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Abstract

The paper describes the technical challenges in implementing cluster-based congestion man-

agement systems. The study attempts to generalize the market-based zonal pricing method being

used in the energy market in California for alleviating congestion in the system. The practical

implementation of the cluster-based systems consists of two steps: (1) aggregation of individual

nodes into clusters and (2) computation of cluster-wide prices. The resulting clusters and prices

determine an operating condition that is at the optimum with respect to some pre-de�ned objective

function while keeping the power transfer across cluster interfaces within the acceptable limits. We

illustrate two possible ways of aggregating nodes into clusters and compare the resulting solutions.

Keywords

Transmission congestion, Nodal pricing, Zonal pricing, Congestion cluster pricing, Congestion

Distribution Factors (CDFs)



I. Introduction

A simpli�ed modeling of electric power systems comprises of three basic elements: genera-

tors that produce the power; the loads1 that distribute the power for consumption; and the

transmission system that connects generators to load centers.

As the electric power industry goes through the deregulation process, the transmission

system becomes more important not only from the standpoint of reliability and quality of

service, but also from the �nancial viewpoint.[8] With a little more than $50 billion of net

assets, and around $3 billion annually in capital expenditures, the transmission constitutes

only about 12% of total investment made by utilities as shown in Figure 1.[3] However, by

Fig. 1. Distribution of Utility Investment in 1996

providing interconnecting facilities covering wide geographical areas, transmission plays a

key role in fostering competition in wholesale energy markets.

As a physical equipment, each transmission line in a system has operating limits. These

limits are usually expressed in terms of power ratings; maximum allowable power that can be

transferred through particular lines. These limits on individual lines restrict dispatch of ad-

ditional generation at speci�c locations under certain operating conditions. The transmission

congestion refers to this inability to dispatch additional generation from certain generators

within the system due to transmission line limits.

1From the bulk transmission system perspective, the loads consist of distribution companies, electric cooperatives,

market aggregators and in some instances, large industrial users.



The presence of transmission congestion in electric grids can signi�cantly limit competition

by creating pockets of the system that can only be served by a limited number of generating

sources. Plus, when the system operator sets the electricity price and decides the dispatch

amount of generators in order to alleviate congestion in the system, the operation of trans-

mission directly a�ects the individual pro�t by market participants. Thus, in recent years

the methods of managing transmission congestion have been under intense scrutiny.[4] [5] [7]

Presently there are two distinct congestion management systems widely being employed:

nodal pricing and zonal pricing methods.[6] [9] [11] This paper provides an in-depth examina-

tion of implementation of cluster-based congestion management systems. The zonal pricing

method is a particular form of cluster-based congestion management system, in which zones

refer to the clusters of nodes aggregated based on economic signal. In subsequent sections

we present the mathematical derivations necessary for implementing cluster-based conges-

tion management systems and discuss the perspective on the facilitation role of transmission

provider in wholesale competition.

The paper is organized as follows:

Section II provides the mathematical background needed for discussion throughout the paper.

We then brie
y describe the optimization problem to be solved for implementing the nodal

pricing method. A detailed description of cluster-based congestion management systems

follows in Section III. In particular, two methods, the zonal pricing and congestion cluster

methods, are discussed thoroughly. Section IV compares various congestion management

systems through illustration and Section V summarizes the conclusions of the paper.

II. Nodal Pricing Method

For the rest of the paper we assume the so-called mandatory system operator model [10] for

the electricity market in which the market is conducted by one central dispatcher called the

system operator as shown in Figure 2. In this model the system operator sets the electricity

price and determines the dispatch amount of each generator in the system based on marginal

supply bids submitted by suppliers. The marginal supply bid is an monotonically increasing

curve that re
ects the supplier's individual preference on the production amount at various

prices. Through the price and dispatch amount, the system operator determines the system

operating point that is economically optimal while respecting system constraints.



Fig. 2. Mandatory System Operator Model

The nodal pricing method of managing transmission congestion is based on the compu-

tation of location marginal price at each individual node in the system developed in [13].

