and using both the kinematic and

dynamic boundary conditions on the free surface, the Laplace equation in (z,y, 2) is

then reduced to the two dimensional Helmholtz equation in (x,y),

2 2
% + g—yf +k’¢=0, (z,y) in the fluid. (1.21)
The no normal flux boundary condition on the rigid vertical wall B becomes
99
vn=22 _y B 1.22
n-Vp=4-=0, (z,y)€ (1.22)

since the normal to the cylinder wall is horizontal. Therefore the three-dimensional

water-wave problem is mathematically equivalent to the two-dimension sound problem,

2 Sound reflection and transmission across an inter-

face

Consider two semi-infinite fluids separated by the plane interface along z = 0. The sound

speeds in the upper and lower fluids are ¢ and c; respectively. Let a plane incident wave



REFELCTION AND TRANSMISSION ACROSS AN INTERFACE 5

arive from z > 0 at the incident angle of 6 with respect to the z axis,

pi = explik(zsinf — z cos )] (2.1)
implying that
k' = (k! k') = k(sin @, — cos 0) (2.2)

The motion is confined in the z, z plane.

On the same (incidence) side of the interface we have the reflected wave
pr = Rexplik(zsind + z cos 0)] (2.3)
where R denotes the reflection coefficient. The wavenumber vector is

k" = (kl, k) = k(sin 6, cos ) (2.4)

Tz

In the lower medium z < 0 the transmitted wave has the pressure
pt = T expliki(xzsinf; — z cos 6,)] (2.5)

where T is the transmission coefficient. Along the interface z = 0 we require the

continutiy of pressure and normal velocity, i.e.,
] =0, 2=0 (2.6)

and

[w]=0 2z =0, (2.7)

f1= (2= 04) = f(z = 0-) (23)

where w is the vertical component of the fluid velocity. Because

Jp

3 (2.10)

pg = —lWwpw = —
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p_ —wwpp

w p
w 0z

(2.11)

It follows from the two continuity requirements that the impedance must be continuous
(2] =0 z=0 (2.12)

Note first that to satisfy the conditions of continuity for all x it is necessary that the y

factors match, so that

ksin€ = k; sin 6, (2.13)

or
sin 0 _ sin 6, (2.14)
C C1

Eq. (2.13) or (2.14) is the famous Snell’s law of refraction. If ¢; < ¢, waves are incident
from the faster medium, the direction of the refracted (or transmitted) wave is closer to

the normal to the interface. Now (2.6) requires that
1+R=T (2.15)

The impedance of the incident wave, the reflected wave, and the transmitted waves

are respectively

pc pc P1C1
= y Ly =———, I = 2.16
cos 0 cos 0 ' cos 0, ( )

which are all constants, and the total impedance on the incidence/reflection side is

pc exp(—2ikzcosf) + R

7 = 2.17
cos 0 exp(—2ikzcosf) — R (2.17)
which is in general a complex function of z. Next we impose (2.6) and get
pc 1+ R
= - 2.18
"7 cos#1—R (2.18)
hence
Zycost — pc
R=""" 2.19
Zy cos b + pc (2.19)

This formula is written in a general form where the impedance of the lower medium can

be anything . For the present example it is given by (2.16) and

R p1c1 cos B — pccos by

- 2.20
p1c1 cos B + pccos by (2.20)
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Let
m=2 n==< (2.21)
p C1

where the ratio of sound speeds n is called the index of refraction. We get after using

Snell’s law that

R_mcos@—ncosel _mCOSH—n\/l—S‘ifL# (2.22)
~ mcosf+ncosty mcosf 4 ni/1 — sinze '

The transmission coefficient follows readily from (2.15),

T=1+R= 2m cos (2.23)

a2
mcos@—l—n\/l—slfl—zg

We now examine the physics.
If n = c¢/c; > 1, the incidence is from a faster to a slower medium, then R is always

real. If however n < 1 then #; > 6. There is a critical incidence angle 6., defined by
sinf. =n (2.24)

beyond which (6 > 6.) the square roots above become imaginary. We must then take

. 2 . 2
cos ) = \/1 _sin b z'\/sm b4 (2.25)

n? n?

