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CHAPTER THREE
DISPERSION OF SURFACE WATER WAVES

Except in very shallow water, one of the most outstanding physical properties of
sea surface waves is dispersion in that waves of different wavelengths propagate at
different speeds. If the waves are sufficiently steep, nonlinearity is also important. The
interplay of dispersion and nonlinearity gives rise to a host of new phenomena unfamiliar
in classical physics and makes surface water waves a perenial subject of fascination and

challenge. In this module, only dispersion of infinitesimal waves will be discussed.

1 Progressive waves on a sea of constant depth

1.1 The velocity potential

We shall based our study on the govering equations of §1.4, and consider the simplest
case of constant depth and sinusoidal waves with infinitely long crests parallel to the y
axis. The motion is in the vertical plane (z,z). Let us seek a solution representing a

wavetrain advancing along the x direction with frequency w and wave number £,
b = f(z)ethr—t (1.1)

In order to satisfy (??), (2.4) and (??) we need

f"+Ef=0, —h<z<0 (1.2)

T
_W2f+gf/+;k2f/:0, 2207 (13)
f'=0, z=-h (1.4)

Clearly solution to (1.2) and (1.4) is

f(2) = Bcoshk(z + h)
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implying
® = Bcosh k(z + h)er=—it (1.5)

In order to satisfy (1.3) we require
2 T s
w®=|gk+ ;k‘ tanh kh (1.6)

This eigenvalue condition relates w and k. From (??) we get

P oo
% = g—z = (Bksinh kh)e'** ! (1.7)
z=0
Upon integration,
. Bksinhkh .
C — Aezkxfzwt — iI?w ezkxfzwt (18)

where A denotes the surface wave amkplitude, it follows that

B —twA
~ ksinhkh

and

. —iwA ikx—iwt
o = R coshk(z+ h)e
_ —igA (1 N Tk:2> cosh k(z + h) ikt

gp cosh kh

w

1.2 The dispersion relation

Let us first examine the relation (1.6) between frequency and wavenumber. Here three

lengths are present : the depth h, the wavelength A = 27 /k, and the length \,, = 27/k,,

with
gp 2T T
km =177 Am=1—=2m|— 1.1
T T gp (1.10)

For reference we note that on the air-water interface, T'/p = 74cm3/s?, g = 980 cm /s,
so that \,, = 1.73cm. The depth of oceanographic interest ranges from a tens of
centimeters to thousand of meters. The wavelength ranges from a few centimeters to

hundreds or thousands of meters.

W2 = gk, = 2g,/% (1.11)

Let us introduce
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then (1.6) is normalized to

w? 1k k?
— =-—(14+ = h 1.12
2 2k ( —I—k?n>tan kh (1.12)

Consider first waves of length of the order of A,. For depths of oceanographic

interest, h > A, or kh > 1, tanh kh ~ 1. Hence

w1k k2
—=—-— |14+ = 1.1
o () (1:13)
or, in dimensional form,
9 Tk?
w :gk+7 (1.14)
The phase velocity is
w g Tk?
-~ — |2 |14+ = 1.15
o=t Jk( + 22 (1.15)
Defining
Wm
= — 1.16
n = 21 (1.16)

the preceding equation takes the normalzed form
c 1 (k, k
— — |y 1.1
om J > ( a k:m> (1.17)
Tk

cr R if k/k,>1, or AM/A,<1 (1.18)

Clearly

Thus for wavelengths much shorter than 1.7 cm, capillarity alone is important, These

are called the capillary waves. On the other hand
cr \/% if k/k, <1, or M/ A, <1 (1.19)

Thus for wavelength much longer than 1.73 cm, gravity alone is important; these are
called the gravity waves. Since in both limits, ¢ beocmes large, there must be a minimum

for some intermediate k. From

=0

dc? g T
kB

the minmum ¢ occurs when

k:,/%:km, or A=A, (1.20)
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Figure 1: Phase speed of capillary-gravity waves in infinitely deep water

The smallest value of ¢ is ¢,,. For the intermediate range where both capillarity and
gravity are of comparble importance; the dispersion relation is plotted in figure (1).

