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The influence of the spatial distribution of fixed reactive centers on the diffusion controlled
kinetics of reagent particles is investigated on the basis of a mean-field method for the reaction
rate. The reaction kinetics are analyzed in systems where the reactive centers are randomly
distributed on the sphere, a line, an array of lines, and other geometrical structures imbedded
in two and three dimensions. Finite-size effects influence the time dependence of the reaction
rate on different time scales as a result of the competition for the diffusing particles by the fixed

reactive centers.

L. INTRODUCTION

In this paper we analyze the kinetics of the reversible
reaction

k

A+ B = B (1)
in space dimensions d = 2,3 when the reactive centers B are
localized in particular geometric structures—a line or array
of lines, a shell (ring), or a sphere (circle). We demonstrate
how the time-dependent kinetics are determined by the com-
petition between the different elements B for the flux of the
diffusing substrate 4.

Our motivation in addressing this problem is to describe
the time dependence of the rate coefficient that will be ob-
served in systems where reaction takes place at inhomogeni-
ties that may be present in materials either by design or natu-
rally.

The diffusion of the A particles is described by

% (r,) = DV (r,1), )

where p(r,?) is the local concentration and D the diffusion
coefficient. At the boundaries of the ¥ fixed spherical reac-
tion centers B located at position {R, }, one has the boundary
conditions:

g
s@p 2 4 K ——k_) =0,
( or P F—R|=a

(3)

Herea = R, + Ry where R, and R, are theradii of the
particles 4 and B,

S(d) — 217.d/20d—- lI‘ - l(d/z)
is the surface area of a d-dimensional spherical region, and
I'(x) is the gamma function.
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The macroscopic rate equation for reaction scheme (1)
is of the form

-‘;L;= — k™ ()p(t)n + k> ()n, (4)
with
k() k> (t) =k /k _ (5)

and n is the average density of fixed B centers. We seek ex-
plicit expressions for £ obs(+) for various geometries of inter-
est.

1. MODEL DESCRIPTION

Several researchers have addressed this problem.'"
Our work extends previous efforts by (i) examining the time
dependence of the macroscopic rate coefficient explicitly,
(ii) including the influence of reverse reaction, and (iii) ana-
lyzing a wider range of topological shapes. Our approach is

15

similar to the approach adopted by previous
workers 27 11:13-15
After Laplace transformation
plrz) = J. p(r,t)e™"dL, (6)
(3]
Egs. (4) and (5) take the form
DV’p(rz) = 2p(rz) — po, (7

where p, is the initial concentration which we assume to be
uniform, and

(S @p % (r,2)
or

+ kb(r2) — (k_/z)) —0 i=1.N. (&

F—Rj=a

We seek a solution to Eq. (7) in the form
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P(T,Z) ='_+ z C; G(I'—R,,Z), (9)

i=1

where G(r;,z) =G(r) is the Green’s function solution to the
equation

¢°G(r) — V*G(r) = (S ?/a*~1)6(r), ¢*= (z/D).
(10)
The explicit expressions for G(r) are
Gry=r "‘'exp(—gqr), d=3
G(r) =Ko(qr), d=2 (11)

where K|, (gr) is the modified Bessel function of zeroth or-
der. For small x

(12)

The coefficients ¢; are determined from the boundary
conditions Eq. (8). We determine the boundary condition
approximately and accordingly incur an error in the treat-
ment. We assert the boundary condition as an average over
the surface of the reaction centers. This is valid to order
(a/R;). The flux terms for j5{ vanish, as can be verified by
application of Gauss’ theorem neglecting terms of order ¢°G.

The result one obtains is the system of linear equations

Ky(x) = —Inx 4 const.

Gy (2)c; + z G,(2)c;=b, i—1,.,N, (13)
1)

where

b=1[(k_/k)—polz~}, (14)

)

Go(2) = G(@) +22, (15)
and

G,(z) = G(|R, — R,|;z) =G(R, — R,).

The total flux J (z) is equal to

dG(r — R,

(.M) . (16)
|lr—R:| Jir-ri=a

When this is evaluated approximately by averaging over the
sink surface and employing Gauss theorem one finds

. N
J(2)= —S“D ¥ ¢

i=1

S“D

Jz)= -2,

(17)

a

neglecting additional terms of order ¢*.