This means that the reflection coefficient is now complex

: sin® @
mcosf —iny/ 252 — 1
= o (2.26)
mecos @ + iny /820 — 1
with |R| = 1, implying complete reflection. As a check the transmitted wave is now

given by
pr =T exp [k:l <zx sin @ + z4/sin® §/n2 — lﬂ (2.27)

so the amplitude attenuates exponentially in z as 2 —+ —oo. Thus the wave train cannot
penetrate much below the interface.

The dependence of R on various parameters is best displayed in the complex plane
R =%RR+iSR.

Case 1: n > 1. Here R is always real.
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For normal incidence 6 = 0,
R m-—n
m+n

(2.28)

R>0ifn <mand R <0 if n > m. In either case |[R| < 1 For glancing incidence
0 = /2, R = —1. For any intermediate incidence angles, R falls in the segment of the
real axis as shown in figure 1.a. and 1.b.

Case 2. n < 1 then R is real only if § < 6., otherwise R becomes complex and has
the unit amplitude. It is clear from (2.26 ) that SR < 0 so that R falls on the half circle

in the lower half of the complex plane as shown in figure 1.c and 1.d.
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Figure 1: Complex reflection coefficient

3 Scattering by a circular cylnder

3.1 Solution in polar coordinates

We study a cylindrical scatter of circular cross section with radius a. The boundary

condition on the cylinder surface is

9 _

o 0, r=a

It is convenient to employ polar coordinates r, where
x=rcosf, y=rsinf.

The governing equation then reads

10 ( 8¢> 1 0%

— — — — — 2 p—
r Or r@r +r2802+k¢ 0

(3.1)

(3.2)

(3.3)
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Since ¢; satisfies the preceding equation, so does ¢g.
Let the incident wave ¢; be a plane wave inclined at the angle of incidence 6, with

respect to the positive z axis. In polar coordinates we write
k = k(cosb,,sinf,), x=r(cosf,sinbh) (3.4)

¢r = Aexp [ikr(cos b, cos + sin,sin §)] = Ae'krcos6=b) (3.5)

It can be shown (see Appendix A) that the plane wave can be expanded in Fourier-Bessel

series :

gikrcos(0=0o) — > i Jy(kr) cosn(f — 6,) (3.6)
n=0
where €, is the Jacobi symbol:
=0 =2 n=123,... (3.7)

Each term in the series (3.6) is called a partial wave.

By the method of separation of variables,
¢s(r,0) = R(r)©(0)

we find

rP?R'+rR + (K*r* —n*)R=0, and ©" +n*© =0
where n = 0,1,2, ... are eigenvalues in order that © is periodic in 6 with period 27. For
each eigenvalue n the possible solutions are

©,, = (sinn#, cosnb),

R, = (H® (kr), HP (kr)) ,

where H(V(kr), H® (kr) are Hankel functions of the first and second kind, related to
the Bessel and Weber functions by

HWY (kr) = J,(kr) + iV, (kr), H®(kr) = J,(kr) — iV, (kr) (3.8)

The most general solution to the Helmholtz equation is

¢s=A> (A, sinnb + B, cosnb) {C’nH,(Ll)(kr) + DnH,(f)(k:r)} , (3.9)

n=0
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For large radius the asymptotic form of the Hankel functions behave as

HO o |2 gitr=3-5) @) | 2 itr-g-2) (3.10)
In conjunction with the time factor exp(—iwt), H{V gives outgoing wavew while H(?
give incoming waves. To satisfy the radiation condition, we must discard all terms
involving H(®. From here on we shall abbreviate H(! simply by H,. The scattered
wave 1s now