Next we consider longer gravity waves where the depth effects are essential.

w = 1/ gk tanh kh (1.21)

For gravity waves on deep water, kh > 1, tanh kh — 1. Hence

wa/gk, cm \/g (1.22)

These are also called short gravity waves. In this category the longer waves travel
faster. Any initial disturbance may be regarded as the superposition of waves of a
broad spectrum of lengths. The above relation then says that waves of different lengths
will eventually separate, i.e., disperse. This phenomenon is called dispersion, hence
(1.14) or (1.15) is known as the dispersion relation.

If however the waves are very long in comparison to the depth so that kh < 1, then

tanh kh ~ kh and
wr ky/gh, c=\/gh (1.23)

For intermediate values of kh, the phase speed decreases monotonically with increasing

kh. All long waves with kh < 1 travel at the same maximum speed limited by the
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Figure 2: Phase speed of capillary-gravity waves in water of finite depth

depth, +/gh, hence they are non-dispersive. The dispersion relation is plotted in figure

(2) for a wide range of wavelengths.

1.3 The flow field

For arbitrary k/k,, and kh, the velocities and dynamic pressure are easily found from

the potential (1.9) as follows

0P  gkA Tk*\ coshk(z +h) jpion
_ 9% _ 1 tkr—iw 1.24
“ Ox w ( * gp ) coshkh ¢ (1.24)
0P  —igkA TEk*\ sinhk(z +h) . .y
_ 9% _ 1 thx—iw 1.25
v 0z w ( * gp ) coshkh  © (1.25)
0P Tk*\ coshk(z+h) ;.
_ Al1 ikx—iwt 1.26
b Pot =9 ( + gp) coshkh © (1.26)
Note that all these quantities decay monotonically in depth.
In deep water, kh > 1,
kA Tk? oo
w = 9 <1+ )ekzem_“"t (1.27)
w gp
—_ ) 2 . .
w = a_q) — ngA (1 + Tk >ekzezkx—zwt (128)
0z w gp

0P Tk? .
p = _pg — pgA (1 + W) ekzezkx—zwt (129)
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All dynamical quantities diminish exponentially to zero as kz — —oo. Thus the fluid
motion is limited to the surface layer of depth O()). Gravity and capillary-gravity waves
are therefore surface waves.

For pure gravity waves in shallow water, T =0 and kh < 1, we get

A . )
u = ﬂezkxfm}t (130)
w
w = 0, (1.31)
8(1) ik —iw
p = —pgngflem "= pg¢ (1.32)

Note that the horizontal velocity is uniform in depth while the vertical velocity is neg-

ligible. Thus the fluid motion is essentially horizontal. The total pressure

P=p,+p=pg({—2) (1.33)

is hydrostatic and increases linearly with depth from the free surface.

1.4 The particle orbit

In fluid mechanics there are two ways of describing fluid motion. In the Lagrangian
scheme, one follows the trajectory x, z of all fluid particles as functions of time. Each
fluid particle is identified by its static or intital position x,, z,. Therefore the instan-
taneous position at time ¢ depends parametrically on z,, z,. In the Eulerian scheme,
the fluid motion at any instant ¢ is described by the velocity field at all fixed positions
x, z. As the fluid moves, the point z, z is occupied by different fluid particles at different
times. At a particular time ¢, a fluid particle originally at (z,, z,) arrives at z, z, hence

its particle velocity must coincide with the fluid velocity there,

Z—f = u(x, z,1), % = w(z, 2,1t) (1.34)
Once u, w are known for all z, z, ¢, we can in principle integrate the above equations to
get the particle trajectory. This Euler-Lagrange problem is in general very difficult.