The optimization problem to be solved in order to determine the location marginal prices is

given by

min
QGi

X
Gi

CGi
(QGi

) (1)

where

QGi
: the dispatched generation amount at node Gi

CGi
: the total cost of generation at node Gi expressed in terms of QGi

subject to the load 
ow constraint, i.e., total generation is equal to system load,

X
Gi

QGi
=
X
Di

QDi
: � (2)

the transmission line 
ow limit constraints, i.e., the power 
ow on line l is within the maxi-

mum rating of the line,

jFlj = jHlGi
QGi

+HlDi
QDi

j � Fmax
l : �l (3)

and the generation limit constraints, i.e., the dispatch amount at node Gi is within the

maximum rating of the corresponding generator

0 � QGi
� Qmax

Gi : �Gi
(4)



For simplicity, we use DC power 
ow in computing the 
ows on each line in the system. The

DC power 
ow equations in matrix notation are written as:

B� = QGi
�QDi

(5)

where

� : the voltage angle vector

QGi
: the real power generation vector for buses Gi

QDi
: the real power load vector for buses Di

Then the 
ow vectors for lines can be computed as

Fl = H� (6)

where H is the linearized 
ow matrix for the system.

As done in [13], we can solve the optimization problem in (1) by constructing Lagrangian

function of the form [2]

L =
P

Gi
CGi

(QGi
) + �

�P
Di
QDi

�
P

Gi
QGi

�
+
P

l �l
�P

Gi
HlGi

QGi
+
P

Di
HlDi

QDi
� Fmax

l

�
+
P

i �Gi

�
QGi

�Qmax
Gi

� (7)

where �l 6= 0 if and only if Fl = Fmax
l . Taking �rst derivative of L with respect to PGi

and

setting it equal to zero yields

dCGi

dQGi

+ �Gi
= �+

X
l

�lHlGi
(8)

Suppose the generation cost of supplier Gi, CGi
, is a quadratic function of the output given

by,

CGi
(QGi

) = aGi
Q2

Gi
(9)

Then, under the perfectly competitive market condition, the optimal supply bid by supplier

Gi, BGi
, is the marginal cost bid given by,

BGi
=

dCGi
dQGi

= 2aGi
QGi

(10)



Matching the solution in Eq. (8) and the supply bid in Eq. (10), the system operator can

set the price at node Gi, �i, and the dispatch amount, QGi
as

�i = �+
X
l

�lHlGi
(11)

and

QGi
=

8>>>><
>>>>:

Qmax
Gi

�Gi
� pmax

Gi

�i
2aGi

0 � �Gi
� pmax

Gi

0 otherwise

(12)

where pmax
Gi

= 2aGi
Qmax

Gi
. Graphically, the dispatched generation amount at node Gi is

uniquely de�ned under the above assumption once �i is determined from Eq. (8) as shown

in Figure 3. For the generator Gi shown in the �gure, the dispatched generation amount is

G
i

2aG
i

=λ + Σ µ H
i

lGlG
i

ρ

G
i

η
pmax

G
i

G
i

G
i

($/MW)B

}

max
Q   = Q

Fig. 3. (Marginal) Supply Bid of Generator Gi

equal to Qmax
Gi

since �Gi
� pmax

Gi
.

If there is no transmission congestion present in the system, then Eq. (8) yields

dCGi

dQGi

+ �Gi
= � (13)

which implies that there is no di�erential in the locational marginal prices. In this case,

the marginal price at node Gi can be determined simply by �nding the equilibrium point

between the aggregated system supply bid and the system load. Graphically this process

can be shown in Figure 4. In Figure 4 �G;sys is the (locational) marginal price of all nodes

and QG;sys is the total generation in the system at the equilibrium for the given system
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systemD,sys
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=λG,sys
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G,sys
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Fig. 4. System Supply Bid under no Transmission Congestion

load QG;sys. The dispatch amount for node Gi can be computed from QG;sys with respect

to �G;sys. This interpretation of aggregate supply bid is not possible if there is congestion

present in the system since each node Gi takes on di�erent locational marginal prices.

