Rotating frame cross relaxation between two sets of spins:

Cross polarization is a technique to transfer magnetization from one set of spins to
another. Typically we want to move magnetization from an abundant high y spin like "H and use
it to enhance the signal of a rare spin such as "°C. The initial idea of how to do this was cast in
the spin temperature concept. The 'H and "*C nuclei in a sample populate the spin states
according to a Boltzmann distribution when placed into a static magnetic field on a time scale
determined by T;. This population distribution can be used to define the spin's temperature, and
for instance if we invert the population with a 7t pulse the effective temperature becomes
negative. In the diagram we schematically indicate the distribution of + and — spin states for 'H
and "°C in the same magnetic field. The excess population in the + state is about 4 times less for

the °C than the 'H since T ~ 4yc.
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If we spin lock the magnetizations, the spins experience a much smaller effective
magnetic field, at least in the rotating frame, and the spin states will re-equilibrate to a new
distribution determined by the “rotating frame” spin temperature, with the effective field being
©,

Y

=B, . Since the two sets of spins are affected by RF fields at different frequencies, we can set

the fields to be different, and this makes it possible to set the spin state energy differences to the

same value in the rotating frame by adjusting B, = Y—CB1C .
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Both sets of spins want to re-equilibrate, and seeing a much smaller B, fields the populations will
adjust to a much smaller population difference. However, the two sets of spins are usually more
strongly coupled to each other than their surroundings, and they tend to equilibrate to a common
spin temperature more rapidly by dipole coupling mediated mutual spin flips. If these spin flips
are energy conserving the equilibration by this cross relaxation can be much faster than the
equilibration with the lattice, the result being a greatly enhanced '*C magnetization. Setting the
rotating frame spin state energy splitting the same for both types of spin is known as the

Hartmann-Hahn condition.
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The typical pulse sequence is diagrammed above. The 'H magnetization is spin-locked by
applying a 90° pulse with phase x, followed by a continuous RF field phase shifted by 90°. This
places the "H magnetization anti-parallel to this y-phase RF field in the rotating frame. Turning
on a °C RF field with the proper amplitude to satisfy the Hartmann-Hahn condition maximizes
the cross-relaxation rate, and a '°C magnetization will grow in a spin locked state along this field.
Since the 'H were prepared in this example anti-parallel to the spin lock field, the *C
magnetization will also grow anti-parallel to the '°C RF field. The resulting "*C signal will have
a phase of —x then.

Rate matrix approach

The simplest way to treat a CP transfer is as a cross relaxation process in the rotating

frame, analogous to cross relaxation between two sets of spins in the laboratory frame.
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The spins can cross relax with each other, or relaxa back to the lattice. Our treatment will draw
on a relaxation matrix formalism used by several authors(/-6). We start following Jeener(2) and
consider two types of spins, A and B, numbers of spins ns and ng. The usual equations
describing the time evolution of the departure of z-magnetization from equilibrium are

im=—R-m
dt

where the difference magnetization vector m is given by
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The z-magnetization of each type of spin is denoted M , and the total z-magnetization of the N

spins is M . The relaxation matrix R is written

R = (RAA RABJ
RBA RBB

Defining the following quantities following Macura(3)

| 1

A :E(RAA _RBB) :E((RIA _RBA)_(RIB _RAB))
1

c =5(RAA +Ry)

D=A"+R R,

n= \/(D+A)2 +R, 4R,

it is straightforward to specify a transformation T, - R - T, that will diagonalize R:

o _L(D+A SRy 1(D+A Ry,
*“nlR,, D+A * nl-R,, D+A

The resulting eigenvalues of R are then found to be

A,=0c%D
The general solution to the differential equation for m is
m(t)=e ™ (m(0)-m(c0))+m(e)

where the relaxation propagator is easily evaluated using Tr giving
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The magnetization either aligned along z or spin-locked at then end of a cross relaxation

period t then has two components

RAB

M () =c" {(cosh(Dt) —%sinh(Dt)j(MA (0)-M, () -2

sinh (Dt) (M, (0) - M, (oo))} +M, ()

RBA
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Spin-locked cross polarization

In a classic CP experiment between two sets of spin 1/2 nuclei we equate

R,, = L + 1 and R, = 1 +n—AL . If the rare spin is A, and B represents the abundant
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spins, we can write R ,; =——— and R;, = ——"——_ The equilibrium spin locked
AB B “AB

magnetizations M, (o) =M, () =0 for CP. In this case, assuming i is very small,
Ny

appropriate for the A spins being natural abundance "*C and the B spins being 'H
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The kinetics of the A spin buildup from an initial state of zero then to a CP time of t is
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For the B spins with these assumptions
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In a typical organic solid T}, for the 'H are 10s of msec, T, for the 13C are 100s of msec, and
Tcn the order of 100 microseconds. If one observes the abundant spins B the magnetization
decays exponentially with time constant T;,g. The spin locked magnetization for the rare A spin
initially grows exponentially towards Mg(0) with a time constant of Txp, while the overall
buildup curve is damped by T g of the B spin bath. An example is shown in the following figure
taken from Mehring's text, where the '°C magnetization in adamantane as a function of contact

time is fitted to the above equations.
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Other cases
In some instances Tap is actually longer than the T}, of the abundant spin. In this instance
it would seem that CP provides no real advantage, and that the rare spin signal that could be built
up by CP would be negligible. This turns out not to be the case as shown by Tekely and

coworkers. In this limit the time constant for the buildup of magnetization is the abundant spin