In small amplitude waves, the fluid particle oscillates about its mean or initial posi-

tion by a small distance. Integration of (1.34) is relatively easy. Let

(T, 20y ) = Tp + T (X, 20, 1),  andz(zo, 2o, t) = 2o + T'(To, 20, t) (1.35)
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then ' < x,7 < z in general. Equation (1.34) can be approximated by

dx’ dz’

d_:j‘ = u(xy, 2o, 1), d_zt = w(x,, 2o, t) (1.36)
From (1.24) and (1.25), we get by integration,
, gk (1 + Tk:2> cosh k(z, + h) gikzo—ivt

€T —=

—iw? gp cosh kh
gkA Tk*\ coshk(z, +h) .
= —=—11 kx, — wt 1.37
w? ( + gp cosh kh sin(kz, = wt) (1.37)
(1.38)
o gkA 14 Tk*\ sinhk(z, + h) r—
w? gp cosh kh
gkA Tk*\ sinh k(z, + h)
= 1 kx, — wt 1.
2 ( + . s cos(kz, — wt) (1.39)
(1.40)
Letting
2 hk(z, +h
== gkA (1 L ) cosh k(2 + ) (1.41)
b w? cosh kh gp sinh k(z, + h)
we get 2
=z + el =1 (1.42)

The particle trajectory at any depth is an ellipse. Both horizontal (major) and vertical
(minor) axes of the ellipse decrease monotonically in depth. The minor axis diminshes
to zero at the seaebed, hence the ellipse collapses to a horizontal line segment. In deep
water, the major and minor axes are equal
a=b= @ (1 + T—k2> "=, (1.43)
w ap
therefore the orbits are circles with the radius diminishing exponentially with depth.

Also we can rewrite the trajectory as

,  gkA Tk*\ coshk(z, +h) . B

z = T (1 + . ——— sin(wt — kz,) (1.44)
,  gkA Tk*\ sinh k(z, +h) . B o

d= (1 + . T sin(wt — kz, 2) (1.45)

When wt — kz, = 0, 2’ = 0 and 2’ = b. A quarter period later, wt — k, = /2, 2’ = a
and z’ = 0. Hence as time passes, the particle traces the ellptical orbit in the clockwise

direction.
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1.5 Energy and Energy transport

Beneath a unit length of the free surface, the time-averaged kinetic energy density is
P[0 (s TS
E, = §[hdz<u +w ) (1.46)

whereas the instantaneous potential energydensity is

(ds —dx) 1

1 1
By = 2o+ TP L (TG -1) = Lo 4T (1a7)

Hence the time-average is

1 . T
Ep = 5p9¢* + 3G (1.48)

Let us rewrite (1.24) and (1.25) in (1.48):

gkA Tk*\ coshk(z+h) iu |l —iwt
_ 1 ikx w 1.4
“ %{ w ( + gp cosh kh ¢ c (1.49)
—igkA TE*\ sinhk(z + 1) 0| it
— 1 IKT w 1‘
v %{ w ( * gp coshkh  © ¢ (1.50)
Then
o (gkA\’ TE2\® 1 0
. p(gkA , o,
E, = 1 ( » ) (1—1— ” > - /_h dz [cosh k(z + h) + sinh k(z+h)}
_p (gkAY’ L * sinh2kh  p (gkA)’ L ® sinhkh
o4\ w gp ) 2kcosh’kh 4\ w gp ) kcoshkh
A2 Tk2\? gktanhkh  pgA> Tk?
_ peA (L ghtanhkh _ pgA” () | Tk (1.51)
4 gp w 4 gp
after using the dispersion relation. On the other hand,
_ pgA? ( Tk2>
E, = 1+ 1.52

Hence the total enegy density is

= s PpgA Tk*\  pgA? K2\ pgA? A
E=FE,+E, = 1+2= ) = 1+ — | = 1+2m 1.53
Ry = ( iy 2 i) 2 T (1.53)