¢ps=A> (A,sinnd + B, cosnb) Hy,(kr) (3.11)

n=0
The expansion coefficients (A, B,,) must be chosen to satisfy the boundary condition
on the cylinder surface. Without loss of generality we can take 8, = 0. On the surface
of the cylindrical cavity » = a, we impose

0pr  0ps
or * or

0, r=a
It follows that A,, = 0 and
e"i"AJ) (ka) + B,kH, (ka) =0, n=0,1,2,3,...n

where prinmes denote differentiation with respect to the argument. Hence

. I (ka)
B, = —Ae,i" ==
ent H! (ka)
The sum of incident and scattered waves is
o= A%enz’" [Jn(kr) — }]ITZL((IZ;)) Hn(k:'r)] cos nf (3.12)
and
[ele] !
o = Ae’mgenz’" [Jn(kr) — éz((lzz)) Hn(k:'r)] cos nf (3.13)

The numerical simulations can be seen for a wide range of ka on the web (give web
link).

Of practical interest is the angular variation of pressure on the surface of the cylinder
r = a. Figure 2 shows that for small ka the pressure is relatively uniform in all directions.
For increasingly large ka, waves become stronger on the reflection side (reaching 2 at

the back § = 7). On the shadow side the wave intensity is weak.
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(a) ka= 0.5
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(c)ka=2.5
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2
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(e) ka= 10
90

180 0
270
(f) ka= 15
90
180 0

270

Figure 2: Polar distribution of run-up on a circular cylinder
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It is also interesting to examine certain limits. For very long long waves ka < 1 the

expansions for Bessel functions for small argument may be used,

™ 2 2"(n —1)!

In(x) ~ STk Y, (z) ~ ;log x, Yp(x)~ p— (3.14)
Then the scattered wave has the potential
s J7)(ka) . J71)(ka) 3
— ~ —H ———= — 2%iH —_—
1 o(kr) o) (ka) iHy(kr) ) (k) cos 0 + O(ka)
= Z(ka)? (—%Ho(kr) — Hy(kr) cos 9) + O(ka)? (3.15)

The term Hy(kr) coresponds to an oscillating source which sends istropic waves in all
directions. The second term is a dipole sending scattered waves mostly in forward and
backward directions.

For large kr, the angular variation can be obtained by using the asymptotic formulas

to get
0 ) 2 . )
pg~ A Z (A sinnf + B, cosnd) e_"”r/% | = gikr—in/4 (3.16)
n=0 wkr
Let us define the dimensionless directivity factor
A(0) =" (A, sinnd + B, cosnf) e~/ (3.17)
n=0

which indicates the angular variation of the far-field amplitude, then

2 )
bs ~ AA(H) %ezk“m/‘* (3.18)

This expression exhibits clearly the asymptotic behaviour of ¢g as an outgoing wave.
By differentiation, we readily see that

lim /7 <a¢s ) =0 (3.19)

kr—oo 87" s

which is one way of stating the radiation condition for two dimensional scattered waves.
The far field pattern of |.A(6)|? for various ka can be numerically computed as shown in

fig (3.1).
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(c)ka=2
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(d) ka= 3
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(e) ka=5

180

270

(f) ka= 10

90
100

180

270

Figure 3: Far-field energy intensity as a function of direction
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4 Energy conservation and a general theorem

At any radius r the sound pressure and radial fluid velocity are respectively,

__, 9 _ 09
P=—Pop. and =3 (4.1)

The total rate of energy outflux by the scattered wave is

2m ou, 2m 0p . , :
_— = _ 2 p—iwt 2 —iwt
T/o dor,, % ) d@?)?[ k o € ] R [iwk2pewt]

_ MR T [ & _ﬂ _ W’“4 S / 7 d@[ aﬂ (4.2)
2 0

where overline indicates time averaging over a wave period 27 /w.

The energy scattering rate is therefore

WpPeT L0 w/)o’r‘o .00
/ 0P — 9%/ d@( i 8r> /d@( ar) (4.3)

We now derive a general theorm for this quantity.