T, , while the decay occurs at the sum of the rare spin T, and the cross relaxation rates.
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Mismatch optimized transfers

The thermodynamic treatment assumes strong couplings among both the rare and
abundant spins. While this is usually a good assumption for the 'H in organic solids, it isn't for
the °C at natural abundance. The 'H-"H dipolar interactions broaden the energy level diagram
for the protons, but when the RF fields are strong the spin-locked states of the °C are decoupled
and thus narrow. An effective energy level diagram taking into account the 'H-'H interactions is

shown below (Wu and Zilm, JMR 93, 265-278 (1991)).
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F1G. 1. The energy-level diagram for an SI pair coupling to other [ spins. The interaction ) results in
the broadening of the I-spin level, while the broadening of the S-spin level is suppressed by decoupling. The
length of the bars in the bands represents the energy-level distribution. This distribution and the width of
the bands are determined by the dipolar interaction #;.

Since the 'H levels are broad, the Hartmann-Hahn condition is heterogeneous throughout the
sample. Different *C will require different matches to account for local field variations. One
consequence of this effect is that a phase shift of the RF fields by 180°, which inverts the spin
temperature, will end up satisfying the Hartmann-Hahn condition for a different set of spins.

Consider the next figure.
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FIG. 2. Under mismatched Hartmann—Hahn conditions, only some of the protons are permitied to take
part in the flip-flop with the directly bonded S spin. (a) When w5 < w,;, only those I spins located in shaded
areas ¢ and d are in the permitted status. (b) After the phase inversion, the Zeeman energy is inverted, while
the dipolar energy is unchanged, so that the two bands exchange their position. In this case, other 1 spins
located in areas ¢’ and d’ are in the flip-flop-permitted status, while those in ¢ and d are no longer in the
permitted status.
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In figure 2a the set of 'H that will CP to the ’C under a mismatch are indicated by the cross-
hatched area of the dipolar broadened energy bands. If the phases of the RF fields are switched
by 180°, the spin states are switched, so in effect the populations are also switched. The phase
inversion however does not invert the band structure, so as shown in figure 2b a different set of
'H are brought into the Hartmann-Hahn condition.

One can observe this phenomenon easily in a depolarization experiment. After a CP to
the °C in a sample (static), the 'H spin lock field is removed and the 'H magnetization decays.
Turning the 'H RF back on will establish a CP condition that will take polarization away from
the °C to polarize the 'H, and at the same time depolarize the '*C. The pulse sequences are

shown in figure 3.
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FIG. 3. The pulse sequences utilized. (a) The normal depolarization experiment, where ., is the cross-
polarization time, and #, is the depolarization time. (b) A modified pulse sequence, where there are synchronous
phase reversals of the two irradiation fields during the depolarization.

Using the sequence in figure 3b one can observe depolarization by successive portions of the 'H
bath. Experimental results are shown in figure 7 for a sample of paraformaldehyde ( (CH,0),).
The °C signal (at t = 0 normalized to 100%) quickly depolarizes, and slowly decays until the
simultaneous phase shift at 300 psec. This brings in a second groups of 'Hs in to depolarize the
BC. At 600 psec another simultaneous phase shift occurs. The depolarization is much less, since
these are the same 'Hs used in the first depolarization interval. The reason a small amount of
depolarization is possible in this third interval is that the first group of protons partially re-
equilibrated with the rest of the 'H bath by 'H-"H spin diffusion during the second depolarization

time.
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FiG. 7. The depolarization curve for the '*C signal of the sample of ('*CH,0),, 96% '*C-enriched, in the
modified depolarization experiment, +, Data during £, = 0 to 300 us; O, £, = 300 10 600 us; A, {3 = 600 to
900 us. The first rapid drop is about 21% of M. The synchronous phase reversals of H; and H,g (¢4 = 300
u8) result in the second rapid drop of an amount of 24% of M. The second phase reversal (¢, = 600 us)
results in a smaller drop of an amount of 6%.
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Dipolar couplings under MAS

Under MAS the secular portions of the dipolar interaction will transform as

10 0
D(t):f(t)~% 01 0% ()
00 -2

where the dipolar tensor is written in the PAS and T (t) is the direction of B, in this frame.