Note that the total energy is equally divided between kinetic and potential energies; this

is called the equipartition of energy.
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We leave it as an exercise to show that the power flux (rate of energy flux) across a

station x is
dE 0 _ 0 _
= - / pudz — TG0, = —p/ 5,3, d> — TG.G, = B, (1.54)
—h —h

where ¢, is the speed of energy transport , or the group velocity

k2, A2 +3

B dw o) +3 2kh o) 2kh

Cg=— =+ = S (1.55)
dk 2 —k%‘ +1 sinh 2kh 2 VR +1 sinh 2kh

For pure gravity waves, k/k,, < 1 so that

c 2kh
=3 (1 * sinh2kh> (1.56)

c= ,/%tanh kh (1.57)

In very deep water kh > 1, we have

_c_L1/g
o=5=5/2 (1.58)

The shorter the waves the smaller the phase and group velocities. In shallow water

kh < 1,
cg =c=1/gh (1.59)

Long waves are the fastest and no longer dispersive.

where the phase velocity is

For capillary-gravity waves with kh > 1, we have

o C 3 _c S+ 3 L (1.60)
99 %4_1 2 %jul ’ ALV T
where
g Tk3
=4/=+ — 1.61
c=y/z+ p (1.61)

Note that ¢; = ¢ when k = k,,, and
cg 2 e, if kZky (1.62)

In the limit of pure capillary waves of k > k,,, ¢, = 3¢/2. For pure gravity waves

¢y =c/2 as in (1.58).
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2 Dispersion of transient disturbance

The solution for monochromatic waves already suggests that waves of different wave-
lengths disperse by travelling at different velocities. Let us examine in more detail
the consequence of an initial disturbance which is represented by the sum of infinitely
many sinusoids with a wide spectrum. To this end we shall employ the tool of Fourier
transform.

Let us consider two dimensional capillary-gravity waves in very deep water. Recall

from §1.4 for convenience that the velocity potential satisfies the Laplace equation
.. +P,..,=0, —o0c0<z<0. (2.1)

On the free surface the dynamical boundary condition requires

0P 0%¢
— —p—+T—==0 =0. 2.2
The kinematic condition requires
Ct - (I)z; z = O (23)

Combination of the two yields

0*® od T 99

- i = 24
ot? +g82 p 0202 0, 2=0 (24)

At great depth, the velocity vanishes
¢, o, -0, z— —o0. (2.5)

Since conditions (2.3) and (2.2) involve first-order time derivatives, we must prescribe
the initial data for ®(x,0,0) and ((x,0) on the free surface. Physically ®(z,0,0) is
equivalent to an impulsive pressure applied on the free surface. Here we shall only

illustrate the effects of a prescribed initial displacement of the free surface,

®(2,0,0) =0, ((x,0) = ((x) = given. (2.6)
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2.1 Solution by Fourier transform

Let us define the Fourier transform of f(z) and its inverse f(k) by

) = [ et payde, fo) =5 [T e E) ak (2.7

—00 2T —00

Then it is possible to show that the solution for the surface displacement is

Clat) = % kT (k) coswt (2.8)

where ((k,t) is the Fourier transform of ((z,0), and the potential is

1 oo Tk?\ sinwt
_ L 15 ) SIWE s 9.
Dk, 1) %[mﬁg%mmkp> ot (2.9
with 1o
Tk?
W= [|I<:| <g + 7)] (2.10)

Detailed derivation is as follows.