For the same scatterer and the same frequency w, different angles of incidence 6;

define different scattering problems ¢;. In particular at infinty, we have

tkr cos 2 ikr—im
quNAj{ kreos(@=0;) 1 A;(0) W—kre’“ /4} (4.4)

Let us apply Green’s formula to ¢; and ¢ over a closed area bounded by a closed

contour C,

// G2 V21 — 1 V° qbz dA / <¢2%_¢18¢2>d +/ <¢2%_¢15¢1>

where n refers to the unit normal vector pointing out of S. The surface integral vanishes
on account of the Helmholtz equation, while the line integral along the cavity surface

vanishes by virture of the boundary condition, hence

/ <¢2% — ¢1a¢2> ds =0 (4.5)

By similar reasioning, we get

L (o5

991

8¢2> ds =0 (4.6)
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where ¢} denotes the complex conjugate of ¢;.

Let us choose ¢ = ¢ = ¢, in (4.6), and get

99" .09 9"
/Cds< o 8>d3—2\s</ds¢an> 0 (4.7)

This mathematical result implies the conservation of energy. Physically, across any circle

the net rate of energy flux vanishes, i.e., the scattered power must be balanced by the
incident power.

Making use of (4.4) we get

2m ikr cos(0—0,) 2 ikr—im/4
0= %/ rdd | e D)+ 4| —— A (0)e
0 wkr

N _ ikr cos(0—6,) * ikr—im/4
[ ik cos(d — 6,)e “Wk:rA( Je ]

2w ) 2 ) 9
= %/ rdf {—zk: cos(0 — 6,) + T(—zk)LAol
0

ikr[cos 0—0,)—1]+ir/4 ./4*
e (=ik) \ whr

. . 2
+ e—zkr[cosafao)*l]*m/‘l( 'Lk) COS(@ 0 ) TA }

The first term in the integrand gives no contribution to the integral above because of

periodicity. Since S(if) = S(if*), we get

__z 27 9
0=—= [ |40 ds

2m )
+9 / rde{Ao(—z'k),/ i [1+ cos(6 — 6,)] ”/46*7"(1—005(9—90))}
0 T

2
N GRG

™ Jo

. 2 2m .
. —im/4 . tkr(1—cos(0—6,))
R {e [AO(]{:)T“_’]TICT ; dO[1 + cos(8 — 0,)]e ] }

For large kr the remaining integral can be found approximately by the method of sta-

tionary phase (see Appendix B), with the result

2w . 2 :
/0 A0+ cos( — B, 7 1eox0-0) | [ (4.8)
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We get finally
2
/0 |A]2d0 = —2R.A(6,) (4.9)

Thus the total scattered energy in all directions is related to the amplitude of the
scattered wave in the forward direction. In atomic physics, where this theorem was
originated (by Niels Bohr), measurement of the scattering amplitude in all directions is
not easy. This theorem suggests an econmical alternative.
Homework For the same scatterer, consider two scattering problems ¢; and ¢s.
Show that
Ai(05) = Az(6) (4.10)

For general elastic waves, see Mei (1978) : Extensions of some identities in elastody-

namics with rigid inclusions. J . Acoust. Soc. Am. 64(5), 1514-1522.

5 Diffraction by a thin barrier- parabolic approxi-

mation

References

Morse & Ingard, Theoretical Acoustics Series expansions.

Born & Wolf, Principle of Optics Fourier Transform and the method of steepest descent.
B. Noble. The Wiener-Hopf Technique.

If the obstacle is large, there is always a shadow behind where the incident wave
cannot penetrate deeply. The phenomenon of scattering by large obstacles is usually
referred to as diffraction.

Diffraction of plane incident waves by a thin barrier is not only of interest to sound,
but also to water waves scattered by a breakwater, and to elastic shear waves by a crack,
ete. The exact solution by Sommerfeld is ammilestone in mathematicl physics. Here
we shall give an approximate solution which reveals much of the physics. The method
of approximation, due to V. Fock is of the boundary layer type called the parabolic
approximation, and has been extended for modern applications in recent decades.