Of course both the substrate density 5(z) and the total
flux J (z) depend upon the position of the N reactive centers
through the coefficients {c,}. In order to obtain the appro-
priate macroscopic equations one must average these expres-
sions over the spatial positions of the reactive centers.

Il. THE AVERAGE EQUATIONS
We express the discrete set of equations (13) in contin-

uous form as
Gy (2)e(r)n(r) + f dr'G(r — r')P(r,r")c(r’) = ba(r),
(18)

where

N
i=1
N
cr)n(r) = Y ¢,6(r—r,), (19)
i=1
and
N
P(r,y) = Z z &(r—r;)6(r — r).
=1 j(FD
In this continuous representation
p(r,z) -——+fdr G(r—r)e(r')n(x") (20)
and the flux J is given by
N _ W@
¥(z2) =—§_1—D-fdr c(r)n(r). Q1)
a

The quantities ¢(r), n(r), and P(r,r') depend implicitly
on the positions of the reactive centers. We next average over
the positions of the reactive centers in the geometric region
Q1 which they occupy. This average will involve products of
the dynamical quantities but we shall make a mean-field ap-
proximation and break these averages of products into prod-
ucts of averages. The result is

G, (2)¢(r) +fdr'G(r-r')F(r'|r)z(r') =b, (22)

where
P(r'|r) = P(x',r) /A(r"). (23)

In general, F(r’{r) will reflect correlations in the location of
particles at position r’ given a particle is present at positionr.
We shall restrict attention to uniform distribution of the re-
active centers in the region ) so that Eq. (22) becomes

G, (z)e(r) + nf dr'G(r —¢)Ye(r') =b (24)
0
and the flux
N )
Jav(z)=#nf drE(r). (25)
a“~ 0

In general, it is not possible to determine ¢(r) explicitly
from the integral equation (24). However, a rough approxi-
mation that will incur some error is given by

f é(r)dr = il
e [Go (z) +nf er(r)]
o]
and, hence, for the flux

d
—_f( )DN( —b) (G (2) +nfer(r))
a
27

If the value of the integral in the denominator of Eq. (27)
does not depend on the origin (as is the case for the spherical
shell or ring), Egs. (26) and (27) provide an exact solution
of Eq. (24). We evaluate Eq. (26) by placing the origin at
the center of mass of 2 and, hence, incur an underestimate of
the flux.

From Egs. (14) and (27) we find that the Laplace
transform of the steady-state average flux is proportional to

(26)

T (2) =
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the factor [p, — (k_ /k)]N under circumstances when
the density of reacting species is kept constant at large dis-
tances from the reactive sinks. Strictly speaking we cannot
make an identification with the time-dependent rate coeffi-
cient as exhibited in Eq. (4). The difficulties that are en-
countered in making this identification have been discussed
by Bixon and Zwanzig.!® Nevertheless, we believe that a
reasonable argument can be made from noting that the aver-
age flux can be put in the form

J (1) = — l‘c°b5(z)(po - -k—k‘—) N.

The macroscopic rate equation Eq. (4) at a large distance
from the region Q2 which contains the reactive sinks will have
the form

P _ o ( _ _";)
Q £ k()i p(n) p N,
where use has been made of Eq. (5)

We assert that the time-dependent rate coefficients for
the case of uniform substrate density will be the same as for
the case of time-dependent substrate density. Thus, we make
the identification k °*(r) = k°*(¢) while acknowledging
the possibility that differences may exist between these two
coefficients as suggested by the analysis in Ref. 16.

IV. RESULTS FOR THREE DIMENSIONS

For three-dimensional systems, according to Egs. (15)
and (11),

47DN( — b)

J (2) = ,  (28)
[(e~%/a) + (4uwD /k) + nI(q)]
where
I(q) =f dr(e~¥/r). (29)
fe)

We will consistently assume > ¢, = a’/D, so that (ga) €1.
This leads to

ksck N [po — (k_/Kk)]
z + nkeey (/4m)I(q)

where kg is the Smoluchowski—Collins—-Kimball rate co-
efficient,’

Jo(2) = (30)

4mrDak
ko = _2THGK 31
R + 4mDa S

We proceed to evaluate .7“ (z) for several three-dimensional
geometries of interest.