Using T (t) = (sin 0 cos @,sin Osin @, cos 6)

5 1 0 O sin B cos @
D(t) = M(sin@cos ¢,sinBsing,cos0)-|0 1 0 |-| sinBsing
! 0 0 -2 cosO

sin 0 cos @

2
_ Yﬂ’gh_ (sin 0 cos @, sin O sin ¢, cos 6) .| sinBsin @
r

—2cos0

3

2
_ Yol (sin2 0cos’ ¢ +sin’ Osin” ¢ — 2 cos’ 9)
r

:M(sin2 0 — 2 cos’ 6) :M(l—%os2 6)

r T

If the dipolar unit vector is oriented at an angle 3 to the spinner axis (set in the yz plane), and it is
rotated about the magic angle, it has a time independent component along the axis of cosf3, and a

time dependent component perpendicular to the rotation axis of length sinf.



>y
X
BO A BO A
sinp sin 0, sinf3
cosp cos6,, cosf3 I |

If this component starts out in the yz plane at t = 0, it has components of
z =sinfBsind,, cosw, t+ cosPcosO,,
y =—sinfcosf,, cosm t+ cosPsinb,,

X =sinfsino,t
in a frame with B, along the z axis. The hamiltonian requires 1 —3cos’ 6(t). We can get this

from the dot product between the field vector and the dipolar vector. In this instance it is just the

z component of the dipolar vector. Thus



1-3cos” 0(t) =1-3(sinBsin 0, cosw,t+cospcosh,, )’
2
= 1—3(sinB\/%cos o,t+ COSB%)
2
=1- \/EsinBcoswrt+cosB)

=1—(2sin? Bcos? .t + 2+/2 sin fcos B cos ot + cos’ B)

(
(
=1- (sin2 B(cos2w,t+1)+~/2sin2Bcosw, t+ cos’ B)
=1- (sin2 Bcos2m,t +~/2 sin 2B cos o, t +sin’ B + cos [3)
=1- (sin2 Bcos2m,t+ 2 sin 2B cos o,t+ l)
=1-1- (sin2 Bcos2m, t+~/2 sin 2B cos mrt)

= —sin’ Bcos2m,t — V2 sin 2B cos o, t

The standard convention has [3 as the negative of the angle we defined here. If we let

o,t = t'+y, where 7 is the starting phase of the rotation, and set B to —f3 we get the usual result

for the secular dipolar hamiltonian of a rotating spin pair under MAS:

2
#, =M(1—30052 O(t))IZSZ
r

2
__nh LS, {sin2 Bcos(2m,t+2y)- V2 sin 2 cos (o t+ 7)}

r3

=-D(t)2L,S,



CP and TEDOR transfers

To describe CP and TEDOR transfers under MAS we’ll take the dipolar Hamiltonian as
#, (t)=-Dy (t)2LS,
where Dig(t) is given by

Dy (t) =Dy (% sin’ Bcos (20t +2y) — - sin 2B cos (o, t + y))

CP dynamics
In the double rotating frame (see Wu and Zilm, JMR 104, 154-165 (1993)) the

hamiltonian for an IS spin pair with I and S RF fields has time independent portions given by
H = —wly — Awll, — w_lsSx
— AwsS, + 2b1,S, + #y, [1]

where b is usually defined as

Trysh
b =52 (1 -3 cos?), [2]
2r
Transforming to a doubly tilted rotating frame by rotating about the y axis by the effective field
Oy Os -
angles, defined by tan0, = , tan Oy = , gives
Aw, OR

HT = “we[IZ - mesSz + 2bestin Hlsin HS
+ 2bI.S.cos 6,cos Os — 2bI,S,cos 6;sin fg
— 2bI ., S.sin Oicos Os + A, [3]

The effective fields are ©, = /o, + Ao’ and o =+/or; + Ao, . Close to resonance we have

HT = —wyl, — wesS, + 2b sin O;sin Os(1,.Sy). [4]



since then 6, = 05 ~90°. We can simply use the on-resonance hamiltonian

HT = —wil; — wisS; + 20I,S, [5]
and recognize any result can be made valid for small resonance offsets by scaling b by
sin 0, sin 0O and using the effective fields in place of the RF field amplitudes. Under MAS we
can rewrite #, (t) as before substituting Dis(t) for b
#, (t) =2D (t) LS,
Notice the transformation has just put the z-axis along the spin locking field, in essence

permuting x and z in equation 1. The problem is simpler recasting the hamiltonian in terms of

single transition operators as

HT = —AIB — [ + p(I4 + 13), (6]

where

A=w—ws, 2= w;t ws

And the single transition operators are defined

LS. u_ L+,

2

IS +1.5.
I = CpenEES )

S I +S
The 14 operators correspond to the sum magnetization, i.e. I\* = -2 5 2 whereas the 23

subspace is for the difference polarization. The hamiltonian in the product basis is



[+4+> [——> | +=> |[—+>

<4l | =Z/2 | b/2
<Il| b/2 | /2 [8]
<2 —-A/2| b2
<3l b/2 | A/2

=) =(1):[+-)=[2),

consists of two pieces, one confined to the 14 subspace and the other to the 23 subspace, and thus

where the correspondence |++)=[4), —+)=|3) is made. The hamiltonian

these pieces evolve independently. As long as b << X, evolution takes place solely in the 23
space, and the sum magnetization is a constant of the motion.
In this case the 23 space can be represented by a set of effective pseudo spin 1/2
operators of the form
#7 = a()F +b()1F [9]
The —a(t) factor is the "resonance offset" while b(t) plays the role of the RF field. The dipolar

coupling b(t) can be expanded in Fourier components in the usual way:

2
b(t)= ) b, where
k=-2
b, =-Dy gsin(m)em » by =Dy %Sinz Be*" [10]
and Dy = u—‘)@ (rad s
4n t

If we transform hamiltonian to a frame rotating about z in the 23 subspace at a frequency close to
either £, or £2w,, one term in b(t) will become slowly varying and dominate the evolution.
This portion can be written as

#” =Re(b, )7’ —~Im(b, ) I’ - (A - ko, ) I} [11]

When A is set to +; or £2®,, we have an "on resonance" effective hamiltonian, which we can
rewrite as



#° =-D, (IPcosy—I'siny)  [12]

where k is either 1 or 2, and we have defined the terms D and D, as

NG

. 1l .
D, =Dy Tsm 2B and D, =D Zsm2 B

The evolution is simple in this case. The initial spin locked magnetization represents a
density operator proportional to 1°. We then have a simple rotation of 12° by an effective “RF”
field with a phase of y. Since the z-component at anytime is independent of the phase, the

magnetization transfer is independent of y, or as it is sometimes called "y-encoded". The

resulting transfer is found from
| (t) =17 (0)cos (—Dkt) =11, (0) cos(—Dkt)
where the last step follows if there is no initial S-spin magnetization spin locked. Since I\* is

I +S
2

S, (t)=1"(t)- I (t) =11, (0)(1-cos D, t) =1, (0)sin® (1 D, t)

independent of time, it follows using 1.* = £ =11,(0) that

Returning to the usual rotating frame, we now write the magnetization in phase with an

x-phase spin locking field after CP at the k = =1 sideband match as

S, (t)=1,(0)sin’ {(DIS %Sin 26}}

while at the k = +2 sideband match we get
S, (t)=1,(0)sin® {(DIS %sin2 B) t}

Off any of the matching conditions the result is also a simple rotation of the initial state about the

effective field. Close to the k match we have

S, (t)= |b| -1 ( snz{‘\/|b| +(A—ko, ) }

b, +(A-ko,)

We see the departure of the modified Hartmann-Hahn match plays the role of an off-resonance
detuning, while the dipolar coupling acts as an RF field. Since this field depends on 3 the

transfer is heterogeneous.



An adiabatic CP transfer works just like an adiabatic inversion, and in the limit of true
adiabaticity provides for a complete 3 independent transfer from one spin to another. The idea in
an adiabatic following is to start very far off-resonance, in this case very far from the Hartmann-
Hahn match. As the match condition is adiabatically varied through "resonance", the
magnetization follows the effective field and adiabatically inverts, even for a wide spread of field

strengths, i.e. dipolar couplings.

TEDOR transfers

A chemical shift compensated TEDOR sequence appropriate for "H-""N transfers is

shown below

<

I

T
| decoupling

Vo, o, o, lo, t;

The first pair of 1/w, intervals takes the 'H transverse magnetization created by the first 'H 7/2
pulse and dephases it with a REDOR sequence. The © pulses are set so as to refocus the 'H
isotropic chemical shift and not recouple the 'H anisotropic shift. The pair of /2 y pulses
converts the anti-phase 'H magnetization created this way into anti-phase '’N magnetization. The
second pair of 1/, intervals rephases this, again using REDOR, and with the © pulses placed so
as to refocus the '°N chemical shift.

The evolution of the magnetization in this sequence can be represented by the following

generic sequence, where the spins evolve during the m/w; intervals under an average hamiltonian



'H decoupling

with no chemical shifts, but with a REDOR recoupled heteronuclear dipolar term.
In describing TEDOR for an IS spin pair it is most convenient to first calculate the
average of the dipolar Hamiltonian over a rotor period. This is simple since the heteronuclear

dipolar and anisotropic chemical shift interactions commute with each other and themselves at

all times. We will denote the average as %, = —Dq (t) 21 S, where we calculate D¢ as

I_)IS=DISTL{j.[%sinzBcos(2oort+ZV)—%sinZBcos(mrter)}dt— j[[ Jdt+... I[ ]dt}

0 g T
The different intervals t;— t; represent the periods where dipolar interaction freely evolves under
MAS. At the different times t the sign is changed by application of a & pulse to one of the spins
in the IS pair. The resulting dipolar Hamiltonian can then be used to evaluate the evolution at
multiples of a rotor period using the product operator formalism.
We want to consider two different situations which we will call 1/2 and 1/4 TEDOR,
where the designation signifies the fraction of a rotor period between successive 1 pulses. In

TEDOR;/; we have a single © in the middle of rotor period. In each case we basically need the

following integrals of the cos (2w, t +2y) and cos(o,t+7) functions:



TEDOR,»