Referring to figure (5) let us make a crude division of the entire field. The illuminated

zone | is dominated by the incident wave alone, the reflection zone II by the sum of the
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2
Figure 4: Wave zones near a thin barrier

incident and the reflected wave, and the shadow zone III. The boundaries of these zones
are the rays touching the barrier tip. According to this crude picture of geometrical

optics the solution is

A, exp(ik cos Oz + ik sin fy), I;
® =1 A,lexp(ik cos Oz + ik sin Oy) + exp(ik cos 0z — ik sinfy)], I1 (5.1)
0, 117

Clearly (5.1) is inadquate because the potential cannot be discontinuous across the
boundaries. A remedy to ensure smooth transition is needed.

Consider the shadow boundary Ox’. Let us introduce a new cartesian coordinate
system so that z’ axis is along, while the 3 axis is normal to, the shadow boundary.

The relations between (z,y) and (z’,y') are
2 =xcosf+ysinh, 1y =ycosf — xsinb (5.2)

Thus the incident wave is simply

¢I = Aoeik.’bl (5.3)

Following the chain rule of differentiation,
ox 0z’ 0r Oy O or' oy’
06 _000s oody _
oy 0z’ dy Oy Oy or' oy’
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we can show straightforwardly that

9% N ¢  Pp 0%
Ox2 8y2 T Ox? 8y’2

so that the Helmholtz equation is unchanged in form in the z’,y’ system.
We try to fit a boundary layer along the x’” axis and expect the potential to be almost

like a plane wave
oz, ) = A,y )™ (5.4)
, but the amplitude is slowly modulated in both 2’ and y" directions. Substituting (5.4

into the Helmholtz equation, we get

2 2
eikx,{aA dA P A }:0

+2ik— — kKPA+ — + k%A

Ox'? ox' Oy (55)

Expecting that the characteristic scale L, of A along 2’ is much longer than a wavelength,

kL, > 1, we have

Hence we get as the first approximation the Schrédinger equation

L 9A  OPA
ik + g 0 (5.6)

In this transition zone where the remaining terms are of comparable importance, hence

the length scales must be related by
k

el

implying ky' ~ Vka'

Thus the transition zone is the interior of a parabola.

Equation (5.6) is of the parabolic type. The boundary conditions are

A(xz,00) =0 (5.7)
Az, —o0) = A, (5.8)

The initial condition is
A0,y') =0, Wy (5.9)

Now the initial-boundary value for A has no intrinsic length scales except 2/, them-

selves. Therefore the condition kL, > 1 means kx’ > 1 i.e., far away from the tip. This
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problem is somwhat analogous to the problem of one-dimensional heat diffusion across
a boundary. A convenient way of solution is the method of similarity.

Assume the solution

A=A f(7) (5.10)

where
—ky'
— 5.11
1= (5.11)

is the similarity variable. We find upon subsitution that f satisfies the ordinary differ-

ential equation

f—imyf =0 (5.12)
subject to the boundary conditions that
f—0, v— —o00; f—1, v— o0 (5.13)

Rewriting (5.12) as

"

i

=Ty

we get

log f' = imy/2 + constant.

One more integration gives

Since
/oo 7:7T’LL2 d 6271'/4
ex u =
p 5 NG
we get
—im/4
c_ e
V2
and

A eim/A i o—im/4 ( gim/A . i
=— = exp| — | du=——— —+/ ex du 5.14
P = Lo ()= (S oo () ) 0
Defining the cosine and sine Fresnel integrals by

O(y) = /0 " cos (%”2> dv, S(7) = /0 " sin (%’2) dv (5.15)
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Fic. 18N. Cornu’s spiral, a plot of the Fresnel integrals.