A. The sphere
For this geometry
I(q) = (4n/g*)[1 — (1 + gR)e~ " ]. (32)

In the limit (gR)> 1, ie., t€7x = R?/D, the integral
I(q) —» (47/¢%) and, hence,

kscxN [po — (k_/B)]

, N=4nR’n/3.
(33)

T (2) =

The resulting rate coefficient is

ko*(2) = kscx exp[ — ksexnt ] (34)
This corresponds to each reactive center acting independent-
ly.

For (gR) €1, i.e,, t> 7y, the integral I(g) —27R ?,

kSCK kn
kSCK + kn

where k, = (2D/nR?). In this limit k, should equal
(3D /nR ?) so the factor (2/3) provides an indication of the
magnitude of the error incurred in the approximation lead-
ing to Eq. (26). For this case, the reactive centers effectively
act as a single reactive sphere of radius R and one finds

k obs __ kSCK kn
kSCK + kn

It is possible to solve the mean-field equation exactly for
the case of the sphere and a few other geometries of interest.
In the Appendix we compare the exact mean-field solution
for the sphere with the results obtained here in order to givea
better basis for assessing the consequence of the approxima-
tion made in passing to Eq. (27).

J () = N% [po — (k_/K)],  (35)

(36)

B. Particles on a line

If the reactive sinks are uniformly distributed on a line
of length L (and radius a), the screening integral I(q) is
(L/2)  ,—gr

1 =2]
(—Ls2y r

_ { —21In(qa) if ga<l, qi>1
“12In(L/a) if (gL)<1.
Here E, (x) is the exponential integral function.
For times ¢t € (L 2/D) =1, the finite length of the line of
traps is not apparent and Eq. (28) for the flux becomes

~ _ kscx N [po — (k_/K)]

dr=2[E,(qa) — E,(¢L)]

(37

Jw(2) = , N=nL.
z[1 —2n(kgcy /47wD) In(qa) ]
(38)
For short times (kscx/27D)nlIn(ga)’<l, e,

t <7, exp[2mD /nkscx | =7y, the flux describes reaction to
N-independent sinks. For times t> 7, (if 7, <7, ) there is
competition between the sinks. The forward time-dependent
rate coefficient is approximately

41D
nin(Dt/a?) ’
which is similar to the Smoluchowski solution for diffusion
of particles to a perfect cylindrical trap.

For times t3 7, , the kinetics reflects the finite size of the

line and will again exhibit steady-state behavior. In this limit
the rate coefficient becomes
k obsz___g_";D__ . (40)
nin(L /a)

ko™(1) = (39)

C. An array of lines

We next imagine that the N traps are distributed uni-
formly on lines of length L and that lines of these traps are
uniformly distributed parallel to an axis. This system will
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exhibit the following sequence of behavior: independent re-
active centers, a single line, an array of lines, and finally the
cluster of lines.

We assume that each line of length L contains n reactive
center per unit length and that there are o such lines per unit
area arranged in a finite cluster of area 4 = 7L % Thus, the
total number of reactive sinks is N = oL *nL.

The shielding integral I(g) equals the sum of the single
line contribution in Eq. (37) and a term I, (¢) arising from
the neighboring lines,

L L 2 24172
- exp[ — q(x*+r?)"?]
L) -27rsfa drrZL R dx.

(41)
This integral has the following limits:
L, —4mo/q*, qa<l, gL>1,
I, -8moL? qL<1. (42)

For times t €7, the flux has the form
ksck N [po — (k_ /k) ]
kscx on + z[ 1 — 2kgcg (n/4mD) In(qa) ] '
(43)

For short times ¢ < 7, leads to a forward rate reflecting inde-
pendent sinks

k(1) = kgex exp( — kgcx ont). (44)
This expression is of the same form as Eq. (34) but with a
different effective concentration.