T

T

t'+1,/2 t'+1,
The cos2a,t term gives: i{ I cos (2w, t +2y)dt — j cos (2wt + 2y)dt} =0

t' t'+1,/2

While the cosm,t terms reduces to:

t'+1,/2

1 t'+1,/2 t'+1, 1 ' . »
:{ tf cos(o,t+y)dt - tlJ/z cos(m,t + y)dt} = E{sm(mrt +7) . —sin (o,t+7) m,/z}
2
=-= t
. sin (o,t"+7y)

TEDOR 4

The cosm,t term averages as

t'+1,./4 t'+1,/2 t'+3t1,./4 t'+1,
L{ J.cos(a)rt+y)dt— J.cos((ort+y)dt+ I cos(mrt+y)dt— J. cos((ort+y)dt}:0

T, t' t'+1./4 t'+1,./2 t'+31,./4

and the 2.t terms gives

t'+1,./4 t'+1,/2 t'+3t1,./4 t'+1,
—{ I cos (2w, t +2y)dt - J cos (20, t+2y)dt + j cos (2w, t +2y)dt - I cos (2wt + 27)dt}

Tl' t' t'+1,./4 t'+1,/2 t'+31,/4

3t/

_ 1 {sin (2.t + Zy)‘iﬂ'm —sin(20,t+ 2y)‘ Tr/j +sin (2wt + 2y)

t'+ 4 .
=5 o —sin(20,t+2y)

t'+ t'+1,
t'+1,/2 t'+37, /4

1 {2 sin(20,t"+ 2y + 1) —sin(20,t + 2y) - 2sin (2o,t' + 2y + 271:)}
C4n

+2sin(20,t' + 2y +31) —sin (2, t' + 2y + 4m)

= 4L{—2 sin(20,t"+2y) - 2sin(2w,t'+ 2y) - 2sin (2m,t' + 2y) - 2sin (20,t" + 27)}
n

1 : , 2 . :
= E{_S sin (2o,t'+2y)} = —;sm(Zwrt +2y)

10



For the two cases then we have for D¢ using

D (t) =Dy (% sin’ Bcos (2t + 2y) — - sin 2B cos (o, t + y)) , then

Dy, = —%sin(mrt' + y)(—DIS %sin2B) = % 2 sin2Bsin(o,t'+7y)

ﬁls1/4 = —gsin(20)rt’ + 2y)(DIS %Sin2 B) _ —&Sinz BSin(Z(Drt' N 27)
n T

We can then also rewrite %, = -D ¢ (t)21,S, as #, =Q,1,S, where

nz-z

Q,, = —21_)151/2 =-Dy %sin 2B sin ((ort' + y)

Qs =—2Dy,, =D Zsin Bsm(Zco t +2Y)

where the subscripts are for the 1st type of REDOR ( & each 1/2 1;) and the 2nd type ( & each 1/4

Tr).

Propagators

In each of these cases we have a propagator that is of the form (assuming for example
that all « pulses are applied to the I spin) :
TEDOR

e xe '713'526 xe —#pn _ e*inlx (e xe‘*'”d )e 17""'13Tze '(e —i#pn _ e*inlxe xe‘*'ﬁ"DTze #pn _ e_iﬁn(ﬁ*rz)

TEDOR 4
e—inlx e—iﬂDu e—inlX e—iﬂ»’nr3e XG 17-']:,‘1:2e ,(e —i#pTy — e—inlX e—i?r’D1:4 e—inlX e—iWD1:3 e—iﬂlX (e Xe+1T[I )e—i’#’Drz e—irrlX e—iﬂ‘D‘rl

—inl —inl, _+inl —i#p Ty —inl,  —i#pTy  +HiFpT, —IFpT —inl —inl, _+inl —i#pTy —inl, _ —iFpTy  +FpT, DT
=e x(e ‘e x)e DT4 @ M @ T o T o =11 _ o x(e re x)e Dl @ I @ T o DT o 7D T

—e Xe—ml +iFpTy e—iﬁ"Dt3 e+iﬁ‘th e—i,’q’»’Drl

T o DT o YT o IFDT e—iﬁD(Tl+r2+r3+r4)

=e e

11
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Evolution of transverse magnetization in TEDOR

As long as we can write %, = Q_LS_, product operator rules can be applied.

n

SZ M}SZ
Sx M)Sx cos QnIZT + SY SinQnIZT - Sx eo8 (%j " 2SYIZ Sin [%j

S, —22 58 cosQ,I,t—S, sinQ,I,T=S, cos (%) —2S.1,sin (%)

The signal in a standard TEDOR arises from the following basic scheme. The initial evolution
period makes anti-phase 'H magnetization, which is refocused to generate in phase °N

coherence. Both intervals are the same length of time t = m/®; = mt,, where m is the number of

rotor periods involved. X Y
'H decoupling
ty
15N
) m/®_ a m/®_ ]

