Fractal structures from an evaporation/condensation model
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Several simple evaporation/condensation models in which all occupied surface sites have the
same evaporation probability and condensation occurs on contact with the first occupied site have
been investigated using Monte Carlo simulations. In two dimensional simulations these models
generate a ““cloud” of clusters which at long times are characterized by a fractal-like geometry and
an exponential cluster size distribution. The nature of the systems at long times depends on the
type of trajectories which the particles follow. Brownian trajectories lead to a cloud of clusters
with a fractal dimensionality close to 1.0 (in 2D simulations), whereas linear trajectories generate
structures with a fractal dimensionality close to 4/3. In similar one dimensional simulations,
there is no evidence for the formation of fractal-like structures at any stage in the evolution of the
systems and the equilibrium state consists of a dense region and a completely unoccupied region.
The results of three dimensional simulations are inconclusive.

INTRODUCTION

A considerable level of interest in growth and aggrega-
tion models has recently been stimulated by the Witten—
Sander model for diffusion limited aggregation.' In the Wit-
ten—Sander model, particles follow Brownian (random walk)
trajectories originating a large distance from the growing
cluster or aggregate. Particles are launched from outside of
the region containing the cluster, one at a time and stick on
contact with a “seed” site or some part of the growing aggre-
gate. The Witten—Sander model generates fractal-like struc-
tures with interesting scaling and universality properties.'?
These results have stimulated the development of a number
of more or less closely related models.*~® In all of these mod-
els, the growth process is irreversible and the structures gen-
erated are determined solely by the kinetic growth mecha-
nisms. In this paper we present results obtained from a
related model in which particles are allowed to add to and
evaporate from the “aggregate.”

Our model is very similar to the Witten-Sander model
for diffusion limited aggregation except that the particle tra-
jectories originate from an occupied interface site on the ag-

gregate. We start with an essentially arbitrary initial state-

and the system is allowed to reorganize. No particles are
added to or taken away from the system during its evolution.
Similar simulations have also been carried out in which the
particles follow linear (ballistic) trajectories.

We were originally motivated to consider the particle
removal as well as addition mechanism by an interest in cor-
rosion and other material loss processes such as etching.
However, it is clear that the model discussed in this paper
does not simulate this type of process. Here we are simulat-
ing the evolution of a simple system towards a steady state.

*} Contribution No.: 5268.
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The process is defined in terms of a simple “growth” algo-
rithm which also determines the final state of the system.

SIMULATION METHODS
The unconfined model

The simulation is started by generating an initial state
which usually consists of a densely filled “circle” of occupied
lattice sites on a square (2d) lattice. To execute a step in the
simulation, an occupied lattice site is picked at random and
one of its four nearest neighbors is also randomly selected. If
the nearest neighbor site is not vacant, a new occupied site is
picked at random and this procedure is repeated until a ran-
domly selected occupied site and nearest neighbor unoccu-
pied site have been found. The “particle’” occupying the cho-
sen lattice site is moved to the unoccupied site, and this move
becomes the first move in a random walk. The random walk
continues until the particle reaches a lattice site which has
one or more occupied nearest neighbors at which point it
sticks. This procedure is repeated many times.

If the moving particle reaches a position which is more
than three times the distance of the most distant particle,
which is not currently mobile, from the origin, it is moved to
arandom position on a circle which has a radius a few lattice
units larger than that of a circle which just encloses the non-
mobile particles. At this stage the simulation becomes very
similar to the simulation of diffusion limited aggregation us-
ing the Witten-Sander model and the same strategies® which
were used to reduce computer time requirements in the sim-
ulation of 2D. Witten—Sander clusters were used in these
simulations also. In some of our simulations, a list of coordi-
nates was maintained for those occupied lattice sites with at
least one unoccupied nearest neighbor site (occupied inter-
face sites). However, after a while, almost all of the occupied
lattice sites are also interface sites and this procedure was
abandoned.