The transform of Laplace equation is
D, — k=0, 2<0 (2.11)

From the combined free surface condition, we get

— Tk2\ —
From the dynamical condition on the free surface
— Tk2\ =
o, = — (g + —) ¢ (2.13)
p
At great depth
P, P, 50, z— —0 (2.14)

The initial conditions on the free surface are

C(k,0) = C,(k) (2.15)
®(k,0,0) =0 (2.16)

The solution of (2.11) is
D(k, z,t) = A(k, t)eM?
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From (2.12), A must satisfy
Ay + || <g+T7k2>A:0, t>0
From (2.16) and (2.15), the initial conditions for A are
A(k,0) = 0,

Ay(k,0) = ~T(k,0) <g N TT’CQ> 2w (g N T7k2>

Hence

The solution for the tranformed potential is

Bk, 2,t) = —C, (k) (g + = (2.17)

The transform of the surface displacement is

= o _Et(kaoat)

((z,t) = = (, (k) coswt (2.18)

Tk2
T

By Fourier inversion the solutions are given by (2.8) and (2.9).

To be concrete we shall take

Sb
Co(z) = p PN

which is a hump of area S; the Fourier transform is
(k) = St
which is even in k. It follows that
((z,t) = % /ooo dke™ cos kx cos wt

which can be manipulated to

C(z,t) = %m /O " dke (oot 4 efhetion) g, (2.19)

The first term in the integrand represents the right-going wave while the second, left-
going. Each part correponds to a superposition of sinusoidal wave trains over the entire
range of wave numbers, within the small range (k,k + dk) the spectral amplitude is
Se~*  In general explicit evaluation of the Fourier integrals is not feasible. We shall

therefore only seek approximate information.
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2.2 Method of stationary phase

The method of stationary phase is particularly useful for asymptotic approximation of

Fourier integrals,
b )
I(t) = / F(k)et!® g (2.20)

for real f and very large t. Let us first give a quick derivation of the mathematical
result.
If ¢ is large, then as k increases along the path of integration both the real and

imaginary parts of the exponential function

cos(tf(k)) +isin(tf(k))

oscillates rapidly between -1 to +1, resulting in cancellations unless there is a point of

stationary phase k, within (a,b) so that

% = f'(k) =0, a<k,<b. (2.21)
Then
f(k) = f(ko) + %(k: — ko) f" (ko) + - - -
and

eitf(k) ~ eitf(k") exXp [Zt(f(k) - f(kO))]
~ et ) feos [H( (k) — (ko)) + isin [tH(f (k) — f(ko))]}

As sketched in Figure 3, contribution to the Fourier integral is dominated by the cosine

part in the neighborhood of k,. The integral can be approximated by

. b
1) ~ F (k) [

a

exp (G (k= ko) 1"(ky) )

With an error of O(1/t), we also replace the limits of the last integral by foo; the

justification is omitted here. Now it is known that

/OO IR g1 — \/?eimm
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6081[t_(f(k)-f(ko))] f(k)-f(ko)

1] JJ

-

Figure 3: Neighborhood of the point of stationary phase

It follows that
I " F et gl (g etton |2 1o (L) ey b
t :/ v ~ 0 t o) T N <_>> i o Y
0= [ Fkye (k) ] o) ke
(2.22)
where the sign is + (or —) if f”(k,) is positive (or negative). It can be shown that if

ther is no stationary point in the range(a,b), then the integral I(¢) is small

I(t) = 0 (%) i Ky ¢ (a,b). (2.23)

2.3 Wave dispersion at large x and t.

Let us apply this result to the right-going wave

1o
Crlat) = R / dkC(k, 0)eitka/t=i) g (2.24)
0

™

o [ ) o

For an observer travelling at a given speed, =/t =constant. We have

where

f(k) = kx/t — w(k), (2.26)

There is a stationary point k, at the root of
3Tk>
g+=,-

2 (gh + %’“3)1/2 227

z/t =w' (k) =c, =



3.3. DISPERSION OF TRANSIENT DISTURBANCE 15

G

min

Figure 4: Group velocity as function of k of capillary-gravity waves in deep water

which is plotted in Figure 4. Note that ¢ (k) is large for both small and large & :