Under the perfectly competitive market condition, the value of congested transmission

is re
ected in marginal cost of transmission. Given that the locational marginal price in

Eq. (11) represents the marginal valuation of net bene�ts at that node thereby providing

the correct generation incentive, and is thus optimal with respect to allocating the limited

transmission capacities to the most cost-e�ective suppliers.

III. Cluster-based Pricing Method

The strength of deregulation lies upon the utilization of market e�ciency through decen-

tralized decision making, customer choices and competition. Thus, in the restructuring of

electricity industry it is essential to �nd the ways to accommodate the execution of physi-

cal bilateral contracts through which market participants can rely on decentralized decision

making, provide product di�erentiation with customer choices and foster competition with-

out revealing the proprietary information (such as marginal cost of production) critical for

conducting business.

Although the nodal pricing method for managing congestion described in the previous



section results in the most e�cient operating point possible at any given instance, under the

method the decentralized decision making by individual market participants for implement-

ing physical bilateral contracts is deemed very di�cult due to the complexity in internalizing

transmission congestion related risks. Even with �nancial instruments such as Transmission

Congestion Contract (TCC) [6], the computation can become quite cumbersome in estimat-

ing the transmission congestion risks associated with any bilateral deals, since the risks have

to be examined on the individual node basis.

The zonal pricing method being used in the energy market of California was established

in response to the above concerns related to physical bilateral contracts. In California the

system is divided into a number of smaller markets by aggregating individual nodes into

zones whenever there is little expectation of congestion within each market. That is to

say, the zones are de�ned such that the cost related to managing intrazonal congestion can

be distributed on an average basis since the congestion within any zone is believed to be

rare.[1] The marginal cost based interzonal pricing and dispatching promotes e�cient use as

congestion between zones is frequent with large impacts.

Once zones are de�ned, participants entering into physical bilateral contracts, then, only

need to assess the transmission congestion related risks between zones. This reduction in

complexity lowers the impediments in entering into bilateral contracts thus fostering com-

petition and customer choices. A greater market e�ciency can be achieved through well-

functioning secondary markets dealing with �nancial instruments for congestion related risks

since these instruments can be issued with higher accuracy also due to the signi�cant sim-

pli�cation in computation.

The practical implementation of the cluster-based congestion management systems2 con-

sists of two steps: (1) aggregation of individual nodes into clusters and (2) computation of

cluster-wide prices. To the best of author's knowledge, there is little discussion available in

the literature on the interplay of the above two steps at the time of this writing. In the subse-

quent sections zonal pricing method and congestion-cluster pricing method are compared in

details in order to study the suboptimality associated with aggregation step of cluster-based

2We refer the generalized zonal pricing method to as cluster-based congestion management systems, where the

aggregation of nodes into clusters can be done in many di�erent ways other than what is suggested for the electricity

markets in California.



congestion management systems relative to the nodal pricing method.

A. Zonal Pricing Method

In this scheme the determination of zones is based on price di�erentials in locational

marginal prices. In implementing the method, the system operator �rst receives the marginal

supply bids from suppliers. Using these bids, the optimization problem given in Eq. (1) is

solved to locate potentially congested transmission lines. From this result, the system oper-

ator computes the locational marginal prices and the corresponding dispatched generation

amount at each node Gi. The nodes with similar nodal prices and geographical proximity

are then grouped to form congestion zones.

In this aggregation step the system operator uses his judgment on what level of similarities

in nodal prices and what degree of geographical proximities are appropriate for nodes to be

grouped together when determining zonal boundaries. The resulting zones must satisfy the

number requirement, i.e., no more than x number of congestion zones in the whole system

in order to limit the computational complexity, and the congestion interface requirement,

i.e. all potential congested transmission lines identi�ed from solving the initial optimization

problem must lie along zonal boundaries.3

Suppose the nodes Gi; Gi+1; � � �; Gi+k are in the zone zj. Then the new generation cost

associated with the zone zj is given by

Czj(Qzj ) = fzj(QGi
; QGi+1

; � � �; QGi+k
) (14)

where fzj is some monotonically increasing nonlinear function representing the least cost

combination of QGi
's in zj for producing Qzj . Given Czj(Qzj ) the system operator can now

compute the zonal price and the corresponding dispatched generation amount at each zone

by solving the optimization problem given as

min
Qzj

X
zj

Czj(Qzj ) (15)

subject to the load 
ow constraint, i.e., total generation is equal to system load,

