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Abstract

This paper investigates the opportunities for risk hedging available to competitive electric power

suppliers through the use of forward contracts. We formulate the production- and marketing-

decision process of suppliers as a two-stage optimization problem. This optimization problem is

solved employing the dynamic programming technique given the mean-variance cost function. Due

to the unique characteristics of uncertainties in electricity markets, it is shown that the production

decisions and the marketing decisions are interrelated, dissimilar to the earlier results. This is the

direct consequence of using the two-stage model, which explicitly considers the inter-temporal ef-

fects. A more general formulation over many time periods is also presented; however, its complexity

renders it di�cult to solve.
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I. Introduction

The production- and marketing-decisions by a supplier whose product is subject to a price

uncertainty has been a topic of extensive studies in the literature. This problem is of a

particular interest in commodity markets where there may be a signi�cant volatility in spot

prices. A spot price is the price at which a commodity is traded for immediate delivery. We

refer the marketplace where the spot prices prevail as a spot market.

One of the most common methods used to deal with this spot price uncertainty is the

risk hedging through forward (delivery) contracts which are the contracts to buy or sell the

commodity at a �xed time in the future at a pre-speci�ed price. We call this pre-speci�ed

price, a forward price, and the marketplace where the commodity is traded based on forward

contracts, a futures market. In a futures market, suppliers can commit some or all of their

outputs at the forward price before the actual production. By entering into forward contracts,

the risks on pro�t stemming from the uncertainty in spot prices can be eliminated for the

amount of output committed in the contracts.

The purpose of this paper is to investigate the opportunities for risk hedging available to

competitive electric power suppliers through the use of forward contracts. We focus on the

decisions by an individual supplier for the prevailing forward and spot prices, and derive an

explicit decision rule that incorporates the attitude towards the risks (on her income).

This paper is organized as follows:

In Section II we de�ne a forward contract and a futures market for electricity and give

interpretations of the forward price of the commodity. Section III presents the two-stage

model for pro�t of electricity suppliers, as a function of generation cost, revenues from sales,

and the gain or loss due to forward contract commitments. We solve for the production- and

marketing-decision rules using the dynamic programming technique given the mean-variance

cost function in Section IV. Concluding remarks are made in Section V.

II. Forward Contracts and Futures Market

The merit of a futures market lies on its ability to provide a risk management tool called

forward contracts through which buyers and sellers can reduce parts of their pro�t that is

exposed to the risks from the volatility in spot prices. For example, suppose an agricultural

supplier, i faces a price uncertainty in the spot market for the crop that he plants in the
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spring and sells in the following fall. We assume that his only production cost is the one

time investment he makes for planting in the spring, Ci:

Ci(Qi) = aiQ
2
i + biQi + ci (1)

where Qi is the quantity of the crop he produces in the fall as the result of his investment,

Ci. Not surprisingly the cost of investment is a function of the output. Suppose the spot

market for this particular crop is perfectly competitive; i.e., no one supplier can alter the

spot prices by changing his output.

Without the presence of futures market, the amount of crop the farmer, i, sells in the spot

market, Qs, is equal to his entire output, Qi. For the pro�t-maximization cost function, his

optimal output may be derived by solving

min
Qi

E hCi(Qi)� psQii ; (2)

which yields

Q?
i =

1

ai
[E hpsi � bi] (3)

where E h�i denotes the expected value operator.

Suppose the spot market price has the log-normal probability distribution, i.e.

fps
(ps) =

8><
>:

1p
2��ps

exp
h
� (ln ps � �)

2
= (2�2)

i
ps > 0

0 otherwise
(4)

Then, the optimal production amount is given by

Q?
i =

1

ai

�
exp

�
� +

1

2
�2

�
� bi

�
(5)

since E hpsi = exp
�
� + 1

2
�2
�
.

If the farmer, i, makes the investment corresponding to the optimal output given in Eq.

(3), then his pro�t, �i = psQi �Ci(Qi) also has the log-normal distribution whose expected

value and the variance are given by

E h�ii = Q?
i E hpsi � Ci(Q

?
i )

= 1

a2i

h
(ai � 1) exp (2�+ �2) + 2bi exp

�
� + 1

2
�2
�

+b2i � aici]

(6)
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and

var(�i) = (Q?
i )

2
var(ps)

= exp(�2)

a2
i

h
exp

�
� + 1

2
�2
�
� bi

i2
[exp(�2)� 1]

(7)

since var(ps) = exp(�2) [exp(�2)� 1].