L /g
Cq ~ 5\/%, for small &,

1 |Tk
cg ~ —y/—, for large k,
P

and

2

Hence there is a minimum ¢, occuring at k, where w”(k,) = 0.
For any speed z/t > min c¢;, eq. (2.27) has two roots (stationary points). At the
smaller root k; < k,, w”’(k,) < 0; at the larger one ky > k,, w”(k,) > 0 . Adding the

contributions from both we get the final result for the right-going wave

1 i 2m
C+($, t) ~ %6 1 W COS (k}lx — W(kl)t - 7T/4)
1 2m

+ cos (ke — w(kq)t + m/4) (2.28)

"\ o (k)]

Physically an observer travelling at the speed x/t sees two trains of simple harmonic
waves with wavenumbers k; and ko, corresponding respectively to gravity (longer) and
capillary (shorter) waves. The local wavelengths are such that their group velocities
match the speed of the observer. The faster the observer, the shorter the capillary
waves and the longer the gravity waves. If a snapshot is taken for all x > 0, then the
longer gravity waves are at the very front, followed by shorter and shorter gravity waves.

However the shortest capillary waves lead the longer ones, see figure 5. Because e *°
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t
A tl = Cglky)

=

Col(ky)

0

Figure 5: Large-time dispersion of capillary-gravity waves in deep water

is is the greatest at £ = 0, the longest waves are the biggest. The entire disturbance
attenuates in time as ¢t~1/2.

Note also that for z/t ~ min ¢,, the second derivative f”(k,) = —w"(k,) = 0. Hence
the asymptotic formula breaks down. A better approximation is needed, and is left as
an exercise.

Homework Show by expanding
1
w(k) = w(ky) + (k — ko)w' (ko) + E(k — ko )?w" (ko) + - - - (2.29)

that for large x and t,

1/3
Colm,t) ~ (tw”2(k:o)> e %t A;(Z) cos(w(ko) — ko) (2.30)

where Ai(Z) is the Airy function with the argument

7~z bt - o)

It can be defined by the integral

1

Ai(-2) = = /0 ~ cos (—Za + %3> da (2.31)

and is related to Bessel function of order +1/3,

(%2”) +Jy (@23/2)

Z1/2

4i(-2) = =

J

(2.32)

wl=

Discuss the physical picture.
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2.4 Energy propagation

Finally we examine the propagation of wave energy in this transient problem. It sufficies
to examine the gravity wave part. Using (2.28) the local energy density of the gravity

wave 1s: 7( e
Pw (k1
B = g = S

At any given t, the waves between two observers moving at slightly different speeds,
cy(k1) and c4(kY), i.e., between two rays z/t = c4(k}) and z/t = c,(k]) are essentially

simple harmonic so that the total energy is

[[ = [ ae Gy

Since = = w'(k)t for fixed t, we have

d
Tx = " (k1)dky
Now for xo > z1, ki > ki, it follows that
2 W pw? 2
/ dzE = / dki—=——({(k1))* = constant
a1 K, 8T
Therefore the total energy between two observers moving at the local group velocity
remains the same for all time. In other words, waves are transported by the local group

velocity even in transient dispersion.

3 Narrow-banded dispersive waves in general

In this section let us discuss the superposition of progressive sinusoidal waves with the

amplitudes spread over a narrow spectrum of wave numbers
((t) = [ T A(R)| cos(kz — wt — 0.4)dk = R | T A(k) et g, (3.1)
0 0

whereA(k) is complex denotes the dimensionless amplitude spectrum of dimension
(length)?. The component waves are dispersive with a general nonlinear relation w(k).
Let A(k) be different from zero only within a narrow band of wave numbers centered at

k,. Thus the integrand is of significance only in a small neighborhood of k,. We then
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approximate the integral by expanding for small Ak = k — k, and denote w, = w(k,),

W) =w'(k,), and w! = w"(k,),
C _ %{6ikoa¢—iwot /oo A(k’) 6iAkw—i(w—wo)tdk,}
0
) . 00 1
- R {el’w_“""t/ dk A(k) exp {iAkx —1 <w;Ak + EWZ(AIC)2> t+-- ]}
0
= R{A(z,t)er it (3.2)

where

Ala,t) = [~ db A(K) exp itk — i () Ak + %wg(Akf) ERTHCE)
Although the integration is formally extends from 0 to oo, the effective range is only
from k, — (Ak)m to k, + (Ak)m, i,.e., the total range is O((Ak),,), where (Ak),, is the
bandwidth. Thus the total wave is almost a sinusoidal wavetrain with frequency w, and
wave number k,, and amplitude A(z,t) whose local value is slowly varying in space and
time. A(x,t) is also called the envelope. How slow is its variation?