For times 7, <t < 7, the flux takes the form

47DN [po — (k_/k)]
nin{1/(ga)?] z + {(o4wD) In| 1/(qa)2(]4%‘5;

Jo(2) =

T (2) =

which leads to a forward rate coefficient of the form
.—mexp(_ﬂ> . (46)
nin[Dt/a*] In(Dt /a*)
For long time ¢> 7, , a steady state is approached. It is
easy to determine this rate to be
k obs _ kSCK kn ,
kscx + k.,

k ohs(t) —

where

k — 27D

" nldmoLl?+1In(L/a)]’
For low density of lines, k °® = kg . For high » and low
density of lines [In(L /a)>4mwoL?] the observed rate
(k°*N) will approach the value for (7L %0’) independent
lines each contributing [2#DL /In(L /a)] to the rate coeffi-
cient. For a high density of lines, (k °*N) approaches the
value expected for diffusion to a single massive array that
appears as an ideal spherical trap of size R = L /8. The nu-
merical value (1/8) is approximate,

(47)

D. Other three dimensional geometries

Other geometries may be analyzed in a similar fashion.
In all cases, the following behavior is found. For short time,
t <7, the rate is described by independent sinks; for inter-
mediate times 7, < ¢ <7, the rate coefficient is time depen-
dent reflecting competition among the sinks; for long times
t> 7, a steady state is approached. For this steady state, at
high trap density, the total rate coefficient (Nk °*) will have
the form of the rate for a single ideal spherical trap with an
effective radius R,;. The numerical value determined for
R is only approximate. Table I presents results for three
other geometries of traps: a plane, a spherical shell, and a
ring.

V. RESULTS FOR TWO DIMENSIONS

The story for reactive centers in two dimensions is very
similar to d = 3 except that no steady state is attained. We
offer an explicit analysis for the case of a circle and simply
present results for several other cases.

According to Eq. (27) one finds, for the flux ind = 2,

o 20DkN(py — k _ /k)(1/z)

ay (Z) = ’ (48)
27D — kIn(aq) + nM(q)k
where (aq) €1 and M(q) is the screening integral
M(q) =fdrKo(qr). (49)

For the circle, the screening integral is

TABLE 1. Results for the screening integral and the rate coefficient in different time regimes in three dimensions for various geometries of reactive centers.

koo (s) K obs kN /47D = R ¢
Screening integral  I(q) T <t<T, Steady state n— oo
L Plane
27 f drexp( — gr) 2 57D ksex /1 + (nksey L 72D) L2
0 n
Spherical shell
(" — 2R sin(8/2)) 2
2R-fds°"p[ q 2 DG ksex /1 + (nkeey R/D R
=l 2R sin(9/2) o P/ sex /1 + (Mhscx R /D)
s [ Ring
i — 2R sin(¢/2) ] 47D
2Rf dg &P S ek /1 kscx IN(2R /a) /7D R /nn(2R
T 2Rsin(é) #In[Di/d] sex/1+ [nhsex 2R /a)/mD | 7R /nIn(2R /a)
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Mq) = 27rJ~ drrK,(qr)
0

=2n/q*[qaK, (qa) — qRK,(qR)].
For short times (gR) > 1, and the screening integral ap-
proaches M(q) — (27/¢*) so that

J,(2) = k
& nk + z{1 — [k In(ag)/27D 1}

N(po — k_ /k).
(50)

For times 7, <t <1, exp(4wD /k)=r,, the observable
forward rate is
k°%(t) = k exp( — knt) (51)

again reflecting independent action of the sinks.
For times 7, <t <7, we find an approximate expres-
sion, for the filux

- 4D
Jou (2) = N(p, — k_ /k), 52
@ n4wD — z1n(aq)? o ) (52)
of the form
koos(t) = k(1) exp[ — nf di(T)], (53)
0
where k(#) has the form of a single d = 2 trap,
4D
k(t) = ————. 54
® In(Dt /a*) S

In the long time limit > 7, or (gR) <1, the screening
integral approaches the value [ — 7R, In(gR)]. Accord-
ingly, the forward rate may be estimated to behave like,

k(1) = 27Dk : (55)
2aD + k(nw/2)R?*In(Dt /R?)
If the density of sinks in the circle is high then the quantity

Nk °*(t) approaches
k°**(tyN—47D /In(Dt /R ?), (56)

which exactly coincides with the Smoluchowski solution for
a single reactive center of radius R in the plane.

A similar analysis can be carried out for other geome-
tries of reactive centers in d = 2. Table II presents results for
the forward rate k °*(¢) for reactive centers arranged in a
line, an array of lines, and a ring.