Suppose the farmer now has an option that he can sell any amount of his output at the

futures market in the spring for the delivery in the following fall. With the introduction of

futures market, the pro�t-maximization cost function in Eq. (2) is modi�ed to include the

amount of crop sold at the futures markets as

min
Qi;Qf

E hCi(Qi)� pfQf � ps (Qi �Qf )i ; (8)

where pf and Qf represent the forward price and the amount of crop sold at the futures

market respectively. The solution to Eq. (8) is given as

Q?
i =

1

ai

�
exp

�
� +

1

2
�2

�
� bi

�
(9)

Q?
f =

8>>>><
>>>>:

+1 pf > E hpsi

1

ai

h
exp

�
� + 1

2
�2
�
� bi

i
pf = E hpsi

�1 otherwise

(10)

From Eq. (9) we note that the optimal output does not depend on the presence of futures

market. Intuitively, this implies that the decision of supplier can be decoupled as production-

and marketing-decisions. When making the production decisions, a supplier is only concerned

with the probability distribution of spot prices and not of forward prices. On the other hand,

the marketing decisions are determined based on the relationship between the forward prices

and the expected value of spot prices as shown in Eq. (10). Suppose the forward prices

are set above the expected value of the spot prices. In this case the optimal (marketing)

decision rule prescribes for an in�nite amount of sales at the futures market. Even though he

does not produce an in�nite amount of crops himself, the assumption regarding the perfect

competition at the spot market made earlier in the section allows the supplier to supply

the amount committed in the forward contracts with the purchase of an in�nite amount of

crop at the spot market on the delivery day, which approach yields the expected value of

the supplier's pro�t to be an in�nity. When the forward prices are set below the expected

spot prices, the supplier can again obtain the expected value of an in�nite pro�t by buying
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at the futures market and selling at the spot market. The above are the classic examples

of a well-known arbitrage opportunity created by the price discrepancies between spot and

futures markets. This suggests, in a mature market environment, the forward prices have to

have the interpretation of being the expected value of spot prices.

After making the assumption that forward prices and the expected value of spot prices are

equal, we deduce that the optimal decision for a supplier is

Q?
i = 1

ai

h
exp

�
�+ 1

2
�2
�
� bi

i
= Q?

f

(11)

The expected value and the variance of the supplier's pro�t are given by

E h�ii = 1

a2i

h
(ai � 1) exp (2�+ �2) + 2bi exp

�
� + 1

2
�2
�

+b2i � aici]

= �i

(12)

and

var(�i) = 0 (13)

i.e., the pro�t is a deterministic value as all of supplier's output is sold at the futures market

before production. With the use of forward contracts, the suppliers are able to eliminate the

risks associated with the volatility in spot prices.

In the electricity industry where there is no practical means for storage, the volatility in

spot prices is quite signi�cant. Thus, most market scenarios for the deregulation of electricity

anticipate the development of a futures market, including basic call and put options [7],

forward contracts [13], callable forwards [9], and bid-based power pools [10]. Interruptible

contracts [15], also known as recallable contracts or non-�rm contracts, may be treated as

callable forwards.

The result given in Eqs. (9) and (10) is consistent with the earlier literature. In [5], [11]

and [8] it is shown that when production is non-stochastic with only uncertainty in the spot

price, the optimal production rule is to set marginal cost equal to the forward prices as given

in Eq. (11). Since the optimal decision rule based on the given pro�t-maximization cost

function results in a deterministic value for pro�t, the same decision rule is also optimal

when the optimization problem is solved based on the mean-variance function. Indeed, the
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solution to

min
Qi;Qf

E h�ii+ �var(�i) (14)

matches the expressions in Eqs. (9) and (10), assuming the forward price is the expected

value of the spot price. In Eq. (14), the supplier's preference in risk aversion re
ected in �.

However, suppliers in many industries are faced with production uncertainty along with

price uncertainty. When the output is stochastic, the above generalization is, in general,

not valid. In [2] the optimal decision rule di�erent from Eqs. (9) and (10) is derived for

the mean-variance cost function when there are uncertainties in production and price; it is

shown that the optimal decision rule considers the supplier's preference in risk aversion and

that the decoupling assumption between the production- and the marketing-decision cannot

be made in general.

In electricity markets, there is a signi�cant uncertainty in production. Many markets

allow the production decisions to be made by the market makers called the system operators

rather than by individual suppliers. For example, in the Pennsylvania-New Jersey-Maryland

(PJM) market, suppliers initially bid supply curves to the system operator. The system

operator subsequently determines the optimal generation output by individual suppliers

using the optimal power 
ow (OPF) program.1 Finally, the suppliers generate the amount

of electricity determined by the system operators at the spot prices. The reason that the

electricity industry operates this way is due to the strict requirement that the instantaneous

supply of electricity has to continuously balance the instantaneous demand.

The coupling between production- and marketing-decisions becomes stronger if we relax the

assumption of the forward price being the expected value of the spot price. The deregulation

process of electricity industry is still at its infant stage. Plus, in many electricity markets

being operated within the U.S., trades are conducted on the hourly basis in the spot markets

as loads vary hour by hour, while futures markets allow trades only on the monthly basis.