Starting with H, we get

T

H (21 N _Hy Q,H Nymr, -H, (;()s(Qnm'l:r /2) +2H N, sin(Qnmtr /2)

z

converting to '’N magnetization and rephasing gives

5

-H, cos(Q,mt, /2)+2H N, sin(Q,mt, /2)—=—-H cos(Q,mr, /2)-2H,N,sin(Q,mt, /2)

5]

——=—-H_ cos(Q,mt,/2)—-2H,N, sin(Q,mrt,/2)

— A 5 _H cos® (Q,mr, /2)+H, cos(Q,mt, /2)sin(Q,mt, /2)
—2H,N, sin(Q,mzt,/2)cos(Q,mt,/2)
- 4H§Ny sin” (Q,mr, /2)
Only the last term gives observable '°N transverse magnetization. The TEDOR, signal then is



proportional to —N_ sin*(Q,,,mt, /2), where we have use the fact that H} = +. The TEDOR 4

signal is the same except for replacing Qi by Qya.

Simulating either the CP or the TEDOR signal growth curves is simplified by using a
time unit that is based on the rotor cycle. Using v,; = D, /27, we can write a dimensionless time
axis as mvg/v,. This gives us a convenient way for a given spin rate v, to rewrite the CP time
evolution in terms of the number of rotor cycles, which is the natural time base for the TEDOR
experiment.

Below we plot the signal growth for a single ’N—"H pair at either the k = 1 or 2 sideband

match from a powder sum over f3. A spin rate of 20 kHz and a v,; =D (/21 =10,990 Hz was

assumed. This corresponds to a 1.03 A "N—'H bond length. TEDOR curves are also given for
the 2 cases presented here. For the TEDOR buildup profiles the time axis corresponds to the
number of rotor periods before the rephasing interval begins. Thus the total TEDOR transfer

takes twice as many rotor periods as indicated on the plot.

CP and TEDOR buildup curves for NH at 20 kHz

0.80 -
0.70 -
0.60
050 %QW\/L — / ——2pi TEDOR
L~ [ — — 3pi TEDOR
/ 4 pi TEDOR
[ delta = wr CP
2 0401 —— delta = 2wr CP
0.30 1
0.20 -
0.10
000 T T T T T T T T T
0.00 2.00 4.00 6.00 8.00 10.00 12.00 14.00 16.00 1800  20.00

rotor periods at 20 kHz



‘'O youi 0z @qoud

Joubew alog ww €9

A ¢'v PIOIXO




losuas alnjeladwal
ondo Jaqu

SJa)l|M G ~ BWN|OA
[pUUBYd Uoq.ed 0} jemap sse|b a|dwes Jojos ww 9°|

1snlpe a|bue
olbew o} sJayM G'g ~ swWnN|oA

suigny onseld s|dwes JojoJ Ww G'Z

103 ND-Pd

diy oAUp deo pus LA Joj siojos psjess
laoeds

10)01
Bul-o uooljisolon|)




losuas alnjeladwa)

ondo Jaqy ’ ”.l‘llﬂ
_,u

PUUEBYD UOQIED O] lemsap mmm_@ ‘

1snlpe a|bue
oibew 0}

Buigny onse|d
(1)
|]auueyo uojoid 0}

100 NO-Pd

diy aAup

10]01

Buu-o uooljIsolon|}




x1dQ®N - |
dlexy
181 @ 19SPO Y )~ ~ o T mmm.\,_

abpo pueq sainsSeaw .
paseq Syeo .
Ja18wiowiay] ondo Jaqij

__‘.,_._ .l——_
.
\/
R

Jie Bisd 001 1Y

i NP L

_ — JIe Do 0G1

i —Pr

agn) XalIOA Yos|iH-anbuey
Jajowiowlay) T~
ondo Jequ Jemap sse|b

SVIANJO 1A sulinol




den

Jojioeded
Buioue|eq

yojew

Bn|s
Buiuny
loje]s [1ouad uo|}o)

4719 WW G°¢

9qoud aqn} bulun} Ng,/J¢1/H, ZHW 008 ue




suonenuis
doy youaq axew

191ndWwod
Ul }INDJ1D UDISap

SJUsWIg[d@ Xeo? [[e wol] }jIng saqoid SYINdD Aduanbal} ybiy




"M JOJOWERIP
Joul ¢Z()’() WOIJ PAIONISU0D [109 YI3ud| d31ul} win) 9 uo[ youl §7°() & 10y uonewrxordde

ue se | WI-SUIN} G/ 8~ ?@.68@% aIIm — )3u9] :oov /(]—sun}) ~,u Surunsse (e

108

['10C

0°008

2qoid [eapr 1

9qouid o1din

1

=
i

mAT< . ,HEV pajenoed Sa:_m ANEEV

pare[No[ed A TG

1/'q)

105

!