VI. CONCLUDING REMARKS

The point of this work is to demonstrate that the time
dependence of the observed rate coefficient of a diffusion

TABLE II. Results for the forward observed rate coefficient in two dimen-
sions when reactive centers are arranged in the pattern shown. The results
are in the limit t> 7, = (L?/D).

Arrangement of

reactive centers 27D 7k (t)
Line 24D + nkL In(Dt /L?)
Array of lines 2aD + nkL(1 4 4mwolL) ln(%)
Ring 27D + nkRmwIn(Dt/R?)

controlled reaction is a signature for the geometry of the
locations of the fixed reactive centers where reaction takes
place. For short times, the reaction time dependence reflects
independent centers. At long times, the kinetics eventually
follows the time evolution appropriate to a single reactive
center with a geometrical factor that depends upon the shape
of the localized region that contains the reactive centers. At
intermediate times, a particular time dependence arises that
reflects the competition between the fixed reactive centers.
The inverse problem is also of interest: How to design the
geometry of a catalytic region in order to obtain a desired
time dependence for the course of a chemical reaction.

APPENDIX

In this Appendix we calculate the exact mean-field reac-
tive flux for the sphere in order to provide a basis for assess-
ing the approximation introduced in Eq. (26).

In differential form, the mean-field equation for a sphere
of reactive centers is [Eq. (2b), Ref. 14],

dp(rt) 19 ,d
E» =D—25—r25p(r,t)—knp(r,t), r<R,
dp(nt) 19 ,d
ot =D ——ri—p(ne), R,
E” 3 r arp(r )y, >
(A1)

where we have neglected the reverse reaction and k = 47Da
is the rate coefficient for diffusion to the N reactive sites of
radius g that are distributed with uniform density
n = N/(47R>/3) in the sphere. These equations must be
solved with the boundary conditions that the concentration
is finite at the origin of the sphere and approaches p, at a
large distance from the sphere. The concentration and its
first derivative are continuous at » = R. The initial condition
is that the concentration is uniform outside the sphere with a
value p,.
In terms of the Laplace transform

p(rz) =f dtexp( — zt)p(nt), (A2)
0
the equations become
ﬂaza'un 2R Hrz) =0, r<R,
ar
izair 2P —%ﬁ(m) = _Dp° , r>R.
(A3)
The solution to these equations are
D
plrz) = (\/"/\/’A)M, r<R,
I,,, (sR)
— (0os/gD)K, 5 (gr)  po
p(rz) = (R Ara) + L LR
K, (gR) qu >
(A4)
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Hereq2=(7/n\452=[qz-ll_(k_n/f)\land and X,

I . S
Here (z/D), /D)L, and I, , and X, ,

are modified Bessel functions of fractional order.
The quantity A is

A= ( I,,, (sR) s K, (¢gR) )
I, (sR) K, (gR)

1 -1 1 —1
A= [q (coth(sR) —5) -{—s(l +—q—R—) ] . (AS)

The flux entering the spherical region of reactive sinks is

J(z) = —47R*D (—aﬁ) = 47R *p, (5/q) L (A6)
ar r=R A
and the reactive flux is
- R 4mknR?,
7., (z) = dmkn f drris(rz) — — 2" Po (A7)
o DA

These are the exact mean-field results for a spherical
region of reactive traps. We compare these exact results with
the approximate results presented in Sec. IV A.

First, we consider the limit of dense traps n— « which
means s— co. In this case, all the reaction takes place at the
surface of the spherical region. The external flux in this limit
approaches

J(z) =

47RD
%(1 +4qR), (A8)

which is the result one expects for reaction with a single
sphere of reactive sphere of radius R. As discussed in text,
the result from our approximate method Eq. (35) differs by
a factor of (2/3).

Next, we consider the reactive flux term Eq. (A7). In
the limit #n— 0, s— co We obtain the result Eq. (A8) as ex-
pected. In the opposite limit n—0, the reactive centers are
dilute. For long times g,5—0, one obtains the result

- kN 1
ern (Z) =

"z 14 [(z+kn)R¥/3D]

(A9)

In this limit, the diffusing particles have penetrated the
spherical trap region and the reactive flux arises from N-
independent sinks. The leading behavior is identical to Eq.
(33) but the corrections differ. This occurs because the ap-

proximation Eq. (26) does not accurately describe the diffu-
sion through the reactive sphere.
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