Figure 5: Ciornu’s spiral as a function of ~.

we can then write

% { E + O(fy)} +i E + S('y)} } (5.16)

In the complex plane the plot of C()+iS(7y) vs. 7 is the famous Cornu’s spiral, shown
in figure (5).
The wave intensity is given by
2 2 2

% - % { E +o)| + E +5(1)] } (5.17)
Since C, S — 0 as v — —o0, the wave intensity diminshes to zero gradually into the
shadow. However, C, S — 1/2 as v — oo in an oscillatory manner. Hence the wave
intensity oscillates while approaching to unity asymptotically, as shown in figure 5. In
optics these oscillations show up as alternately light and dark diffraction bands.

In more complex propagation problems, the parabolic approximation can simplify the

numerical task in that an elliptic boundary value problem involving an infinite domain
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Figure 6: Wave intensity variation near the shadow boundary

is reduced to an initial boundary value problem. One can use Crank-Nicholson scheme
to march in "time”, i.e., 2.
Homework Find by the parabolic approximation the transition solution along the

edge of the reflection zone.

6 Diffraction by a Wedge — An Exact Theory

Refs. Stoker:

In the preceding section we gave an approximate theory by parabolic approximation.
Extending the theory of Sommerfeld, Peters and Stoker (1954) have given an exact
theory for the general case of a wedge, see Stoker (1957). In the original work a series
solution was first obtained by finite Fourier transform. The resulting series was then
summed in terms of integrals from which approximate informtation was then extracted

by some intricate asymptotic analysis. With the power of the modern computer, it is
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Figure 7: Waves scattering by a wedge
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more straightforward to get quantitative results from direct numerical calculation of the

series, as exemplified by Chen (1982). To facilitate the understanding of the physics,

these results are presented in animated form in ”link-simulations”. The exact theory

will then be compared with the parabolic approximation.

Refering to Figure 6 the entire fluid region can be divided into three zones according

to the crude picture of geometrical optics. I: the zone of incident and reflected waves,

IT : the zone of incident waves and III ; the shadow. To ensure smooth transition in

all zones there is also the diffracted (or scattered) waves. The total potential can be

expressed in a compact form by
& = ¢o(r,0) + ¢s(r,0), forall 0 <6l <wvr

where ¢, is defined by

i+ ¢, m—a>60>0, inl;
Go(r,0) = & T+a>0>r—qa inll;
0 Oy >0 >m+«, in Il

and ¢, is the scattered (or diffracted) waves. Both the incident wave

¢i — efzkrcos(afa)

and the reflected wave
QST _ 6—ikrcos(6'+oc)

(6.18)

(6.19)

(6.20)

(6.21)
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are known, where o denotes the angle of incidence. The unknown scattered wave ¢,

must satisfy the radiation condition and behaves as an outgoing wave at infinity, i.e.,

tim 7 (22— ik,) =0 (6.22)
M at r— oo (6.23)

G5 ~ \/H

6.1 Solution by finite Fourier Transform

Let us introduce the finite cosine transform of ¢ defined by

_ 1% 0
¢(kr,n) :/ ¢(kr,0) cos %d@ (6.24)
0
where n=0, 1, 2, ... are integers. the inverse transform is
1 - 2 X - né
0) =— — — 2
60r,0) = 56(r,0) + 5 3 flrm)cos T (6.25)

It is easily recognized that the transform is equivalent to expansion in cosine series.

Applying the finite cosine transform and using the boundary conditions on the walls,

020 vr 92¢  nb
a0 o o2
R oo v 9g b
= [%cos—]g . +; AT sm—d@
0=vm
[ ¢ sin n—ﬂ / ¢ cos —edG
V o=
- —%/Olm(ﬁcos?d@ (6.26)
Eq. (1.21) becomes
, 0% ) n\2| -
ﬁ+7‘8—+[(/€) —<;>]¢—O (6.27)
The general solution finite at the origin is
d(kr,n) = anJy(kr) (6.28)

where the coefficient’s a,,,n = 0,1,2, 3, ... are to be determined.
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The finite cosine transform of (6.18) reads
anJyy(kr) = / " g cos ™ 4o + / 6, cos "9 (6.29)
0 v 0 v

or

Q_Ss = aan/V(k:r) - QSO (630)
Applying the operator lim, ., /7(90/0r — ik) to both sides of (6.29), and using the

Sommerfeld radiation condition (6.22), we have

lim /7 (— — zk:) [aan/,,(k:r) — /OWr ¢ cos n?edH] =0 (6.31)

r—00

We now perform some asymptotic analysis to evaluate a,,.