© 1985 American Institute of Physics
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Confined model

In the confined model, the particles or occupied lattice
sites are restricted to a finite lattice with periodic boundary
conditions. Most of our simulations were carried out on a
512X 512 lattice. The simulation is started by randomly oc-
cupying o sites on the lattice, avoiding multiple occupancy.
The rest of the simulation is very similar to that described
above for the unconfined model except that the random
walks are confined by the periodic boundary conditions and
the average density of the system remains constant.

Linear trajectory model

Simulations similar to those described above can be car-
ried out using linear (ballistic) instead of Brownian (random
walk) trajectories. In the case of the unconfined model, the
particles leave the region occupied by the initial system per-
manently and the initial state evaporates. If periodic bound-
ary conditions are used (the confined model), the particles
are brought back into the region occupied by the ensemble of
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particles and the system can reorganize. If the mobile parti-
cle did not encounter any other particles before returning to
its original position (via the periodic boundary conditions), it
was left at its original position.

RESULTS
The unconfined modei

Figure 1 shows four stages in a simulation which was
started with 5025 particles or occupied lattice sites which
approximately form a dense filled circle of radius 40 lattice
units. Figure 1(a) shows the system after SO 000 steps. At this
stage, the surface has become quite rough, but we still have a
compact, almost circular, configuration of particles. In this
paper, we use the term “trial” to denote the whole sequence
of events which transfers a particle from one position to an-
other. This process includes evaporation, travel along a ran-
dom walk or linear trajectory, and condensation. Figure 1(b)
shows the same simulation after 3 200 000 trials. The central
region is still quite dense, but a number of outlying, isolated
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FIG. 1. This figure shows several stages in a two dimensional simulation carried out using the confined model. The initial state for this simulation was a dense
circular array of 5025 occupied lattice sites. Figures (a), (b), (c), and (d) show the system after 5§ X 10, 3.2x 10°, 1.1 X 107, and 3.8 X 107 trials. Each trial in
the simulation consists of a successful, evaporation, random walk, condensation sequence.
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FIG. 2. This figure shows the final state of a simulation similar to that
shown in Fig. 1. The initial state consisted of a dense circular array of 7845
particles or occupied lattice sites. The state of the system after 2.24 X 10’
steps is shown in this figure.

clusters have developed. After 11 400 000 trials [Fig. 1{c)],
the dense central region has disappeared and the overali
shape has become quite noncircular. At the end of the simu-
lation [Fig. 1(d)] after 38 000 000 trials (successful random
walks), the system has expanded into an oval shape with an
overall size of about 400 1000 lattice units. The distribu-
tion of occupied lattice sites is extremely nonuniform. Dis-
tortion of the initial circular shape seems to be characteristic
of this model.

Figure 2 shows the results of a simulation which started
with 7845 particles in the form of a densely filled circle of 50
lattice units radius. After 22 400 000 trials the cluster shown
in Fig. 2 had evolved. It appears that some distortion from a
circular shape is initiated randomly and then amplified by
the growth process.

Density—density correlation functions obtained during
the simulations used to generate the results shown in Fig. 1
are given in Fig. 3. After a large number of trials, a substan-
tial linear region has developed in the dependence of In C (7)
on In (7) suggesting a fractal-like structure.

The effective fractal dimensionality (D, )'° is given by

In (r)

FIG. 3. Density—density correlation functions obtained during the course of
the simulation shown in Fig. 1. The correlation functions shown in this fig-
ure were obtained after 50 000 X 2™ trials with m =0, 1-11. The total
numbser of trials in the simulation was 50 000 X 2'* or 1.02 X 108
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D, =d +d{In[C(r]}/d [In()], (1)

where d is the Euclidean dimensionality of the lattice. The
slope of — 1.06 shown in Fig. 3 corresponds to a fractal
dimensionality (D, ) of 0.94. Unfortunately, we were not able
to extend the results shown in Fig. 3 to a larger number of
trials. The results shown in Fig. 3 required about 15 h of
CPU time on an IBM 3081 computer. It is quite possible that
the efficiency of the computer program could be improved
and it would be possible to extend the effective number of
trials by reducing the number of particles (at the cost of in-
creased statistical uncertainties). However, instead of pursu-
ing this model further, the confined model was used to ob-
tain more precise quantitative results.