Kouonbarg | snoponu

SINS3Y SUI[OPOJA pPUE BIB(] QOUBWLIOJI9J 90UBUOSdy oA,

[9]9eL




Aljigess Jajsuel) 4O pue | A 0] uoiusye salinbal

8S010NS D¢,-N JO eNoads SYIND ZHIN 002

wdd GG 09 59 0. Gl 08 G8 06 G6 00l Gol

Il
|

B ZHY 9

ZHX 0L

|
1

JUBWIYDLIUS D¢, WIOHUN Y}IM UOIIN|jOSal
ybiy Joj pasinbal Sy 1se) AjeAnelal




ZHY 0Z e spouad Jojol

00°0¢ 00°GlL 000l 00°G 000
L | | | Ooo

pose AV Ly
- 020 N.N.w>\_>\ 01 - Q
- 0€0

‘ovoﬁ
050 =
- 090

- 0/0 Sl _ CF
e ﬁﬂm@ Nc_m G-="0

S — "o =y

ZHX 0 ¥e HN 40} annd dnpjing 4O

B(dg)uisgMa-="q

Lox-v)+ g
1

=((2)*g)

Lo4-v)+ o} urs

AJoayy dnpjing [eubis )




(zHY) H*o ;BUOIM S Jeym

Alisuaul

orL  0cCl 001 08 09 0)7% 0c

+gjolpaid A1oay) 1ng

ZH¥ 0¥, 0ZL 00L 08 09  OF 0z & "o
ﬂﬂﬂ i 4:1*1ﬂﬂeiﬁts H% " ﬂﬁf:ft%}fi:f

ZHY 08 = °'®
yojew 2oasw |
dD 19A9| paxiy & ralaymAhlans sayojew

:SUOI}IPUOD

ZH> 61 = ‘A J& oAIND BUIOJeWw g7) SUEJUEWEPE UE




90uo Je alaymAians do + 2o = Hm )as jouued

uonisod

ZHY ut opmyjdure pjoyy Iy

plal} 43 snoauabowoyul ue ui Buiyojew 49




no Jo a%ald |jews Jo uolnisod snsiaA Buiuny Jo YIys ,
Juaipelb p|al) anels e ul abewi uonenu _
uonisod "sA ajdwes ulyj uo uoneynu ,  :Aq painsesw pjolj ‘g oANeel

18]u89 109 WoJ) Sayoul J8]u89 100 WoJ} sayoul

Gglo GO0 Gg0o- 49L0- Gc¢o Gco Glo G00 G0o- 9L'0- GCo-

pley g annela.

%

sa|joid pjal) g painsesw sa|joid pjal) g peroadxe

yjbusjenem pue Alsusbowoyul tg




90uo Je alaymAians do + 2o = Hm )as jouued

uonisod uonisod
¢0- v°0-

)

z z
=h =h
Gl o,
o, (o
o o
g g

= =2
=4 =)
o, o
(@) (@)
= g
~ ~
an am
N N

pasouejequn paoue|eq

p|al} 43 snosuabowoyul ue ui Buiyojew 49




(zHIN) Aduanbaiy
0r8 0Z8 008 (1175

T
<
S

T
(e ]
S
93e)1[0A dAnIR[AI

[
S
—

(zHIN) Aduanbaiy

=
S

T
<
S

a3e1[0A dAnIR[AI

T
&2
S

SaqoJd paduejequn "SA padueeq




no Jo a%ald |jews Jo uolnisod snsiaA Buiuny Jo YIys ,
Juaipelb p|al) anels e ul abewi uonenu _
uonisod "sA ajdwes uiy) uo uoneinu , :Aq painsesaw pjolj ‘g oANeel

18]u89 109 WoJ) Sayoul J8]u89 100 WoJ} sayoul

Gglo GO0 Gg0o- 49L0- Gc¢o Gco Glo G00 G0o- 9L'0- GCo-

pley g annela.

%

sa|joid pjal} 'g peouejequn sa|joid pjal} 'g peoueleq

yjbusjenem pue Alsusbowoyul tg




o2 agl ur jurod
2B j8 pjay anausew ay) Jjo aienbs ayy 03 jeuonaodoad are suonpapgap

Kouanbaa,g t1sa10jun Jo [auuRyd A1 U0 pasojuow st Aouanbayy Furung
) maI0s ) SurduevApe £q 10]01 A} JO SIXe Y} Fuoe pauoiysod
Aeruawarour st ysip addoa oy sy "10181S QYN WL §°7 SANQUT RWAY))
Y1 01 PIXLYPE SB UONIAS SSOII Ul UMOYS “10j01 2y} apisur ajyoxd
play onoudew oY) Sunmseawr Ajeomuonoap 1oj smereddy g cTig