First, for large kr we have

2
oy (k) ~ V% cos (k:'r — Z—: - %) (6.32)

|2k i(kr—pzyx
TILI&\/_ (— — zk:) Ty (k) —e (kr—55+%) (6.33)

Second, we substitute ¢, from (6.20) and (6.21) to rewrite the integral of ¢, as

It follows that

1 2

v 0 T . ) T . 0
/ ¢0 cos n_de _ / e—zkr cos(f—a) cos n_de + / e—zkr cos(f+a) cos n_de
0 v 0 v 0 14

3

T+ .
—1—/ e ikreos(6=a) ¢ ”—9d9 (6.34)

Each of the integrals above scan be evaluated for large kr by the method of stationary

phase. The details are given in the appendix C; only the results are cited below.

0 <%> (6.35)

lim /7 (— - Zk) / T gikreos(8-a) ¢o n—edG

The first integral is approximately

I,(0) = cos <ﬂ> o~ thr+4 [2_71 2

v kr

from which

r—00 1%

no oo im [ 27 3
— 1 ~ k’ o fzk:r+7 _:|
rgglo \/_ ( ’ > {COS ( v ) ‘ kr }

= 2V 27k cos (%> e = (6.36)
v
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where we have used i = €/™/2. By similar analysis the second integral is found to be

1 n(r—a)\ i [27]2
5(0) ~  cos (T) e [ kr} (6.37)
It follows that
0 T . né
1; v / —tkr cos(0+a) it
Tirgloﬁ <8r Zk) ; e cos ” do

= (6.38)
Finally the third integral is approximately
1 n(m+ @) pp_in [27]2
I ~ = e — .
3(0) 5 cos( Je [kr} (6.39)
hence
0 o no
1i v / —ikr cos(0+a) fhad
rgr&ﬁ (67‘ zk:) ; e cos — de
L a0 . 1 n(m+ Q)| i [2T 3
= Jim v (55 - ) {5 eos( e % [
= (6.40)

In summary, only the first integral associated with the incident wave furnishes a

nonvanishing contribution to the expansion coefficients, i.e.,

v 0 . x
lim /7 (ﬁ — zk) / o c08 ——df ~ 227k cos ——e (k1 F) (6.41)
=00 or 0 v v
With this result we get by substituting (6.33) and (6.41) into (6.31), the coefficients a,
are found
a, = 27 cos 0Q iz (6.42)
v

By inverse transform, (6.25), we get the exact solution,

2 X, _jnm
¢(r,0) = = | Jo(kr) + 2> e "2 J, ), (kr) cos % cos nf (6.43)
v

n=1 v
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6.2 Two limiting cases

(1) A thin barrier. Let the wedge angle be 0 by setting v = 2. Equation (6.43) then

becomes
o(r,0) = Jo(kr) + 23 e "% J, jo(kr) cos % cos %0 (6.44)
n=1
(see Stoker (1957)).
(2) An infinite wall extending from x = —oo to co. Water occupying only the half

plane of ¥y > 0 and the wedge angle is 180 degrees. The diffracted wave is absent from

the solution, and the total wave is only the sum of the incident and reflected waves :

¢(T‘, 9) — efikrcos(afa) + efikrcos(0+a) (645)
By employing the partial-wave expansion theorm, (Abramowitz and Stegun 1964), the
preceding equaion becomes

o(r,0) =2 | Jo(kr) + 2 i(—i)"Jn(kr) cos na cos nf (6.46)

n=1

which agree with (6.43) for v = 1.