The confined model

Exploratory simulations were carried out with the con-
fined model using 2500, 5000, and 10 000 occupied lattice
sites on 512 X 512 square lattices. Figure 4 presents some of
the results obtained using 2500 particles on a 512 X512 lat-
tice. From results similar to those shown in Fig. 4 and the
corresponding density—density correlation functions, we
concluded that the system had closely approached a steady
state after about 10 trials. Consequently, simulations were
carried out in which the density—density correlation func-
tion was obtained after each 5 10° trials in the range 10’-
2% 107 trials. The 20 correlation functions were obtained
from five such simulations. The log-log plot of the density-
density correlation function shown in Fig. 5 is essentially
linear over an order of magnitude of length scales. The devi-
ation from linearity at larger distances (#) is attributed to
finite concentration effects {at larger r the function C(r)
must approach the average particle density p of 0.009 537
[In(p) = — 4.65}}. Simulations carried out at higher density
confirm that the linear region in Fig. 5 will become longer at
lower densities. The deviation from linearity at short dis-
tances is attributed to lattice and other model details. Such
deviations are found in most other growth and aggregation
models. The results shown in Fig. 5 indicate that d In[C (r}]/
d[In(r)j>~ — 1.00or D, = 2.0 — 1.0~~1.0. By least square fit-
ting straight lines to the coordinates {In[C (r)], In(r)} over the
range 3<r<30 lattice units, the result D, = 0.983 + 0.049
was obtained. Similarly, for 4<r<20 lattice units we found
that D, = 0.976 + 0.029. These results were obtained from
five simulations carried out using 2500 particles on a
512 % 512 lattice.

We have also measured the cluster size distribution. Fig-
ure 6 shows the results obtained from five simulations car-
ried out with 2500 particles on 515 X 512 lattices. The cluster
size distribution was also obtained by averaging the results
obtained after each 10° steps in the range 107-2 X 107 trials.
The results shown in Fig. 6 indicate that the number of clus-
ters of size I (N,) is related to I by

Ny =Ne~ ™, (2)

where 7 has a value of about 1/3. By least squares fitting
straight lines to the coordinates [In{N, ), I'} for each of the five
simulations the result 7 = 0.322 + 0.016 was obtained for
clusters in the size range 5<N, <20. Similarly, we found that
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FIG. 4. This figure shows some results obtained using the confined model with 2500 particles on a 512 X 512 lattice. The initial state (a) was obtained by
filling 2500 sites on the lattice at random avoiding multiple occupancy. (b}, (c), and (d) show what happens after 50 000, 6.4 X 105, and 4.2 X 107 trials,
respectively. Random walk particle trajectories were used in this simulation.

7 = 0.339 + 0.006 for 3<N;<15and 7 = 0.325 + 0.022 for
4<N,<25.

These simulations were carried out using the largest
number of trials which were practical. We cannot be absolu-

tely certain that the system does not slowly evolve towards
some quite different steady state. However, the fact that sim-
ilar results were obtained using both the confined and un-
confined models with completely different initial states, indi-
cates that a very slow approach to a different steady state is *
unlikely. In any even, even the transient formation of a frac-
~ tal-like structure would also be significant and unexpected.
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FIG. 5. The density—density correlation function obtained from five simula-
tions carried out using 2500 particles on 512 X 512 lattices with random
walk particle trajectories. To obtain the results shown in this figure, correla-
tion functions were determined and averaged for every 5 X 10° steps in the
range 10’-2 X 107 trials.

FIG. 6. Cluster size distribution obtained from the simulations used to de-
termine the density—density correlation function shown in Fig. 5. The clus-
ter size distribution functions were averaged in the same way as the density—
density correlation functions.
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Linear trajectory model

Simulations were carried out using 2500, 5000, and
10 000 particles on 512 X 512 lattices. All of our results were
obtained with a random starting configuration. Figure 7
shows several stages in a simulation carried out using 2500
particles. Most of our simulations were carried out with
5000 particles (a density of 0.0191 particles per lattice site).
Figure 8 shows density—density correlation functions ob-
tained after 2.56 x 107, 5.12x 107, 1.02 X 108, and 1.57 x 10®
trials. The results shown in Fig. 8 indicate that the system
has reached a steady state with a fractal-like structure after
about 2.5 X 107 trials.