MDIDS
[102 apdureg jupunsnipe
|

J— | uonISog
! ,w S | ysip 1addon ___
\ __ ___
\ __ |
\ |
[
A
A i
1]
L

A

\ 2IMXI

guiqny ULI[D(]
NULIYS 1B




(ZH) PIY Ay snajonu-x

omﬁ O@ﬁ &m

owm

(ZHY) oY A snajonu-x
051 001 08

(zHY) PIoY Ay snojonu-x

omﬁ O@ﬁ mm

(syun Areniqie) S

owm

(ZHD) PIoY Ay snojonu-x
om~ o&~ &m

AVER RS

(syun Arenigie) §

00 =19Sjj0

(syun Areniqie) §

(syun Areniqie) §

%S9 = 006/0018

%06 = 006/0018

19SJJO p[al} pue Ajleusabowoy Jy JO UONoUN) B Se adojaAUS Bulyojew




vz
< >

ZH 8¢CI ¥l 0cl 911 ¢IT 801 YOI 00l 96 <6 88 +¥8 08 9L <CL
%»{ﬁ%ff{fi%%é}}?%;z%%g%

pasuereq

ZHY 8¢1 vC1 0TI 911 <IT 801 ¥#0OI 00 96 CT6 88 ¥8 08 9L TL

T T

paoue[eq jou

ZHY 0Z = '® 1e sAelte Bulyojew suejuewepe







Oel

sAesie uoneinu Ag Alleusbowoy 4y




(zHY) xz/ o 08
| |

—— e e

SV
w0

o0 GLY

+——092

N N wem e dee e

ZHY 02 =2g/ ®

e e

ZH) '8 = L2/ O

JOSHO pue yojew g, "SA 4O D¢ ¢ Ng < H, AQ VO Jo eijoads O,




Basic AC circuit theory for resonant RLC circuits

In a simple RLC circuit subjected to a sinusoidal voltage, the instantaneous voltages

v (t) across components follow the following equations. For the resistor

v(t) = Ri (1)

the capacitor

and for the inductor

_ di(t)
V(t) =L "

As long as the frequency is not so high that wavelength effects are not an issue, the instantaneous

current T(t) can be taken as the same at all points. As steady state the current-voltage relation
across any single component is fixed by the complex impedance through

V() =2Z,i(1)
For the resistor Z = R, for an inductor Z = joL, and for a capacitor Z = 1/joC, where we have

used j=+/—1 to avoid confusion with T(t) . Now consider the two simple circuits below.

C L
a,b [¢
v(t)f§1 o d% R

2 L 2
th@ LlR

The voltage source provides a voltage
V() = v, (1) = v,e™
If the frequency is chosen as the resonant frequency where
LC=1l/o’

the net series impedance



Zw=Z.+7ZL+7Zg=joL +1/joC +R
since
joL + 1/joC =j(oL - I/oC) =0
Zoa=R
And
La(t) = 1ea(t) = 1(t) = v(t)/R.
The voltage across the capacitor C is given by
Vap(t) = Zab Lan(t) =—(/@C) i(t)
Substituting for the current
Va(t) = —(§/0C) v(t)/R = (1/@CR) v(t) e
where the last step follows from DeMovre’s theorem. If the resistance R is taken to be the
equivalent series resistance for the inductor L, we can substitute using the definition of the
quality factor
Q=oL/R
Using the resonance condition oL = 1/0C, we arrive at the result that the voltage across the
capacitor at resonance is
Va(t) = Q v(t) e’

This is Q times the applied voltage and out of phase by —n/2. It likewise follows that the
voltage across the inductor

Vie(t) = Znei(t) = joLv(t)/R

or jQ v(t), which is equivalent to Q v(t) ¢™*. Thus
Vhe(t) = ~Van(t) as € = j = ~(7%) = ~()
and Vac(t) = Van(t) — Ve(t) =0
as expected.
In the second circuit the same inductance and resistance are used, but the capacitance is
split across the inductor. This has the same resonance frequency as
Z14=—-j20C + joL — j20C = - j/oC + joL = Z,.
Therefore the current is the same for the same v(t). Thus

via(t) = =(/20C) V(O/R = (1120CR) v() 7 = (Q/2) V(1) ¢



The voltage across the inductor is still the same
va3 = Q v(t) &
and the voltage across the second capacitor is
vaa = (Q/2) v(t) 7™
As before, since the circuit is resonant, the voltage
via = (Q/2) v(t) ™+ Q v(t) & + (Q/2) v(t) e?™* = 0.

The main difference between the circuits arises when the voltages at the various points
are considered relative to the ground plane. In the first circuit the voltage viq at the junction of
the capacitor and inductor relative to ground is Vi + veq. As long as R is small, i.e. Q high,

Vbd~ Vbe = Q v(t) &™?
In the second circuit the voltage relative to ground at the first junction is

vas Vi = Qv(t) €+ (Q/2) v(t) €7 = (Q12) v(p) e

At the second junction this is just

vis = (Q/2) v(t) '™
The voltage rise with respect to ground then is half the amplitude of that in the single ended
circuit. Both ends of the inductor experience the same voltage swing with respect to the ground
plane, but these are out of phase by 7 at any point in time.

The advantage of the double ended or “balanced” circuit is that the inductor is more
symmetrically driven. Equivalent charge flows from one capacitor to the other through the
inductor, and this should be true even if the inductor is a less than ideal element. Any
perturbations of the environment on the inductor by coupling through the electric fields will also
be symmetric, as the voltages present will be symmetrical at both ends of the inductor when

measured relative to ground.