X
zj

Qzj =
X
Di

QDi
: � (16)

3These zonal boundaries are often referred to as congestion interfaces.



the congestion interface 
ow limit constraints, i.e., the power 
ow on any line l along only

the congestion interfaces is within the maximum rating of the line,

jFlj =

������
X
zi

HlziQzi +
X
Di

HlDi
QDi

������ � Fmax
l : �l (17)

and the generation limit constraints, i.e., the dispatch amount at zone zj is within the sum

of maximum rating of the corresponding generators within the zone

0 � Qzj �
X
Gi2zj

Qmax
Gi

: �zj (18)

Again, we use DC power 
ow in computing the power 
ows on line l along interfaces.

The computation of Hlzi, however, is not trivial but depends on the composition of Qzj in

terms of QGi
's where Gi 2 zj. This composition is related to the generation cost functions of

individual generators. Assuming the quadratic cost functions for generation given in Eq. (9)

and the corresponding marginal supply bids in Eq. (10), we derive the aggregate marginal

supply bid for zone, zj as follows:

Bzj =

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

�
1

2al
+ 1

2al+1
+ � � �+ 1

2al+s

�
�1

Qzj Qzj 2 RI1�
1

2am
+ 1

2am+1
+ � � �+ 1

2am+t

�
�1

Qzj Qzj 2 RI2

�

�

��
1

2an
+ 1

2an+1
+ � � �+ 1

2an+u

�
�1

Qzj Qzj 2 RIk

(19)

where RIi's de�ne the region of operating condition in zone j with q number of generators

are still below the generation limits. ar's represent the coe�cient of those generators below

their generation limits. Since the sensitivity of line 
ows on zonal injection is given by

dFl

dQzj

=
dFl

dQGi

@QGi

@Qzj

+
dFl

dQGi+1

@QGi+1

@Qzj

+ � � �+
dFl

dQGi+k

@QGi+k

@Qzj

(20)

with
dFl

dQGi

= HlGi
(21)

the problem reduces to �nding the sensitivity of nodal injections to zonal injection to whose

zone the node belongs. This sensitivity can be solved by exploiting the relationship between



Qzj and QGi
in the region of operating condition, RIi through marginal price as

QGi
=

1

2ai

 
1

2ai
+

1

2ai+1

+ � � �+
1

2ai+k

!
�1

Qzj (22)

if QGi
2 RIi.

Graphically, the above derivation has the following interpretation. Without loss of gener-

ality we consider a zone consisting only two generators. Given the supply bids at nodes Gi

and Gj, the aggregate supply bid for zone zk can be constructed as shown in Figure 5. For

G
i

2aG
i

pmax
G

i

G
i

Q
max
G

j

($/MW)BG
j

2aG
j

2aG
j

2aG
j

pmax
G

j

($/MW)B

Q
max Q

max
z

k

-11 1+
2aG

i

REGION I REGION II
($/MW)Bz

k

Fig. 5. Aggregation of Marginal Supply Bids in Zone k

Region I

dFl
dQzk

= 1

2aGi

�
1

2aGi
+ 1

2aGj

�
�1

HlGi

+ 1

2aGj

�
1

2aGi
+ 1

2aGj

�
�1

HlGj

(23)

and for Region II
dFl

dQzk

= HlGj
(24)

Since the nodes are aggregated based on nodal pricing only, it is possible that in the exam-

ple above of Figure 5, dFl
dQzk

varies considerably between Region I and Region II. Compared

to nodal pricing method, the suboptimality of the solution to the optimization problem in

Eq. (15) is mainly due to the aggregation step in which the sensitivity of 
ow of lines along

congestion interfaces on zonal injection varies with respect to the region of operation as well

as aggregate sensitivity within the region. With this type of aggregation, it is not always

possible to choose the nodal injection point that is most e�ective in reducing 
ows on con-

gested lines as in nodal pricing method. This can result in a large deviation in optimization



solution from the operating condition derived by employing the nodal pricing method. In

the subsequent section we use another type of aggregation method where the nodes are

grouped into zones based on this sensitivity factors in an attempt to reduce the degree of

suboptimality.