In Fig. 9 the density—density correlation functions ob-
tained from simulations at three different particle concentra-
tions are compared. Curve A was obtained from a simulation
carried out using 10000 particles on a 512X 512 lattice
(0.0381 particles per lattice site). The results obtained after
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each 2X 10° trials in the range 5X 10’—10® trials were aver-
aged. The noticable deviation from linearity at larger dis-
tances in the plots of In[C ()] vs In(r) can be attributed to
finite concentration effects. Curve B was obtained from a
simulation carried out using 5000 particles on a 512X 512
lattice. In this case, the density-density correlation func-
tions obtained after each 10° trials in the range 410"
8 107 were averaged. Curve C was obtained from similar
simulations carried out using 2500 particles. In this case,
results obtained after each 10° trials in the range 2 X 10"~
4< 10’ trials were averaged. The deviation from linearity at
large distances is now attributed to the finite size of the
*“clouds” of clusters (see Fig. 7). At longer times (when larger
clouds of clusters have developed), the linear region extends
to longer distances and curve C approaches curve B more
closely.

Five simulations were carried out using 5000 particles
on 512X 512 lattices. The density-density correlation func-
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FIG. 7. This figure shows four stages in a two dimensional simulation carried out using the confined model with linear particle trajectories with 2500 particles
ona 512 X 512 square lattice (the six previous figures were obtained using random walk particle trajectories). The results in (a), (b}, {c), and (d) were obtained

after 0.4 X 10°%, 3.2 X 10% and 5.12 X 10 trials, respectively.
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FIG. 8. Density~density correlation functions obtained from a simulation
carried out with 5000 particles on a 512 X 512 lattice using linear particle
trajectories. Curves A, B, C, and D were obtained after 2.56 X 107,
5.12 X 107, 1.02 X 10%, and 1.57 X 10° trials, respectively.

tions obtained after each 10° trials in the range 4 107
8X 107 were averaged and straight lines were least squares
fitted to the coordinates {In C (#), In(r)] over several ranges of
length states. In this way, we estimated the effective fractal
dimensionality D, of the “cluster clouds” to be
1.367 1+ 0.048 for 3 <7 < 30 lattice units, 1.383 4 0.035 for
4<r<40 lattice units, and 1.359 + 0.056 for 2<r<20 lattice
units.

The cluster size distribution was determined at the same
points in the simulations at which the density—density corre-
lation functions were obtained. Figure 10 shows the results
from one of these simulations. The results shown in Fig. 10
indicate that the cluster size distribution is exponential.

Ny =N~ 3)
The constant 7’ has a value close to 0.21. Other simulations
at the same density gave similar results with %’ in the range

0.20 < 77’ <0.25. Similar results were also obtained at densi-
ties of 0.0381 and 0.009 54 particles per lattice site.

ONE DIMENSIONAL MODEL

On a one dimensional, linear lattice, the evaporation/
condensation process provides a mechanism for the diffu-
sion of “holes” (unoccupied regions). For both linear and
random walk trajectories, holes can coalesce irreversib-
ly.The final state of the system will contain a single dense
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FIG. 9. Density—density correlation functions obtained using linear trajec-
tories on a 512 X 512 lattice at several particle densities. Curve A was ob-
tained using 10 000 particles on a 512 X 512 lattice (particles per lattice
site). Curve B was obtained using 5000 particles and curve C was obtained
using 2500 particles. Additional details are given in the text.
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FIG. 10. Cluster size distribution obtained from 2D simulations using lin-
ear particle trajectories. The results shown in this figure were obtained from
a simulation with 5000 particles on a 512 X 512 lattice. Results obtained
after each 10° trials in the range 4 X 107-8 X 107 trials were averaged to
obtain this figure.

block of occupied sites which can diffuse very slowly as a
result of the evaporation/condensation process. Initially our
hope was that simulation in one dimension would help us in
understanding the more complicated 2D problem.