If we ignore terms of (Ak)? in the integrand, (3.3) reduces to
Az, t) = / Ak A(k) exp [idK(z — o/ 1)] (3.4)
0

Clearly A = A(x — wlt). Thus the envelope itself is a wave traveling at the speed w.

This speed is called the group velocity,

_dw

k) = o (3.5)

ko

Note that the characteristic length and time scales are (Ak,,)™! and (w/Ak,,)~"! respec-
tively, therefore much longer than those of the component waves : k! and w;*. In other
words, (3.3) is adequate for the slow variation of A, in the spatial range of Ak, z = O(1)
and the time range of W/ Ak, t = O(1).

As a specific example we let the amplitude spectrum be a real constant within the

narrow band of k, — k, k, + K,

kot+k . .
C=A / gkl <k (3.6)
k

o—RK

then

C _ k,erikoac—iwot r d§6ik°€(x_cgt) 4.

2 i — ) ) A A
_ "4 sSm 'Li(x Cgt) ezkox—zwot — AelkoﬂC—Mdot (37)
T — ¢4t
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Figure 6: Envelope of waves with a rectangular band of wavenumbers

where £ = k — k,/k, and
_ 2A sink(z — c4t)

A= 3.8
(z — ¢4t) (38)
as plotted in figure (6).
By differentiation, it can be verified that
0A 0A
E + Cg% = 0, (39)
Multiplying (3.9) by A%,
0A 0A
Af— A'— =
ottt e =0
and adding the result to its complex conjugate,
0A* 0A*
AW + CgA O = 0,
we get ) ,
9|A| olAF°
5 +cq4 S 0 (3.10)

We have seen that for a monochromatic wave train the energy density is proportional

to |AJ2. Thus the time rate of change of the local energy density is balanced by the net
flux of energy by the group velocity.

Now let us examine the more accurate approximation (3.3). By straightforward

differentiation, we find

0A

S = [ [rwar-

(AK)?| A(k)e'Sdk
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9A
o
2 00 ]
% — / (—(AK)?) A()e'Sdk

0

_ /O T (AR A(K)eS dk

where
S=Akz—J Akt — %wZ(Ak)Qt (3.11)

is the phase function. It can be easily verified that

%—F /%—iw:’/aZ—A
ot w”&v— 2 0x?

(3.12)

By keeping the quadratic term in the expansion, (3.12) is now valid for a larger spatial
range of (Ak)?z = O(1). In the coordinate system moving at the group velocity, & =
T — cgt, T =1, we easily find

DAT) DA 9A  DAET) 94
ot or e or oz

so that (3.12) simplifies to the Schrédinger equation:

0A Wl %A
o2 oe (3.13)
By manipulations similar to those leading to (3.10), we get
IIA? W D 0A 0A*
—=——(A—-A 14
or 2 0¢ ( o€ ¢ > (3:14)

Thus the local energy density is not conserved over a long distance of propagation.
Higher order effects of dispersion redistribute energy to other parts of the envelope.
For either a wave packet whose envelope has a finite length ( A(+o0) = 0), or for a

periodically modulated envelope (A(z) = A(z 4+ L)), we can integrate (3.14) to give
g / |Al2de =0 (3.15)
or '

where the integration extends over the entire wave packet or the group period. Thus

the total energy in the entire wave packet or in a group period is conserved.