B. Congestion-Cluster Pricing Method

In congestion-cluster pricing method the nodes are aggregated into zones based on their

relative impacts of injection on congested transmission lines. The key to the method, there-

fore lies on the ability to accurately measure these relative impacts, referred to as sensitivity

in the previous section. For the implementation of this method the novel approach recently

proposed in [14] is used to compute the sensitivity measures.

Similar to zonal pricing method, the system operator �rst receives the marginal supply

bids from suppliers. Using these bids, the optimization problem given in Eq. (1) is solved

to locate potentially congested transmission lines.

Once the potentially congested transmission lines are located, the system operator com-

putes so-called congestion distribution factors (CDF) to identify the group of nodes which

have similar e�ects on those transmission lines. This grouping is referred to as zonal aggrega-

tion into congestion clusters. We brie
y describe the computation of CDF for completeness.

The details of the approach can be found in [14].

CDFs are derived from distribution factors. First, distribution factors in usual sense are

computed twice with respect to two di�erent slack bus locations within the same system

for transmission line of interest, i.e.
n
D(i;j)

m

o
and

n
D(i;j)

n

o
where bus n is used as the slack

bus for the �rst computation, and bus m is for the second. Then, the di�erence between

these two sets of distribution factors, �(i;j)
m;n , is the result of having two slack buses in di�erent

location. De�ning the di�erence as

�(i;j)
m;n f1g =

n
D(i;j)

m

o
�
n
D(i;j)

n

o
(25)

where f1g is the vector of all ones, �(i;j)
m;n , can be expressed as [14]

�(i;j)
m;n = D(i;j)

m (n) = �D(i;j)
n (m) (26)

where D(i;j)
m (n) denotes the nth element of the vector

n
D(i;j)

m

o
.



De�ne the shift vector, � as

�i;j = �
D(i:j)

m (i) +D(i;j)
m (j)

2
(27)

for given distribution factors,
n
D(i;j)

m

o
with respect to the slack bus, m. Then, we can

subtract out the locational e�ect of slack bus from distribution factors by adding the sum

of shift vector elements to the given distribution factors. The resulting vectors are what is

de�ned as CDF,
n
D(i;j)

o
: n

D(i;j)
o
=
n
D(i;j)

m

o
+ �(i;j)f1g (28)

The magnitude of resulting CDF de�nes the sensitivity of the 
ow in transmission line of

interest on a transaction; this formulation ensures that sensitivity of 
ows on the line of

interest with respect to a bus injection decreases monotonically as the electrical distance

between the line and the bus increases. The sign denotes if the transaction will increase or

relieve the congestion.

Once nodes are aggregated into congestion clusters, the system operator then formulates

the new generation cost function associated with each clusters. This yields the similar results

to Eq. (14). For the rest of the steps, it follows the result directly from the zonal pricing

method described in the previous section including solving optimization problem in (15)

subject to constraints given in Eqs. (16), (17) and (18).

The computation of Hlzi also follows the same approach starting from Eq. (19) to Eq.

(22). However, the congestion-cluster pricing method di�ers from zonal pricing method in

that due to the aggregation criteria used for clustering, the resulting Hlzi yields a consistent

value between various regions of operating conditions. That is to say, dFl
dQzj

does not vary

much regardless of the value of
@QGi

@Qzj

since dFl
dQGi

� dFl
dQGk

if Gi 2 zj and Gk 2 zj.