For sample results, [click website]

6.3 Comparison with Parabolic Approximation

to be written

A Partial wave expansion

A useful result in wave theory is the expansion of the plane wave in a Fourier series
of the polar angle 6. In polar coordinates the spatial factor of a plane wave of unit
amplitude is

ezka: — ezkr 0059.

Consider the following product of exponential functions

s =[S L (Y] [ (22

S e e
_Zoot l n!) a 1(!(n +1)! * 2('(n +2)! oot (D) ri(n+r)!


http://web.mit.edu/fluids-modules/waves/www/w-index.html
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The coefficient of ¢" is nothing but J,,(z), hence

ool -] - £

Now we set
t=1ie" z=kr
The plane wave then becomes
eikx — Z 6in(9+ﬂ-/2Jn(Z).
N=—00

Using the fact that J_,, = (—1)"J,, we finally get

eikr — ikrcost Z €nd" Jn(kr) cosnb, (A.1)

where €, is the Jacobi symbol. The above result may be viewed as the Fourier expan-
sion of the plane wave with Bessel functions being the expansion coefficients. In wave
propagation theories, each term in the series represents a distinct angular variation and
is called a partial wave.

Using the orthogonality of cosnfl, we may evaluate the Fourier coefficient

2 /7r etkreost cosnfde, (A.2)

€™ Jo

Jn(kr) =

which is one of a host of integral representations of Bessel functions.

B Approximation of an integral

Consider the integral

2 .
/ dO[1 + cos( — 90)]elkr(1—cos(9—eo))
0

For large kr the stationary phase points are found from

;0[1 —cos(f — 6,)] = sin(f — 6,) =
or § =46,,0, + m within the range [0, 27|. Near the first stationary point the integrand
is dominated by

2A(00)6ikt(€_00)2/2.
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When the limits are approximated by (—oo, 00), the inegral can be evaluated to give

0o 2m .
A(eo)/ ezkr02/2d9 _ _ﬂ-emr/llA(eo)
—00 kr
Near the second stationary point the integral vanishes since 1+4cos(f—0,) == 1—1 = 0.

Hence the result (4.8) follows.

C Asymptotic evaluation of integrals

For the first integral I;, we take the phase to be fi(f) = kcos(@ — «). The points of

stationary phase must be found from
f1(8) = —ksin(d — a) =0, (C.1)

hence § = a,a £+ w. Only the first at §; = « lies in the range of integration (0,7 — «)

and is the stationary point. Since
1(61) = —kcos(b —a) =—k <0 (C.2)

the integral is approximately

1
212
—] —cos(T)e

kr

9 i 1T
11(9) =~ COS(E)G_”“" cos(f1—a)+&
14

5 H] (C.3)

For the second integral I, we take the phase to be fy(d) = kcos(f + «). The

stationary phase point must be the root of

f5(0) = —ksin(0 +a) =0 (C.4)
or § = —a, —a £ 1. The stationary point is at 85 = m — a which is the the upper limit
of integration. Since

5(02) = —kcos(bp+a) =k >0 (C.5)

I, is approximately

1 0. _, x (27771 — Q)| jrix [2]3
L(0) ~ —cos(%)e_“’”Cos(eﬁ"‘)_T {k_ﬂ = —cos(M)e”“"_T [—W] (C.6)
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Lastly for the third integral I3, the phase is f3(f) = kcos(f — «). The point of

stationary phase is found from
f5(0) = —ksin(f —a) =0 (C.7)

or § = m,+m+ «a. Only the point f3 = 7+ « is acceptable and coincides with the upper

limit of integration. Since
5 (03) = —kcos(f3 —a) = k > 0, (C.8)

I3 is approximately
1 n(m+ ), iz [27 2
I5(0) =~ = T etk [ }
3(0) 2cos( ” Je T