This results in a considerable discrepancies between the spot prices and the forward prices.

Thus, in formulating optimal decision rule for electricity supplier, it is preferable to use the

mean-variance cost function formulation given in Eq. (14) than to use Eq. (8).

In the following section, we describe the so-called decentralized unit commitment formu-

1The Optimal power 
ow program determines the most economical mix of generation for given system load.
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lation for modeling the decision process of electricity suppliers.

III. Supplier's Profits and Risks in Unit Commitment Problem

Determining unit commitment decisions is an essential problem to the suppliers in the

electricity markets. The problem determines the optimal production level of each individual

generator over a certain period of time, usually one week. The decisions are typically made

at daily intervals for each of 24 hour decision horizon. An extensive study of this problem is

performed in [1]. In the study, the problem is posed as a stochastic optimization as described

below.

Let us consider the case of a single generator. If the generator is turned on, a startup cost

of S is incurred. Similarly, it requires a shutdown cost, T , when the generator is turned o�.

Each generator must also observe minimum up time and minimum down time constraints;

a generator may not be on for fewer than tup consecutive hours or or o� for less than tdn

consecutive hours. Given these constraints, the pro�t of an electricity supplier at hour k,

�[k], is given by

�[k] = u[k] (ps[k]QG[k]� CG(QG[k])� I(x[k] < 0)S)

� (1� u[k]) (cf + I(x[k] > 0)T ) (15)

where

u : Decision on production, 1 if the unit is on, 0 otherwise

QG : Production output

CG : Cost of production

I : Conditional statement, 1 if true, 0 otherwise

x : Unit status, to turn on, x[k] < tdn, and to turn o�, x[k] > tup

cf : Fixed costs incurred when the generator is o�

Here we assume that the suppliers submit to the market maker/system operator supply

bids at the beginning of each hour k. The supply bid describes how much the supplier is

willing to produce at various spot prices. The spot price, ps[k] is determined exogenously,

and the system operator decides on the output by individual suppliers based on respective

supply bids.
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From an individual supplier perspective the optimal output is then computed by solving

min
u[k];QG[k](ps[k])

23X
k=0

��[k] = min
u[k];QG[k](ps[k])

23X
k=0

(1� u[k]) (16)

� (cf + I(x[k] > 0)T )� u[k] (ps[k]QG[k]

�CG(QG[k])� I(x[k] < 0)S)

for the pro�t-maximization cost function.

The dynamic programming technique is well suited for solving problems of the form in Eq.

(16) in which each stage of the problem is a one hour time interval. The unit status, x[k]

and the spot price, ps[k] are treated as the evolving states of this system in applying the

dynamic programming technique. The state transition equation of xk is given by [14]:

x[k + 1] =

8><
>:

max(1; x[k] + 1) : uk = 1

min(�1; x[k]� 1) : uk = 0
(17)

The state transition equation of ps[k] is formulated as an appropriate stochastic process. For

example,

ps[k + 1] = ps[k] + � ln

 
�ps

ps[k]

!
+ w[k] (18)

where �ps and w[k] are the perceived mean of spot prices and random white noise process

respectively. Clearly Eq. (16) is a stochastic optimization problem with the stochastic state

transition equation such as Eq. (18). Due to the nonlinear constraints such as minimum up

time and minimum down time, no general closed form solution is derived. The details of

numerical solution to Eq. (16) is presented in [1].

Suppose we extend the result of solving the unit commitment problem to include the

presence of the futures market where electricity suppliers can sell any amount of their outputs

through forward contracts. Then, the pro�t of a electricity supplier at hour k, �[k], given in

Eq. (15) becomes

�[k] =
k�1X
i=0

pf;i[k]Qf;i[k] + u[k](ps[k](QG[k]�
k�1X
i=0

Qf;i[k])� CG(QG[k])� I(x[k] < 0)S) (19)

�(1� u[k])(cf + ps[k]
k�1X
i=0

Qf;i[k] + I(x[k] > 0)T )

where
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pf;i[k] : Forward prices at stage i for delivery at stage k

Qf;i[k] : Amount of electricity to be delivered at stage k

at forward price, pf;i[k]

In [1], the solution to Eq. (19) is derived as

QG[k] =
E hps[k]i � b

2a
(20)

Qf;k�1[k] =
cov(p2s[k]; ps[k])� 2b

4avar(ps[k])
(21)

using the one-stage model for the quadratic generation cost function, i.e.,

CG(QG[k]) = aQ2
G[k] + bQG[k] + c (22)

For the pro�t-maximization cost function, the solution in Eqs. (20) and (21) indicates the

decoupling between the production- and the marketing-decisions, and the forward price is

implicitly and necessarily assumed to be the expected value of spot prices. This suggests

that in order to capture the inter-temporal e�ect of forward contracts, the problem needs to

be formulated using the mean-variance cost function on at least the two-stage model.