IV. Example

In this section an illustration is given for implementing the two cluster-based pricing meth-

ods described in the paper: the zonal pricing method and the congestion-cluster pricing

method, through a simple 9-bus system example shown in Figure 6. We are mainly inter-

ested in the transfer constraint of 1MW on transmission line 3-7.



Fig. 6. One-line Diagram of 9-bus System

A. Zonal Pricing Method

Using the bids from generators and given inelastic demand we solve the optimization

problem given in (1) and calculate spot prices using (11). The results are shown in Figure 7.

The di�erent prices at each node re
ect the di�erent locational e�ect of each nodal injection

Fig. 7. Optimal Dispatch using the Nodal Pricing Method

on the congested line 3-7.

After solving the OPF, we form 3 zones by grouping nodes with similar nodal prices. The

resulting zone 1 consists of nodes 1, 6 and 7; zone 2 consists of nodes 2, 4 and 5; and zone 3

consists of nodes 3, 8 and 9.

The bids from generators in each zone are then aggregated using procedures described in

Eq. (19). The H-matrix components Hlz for the zones are calculated from Eq. (20). By



solving the optimization problem given in (15) we can compute the zonal prices. The results

are shown in Figure 8.

Fig. 8. Optimal Dispatch using the Zonal Pricing Method

To verify that the limit on line 3-7 is not violated, we perform the segregation of the 3

zonal dispatches into the 6 actual generators corresponding to the original 9-bus system.

This is done by using Eq. (22) and solving the DC power 
ow given by (5). The resulting

dispatch and line 
ows are shown in Figure 9.

Fig. 9. The Resulting Flows Applying the Zonal Pricing Method

B. Congestion-Cluster Pricing Method

In implementing the congestion-cluster pricing method we �rst calculate the congestion

distribution factors using Eq. (28). The computed factors are presented in Figure 10.



Fig. 10. The Congestion Distribution Factors for Congestion on Line 3

Based on the congestion distribution factors we form 4 clusters; nodes with similar CDF

values are grouped into a cluster. Cluster 1 consists of nodes 1, 6 and 7; cluster 2 consists of

node 4 only; cluster 3 consists of nodes 2 and 5; and cluster 4 consists of nodes 3, 8 and 9.

We then proceed in the manner similar to the zonal pricing method to derive the cluster-

wide optimal dispatch and prices by solving (15) using (19) and (20). The results are shown

in Figure 11.

Fig. 11. Optimal Dispatch using the Congestion-cluster Pricing Method

To verify that the limit on line 3-7 is not violated, we segregate the 3 cluster-wide dispatches

into the 6 actual generators corresponding to the original 9-bus system by employing Eq.

(22), and solve the DC power 
ow given in Eq. (5). The resulting dispatch and line 
ows



Fig. 12. The Resulting Flows Applying the Congestion-cluster Pricing Method

are shown in Figure 12.

V. Conclusion

In this paper the systematic procedures are presented for implementing cluster-based con-

gestion management systems. We derive the equations needed for the implementation which

requires two steps: (1) aggregation of individual nodes into clusters and (2) computation of

cluster-wide prices.

The zonal pricing method and the congestion-cluster pricing method are described in

details as the examples of cluster-based congestion management systems. The di�culty in

aggregation step is demonstrated to show that the suboptimality related to cluster-based

congestion management systems compared to the nodal pricing method. A high degree

of operational insights is required to reduce the suboptimality as well as to prevent the

congestion within each cluster.

This suboptimality in the short term e�ciency relative to the nodal pricing method is

believed to be more than compensated through the increase in the long term e�ciency as

through the transparent information of cluster boundaries, the market participants are more

aware how their activities a�ect the congestion in the transmission system. Many market

related functions including investment directly depend on the knowledge of this congestion

e�ect.[8]

There are several issues to be investigated for extending the result presented in the paper for

practical application on a large scale systems.[12] The most pronounced problem is related to



multiple line congestion over a period of time where the uncertainty is signi�cant. Some work

is underway, and the preliminary result shows that the congestion-cluster pricing method

is more e�ective in reducing the suboptimality without losing the transparent information

structure. This result and other related work are expected to be reported in the subsequent

papers.
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