IV. Mean-variance Hedging Strategy

This section, we present the two-stage model for unit commitment problem using the

mean-variance cost function.

Assuming the generator is on, we can simplify Eq. (19) of the supplier's pro�t at the stages

k and k + 1, as

�[k] = ps[k]QG[k] + pf;k+1Qf;k+1[k]� CG(QG[k]) (23)

�[k + 1] = ps[k + 1](QG[k + 1]�Qf;k+1[k])� CG(QG[k + 1]) (24)

At the stage k, the supplier makes the marketing decision to sell the amount, Qf;k+1[k], of

electricity for the delivery at the stage k+1 through the forward contract and the production

decisions for the stages k and k + 1, by solving a stochastic optimization problem given the

mean-variance cost function:

min
QG[k];QG[k+1];Qf;k+1[k]

�var(�[k] + �[k + 1])� E h�[k] + �[k + 1]i (25)
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Combining Eqs. (25), (23) and (24) the two-stage forward contract problem then may be

solved by using the dynamic programming technique:

Jk+1(ps[k + 1]) = �var(�[k + 1])� �[k + 1] (26)

Jk = min
QG[k];QG[k+1];Qf;k+1[k]

E h�var(�[k])� �[k] + Jk+1i (27)

The solution to Eqs. (26) and (27) is given by

QG[k] =
E hps[k]i � b

2a+ 2�var(ps[k])
(28)

QG[k + 1] =
E hps[k + 1]i � b + 2�var(ps[k + 1])Qf;k+1[k]

2a+ 2�var(ps[k + 1])
(29)

Qf;k+1[k] =
pf;k+1[k]� E hps[k + 1]i

2�var(ps[k + 1])
(30)

+
cov(p2s[k + 1]; ps[k + 1])� 2b

4avar(ps[k + 1])

It is interesting to analyze the solution at the limiting cases. If � = 0, then Eqs. (28), (29)

and (30) are reduced to Eqs. (20) and (21). This is due to supplier's indi�erence towards

risk, thus solving the optimization problem solely based on the expected pro�t as in Eq.

(30). If � = 1, then Eq. (28) reduces to zero, and Eq. (29) yields Qf;k+1[k]. Without prior

commitment through forward contracts in the stage k, the supplier opt for no generation in

order to minimize the variance of his pro�t. In the stage k + 1 the supplier produces just

enough to ful�ll the maturing forward contracts without regarding the spot prices. This

allows the supplier to eliminate any variance in his pro�t.

The approach in Eqs. (26) and (27) can be generalized to the optimization problem over

several stage without assuming generator status:

JN(xN) = gN(xN) (31)

Jk(xk) = min
uk2Uk(xk)

Ewk
hgk(xk;uk;wk) + Jk+1(uk)i (32)

where the cost functions gk are:

gN(xN ) = E hps[N ](xN �QG[N ]) + CG(QG[N ])i (33)
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gk(xk) = pf;N [k](xk � uk)

+ �var

 
NX
i=k

�[i]

!
� �var

0
@ NX
i=k+1

�[i]

1
A

(34)

This problem is theoretically solvable; however, it requires a large amount of price informa-

tion, including the mean and variance of all future forward prices up to the delivery date and

the expected variance of the spot price at future times, which means along with the state

transition equation de�ned for the spot prices as given in the Eq. (18), the state transition

equation for forward prices has to be determined as well. A simple example will be de�ning

the spot and the forward prices as correlated mean-reverting stochastic processed of the form

ps[k + 1] = ps[k] + � ln

 �pf;k[k � 1]

ps[k]

!
+ w[k] (35)

pf;i+1[k] = pf;i[k] + � ln

 
�pf

pf;i[k]

!
+ w0[k] (36)

where �pf is the perceived mean of forward price as a stochastic process, and w0[k] is a random

white noise process uncorrelated with w[k]. The cost function can also be amended to include

both �xed and variable transaction costs. This is computationally very complex. A complete

study of this problem is left for future research.

V. Conclusion

This paper describes the opportunities for risk hedging available to competitive electric

power suppliers through the use of forward contracts. The forwards contracts have a payo�

which increase as the spot prices drop and decrease as the spot prices rise. Futures markets

for electricity are in their infancy. Nevertheless, suppliers can use the forward contracts to

reduce the risk of future pro�t according to his preference at the expense of the expected

pro�t. A complete solution is derived for the two-stage model. A more general optimization

problem involving spot markets and futures markets can be de�ned, which calculates the

optimal forward contract position over time as spot and forward prices for electricity evolve;

however, this problem is very complicated to solve.
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