Figure 11 shows the density—density correlation func-
tions obtained from a one dimensional simulation carried
out using 20 000 particles on a 524 288 (2'°) site linear lattice
using linear trajectories. Although the maximum number of
trials in this simulation is only 160 000, the development of
compact regions can already be seen. As the simulation pro-
ceeds the region in which C (7)==1.0 (at short distances) will
extend to larger distances. There is no reason to believe that a
power law relationship between C () and r will develop over
a significant range of length scales at any stage in the simula-
tions. Figure 12 shows similar results obtained using 20 000
particles on a 2 lattice site linear lattice with Brownian
trajectories. Again, our results indicate that the system will
evolve into a single region of filled lattice sites with the rest of
the lattice totally unoccupied. There is no evidence that the
structure of the system will become fractal like at any stage.

THREE DIMENSIONAL SIMULATIONS

Three dimensional simulations have also been carried
out. Figure 13 shows the density—density correlation func-
tions obtained from a simulation carried out with 5000 parti-
cles on a 100? lattice using the confined model with periodic

-6 L t 1 1 1

1 1 1 1 1
[¢] 05 1.0 5 20 25 30 35 40 45 50 55
Lo{r)

FIG. 11. This figure shows the density—density correlation functions ob-
tained from a one dimensional simulation using 20 000 particles on a 2'? site
lattice with periodic boundary conditions. Linear trajectories were used in
the simulation. The correlation functions are shown after 0, 5000, 10 000,
20000, 40 000, 80 000, and 160 000 trials.

J. Chem. Phys., Vol. 83, No. 8, 15 October 1985

Downloaded 23 Jan 2004 to 18.51.1.222. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jcpol/jcpcr.jsp



4092 P. Meakin and J. M. Deutch: An evaporation/condensation model

S U T, v
e

tn[ctr)]
>
o
T

00 5 10 15 20 25 30 35 40 45 50 55
ta(r}

FIG. 12. Density—density correlation functions obtained from a one dimen-
sional simulation carried out with 40 000 particles on a 2%° site lattice with
periodic boundary conditions. Random walk trajectories were used in this
simulation. The correlation functions obtained after 0, 10000, 20 000,
40000, 80000, 160000, 320000, 640000, 1.28 x 105 2.56 X 108,
5.12 X 105 and 1.02 X 107 trials are shown.

boundary conditions. After more than 107 trials, there is no
evidence for a substantial linear region in the dependence of
In [C ()] on In (7). Much longer simulations, (well beyond
our present computer resources) would be required to deter-
mine if a fractal-like structure eventually develops in the
three dimensional system.

SUMMARY AND CONCLUDING REMARKS

This paper presents the results of simulation models
which, to our knowledge, for the first time include in particle
aggregation models both the possibility of growth and evap-
oration. The salient result of the two dimensional models for
both linear (ballistic) and random (Brownian) particle trajec-
tories is that a steady state appears to be established with a
fractal distribution of particles as characterized by the den-
sity—density correlation function and an exponential distri-
bution of cluster sizes.

We present these simulation resuits without explanation
for the observations.Accordingly, there are a number of im-
portant outstanding unresolved questions which deserve at-
tention. These questions include:

(1) Is the steady state observed in these simulations real
or will another final state be approached if a large number of
additional trials is undertaken? What is the nature of the
steady state which is approached in d = 3 and d > 3?

(2) Why is a fractal structure formed in this evapora-
tion/condensation model? Can we predict the observed val-
ues D, ~1.0 and 7=1/3 for Brownian trajectories and D
~4/3 and 5~0.21 for linear trajectories in two dimensions?

Finally, we note that an original motivation for studying
this problem was an interest in the possibility of the forma-

0 ‘ 1 ' 2 ' 3 ' 3
In (r)

FIG. 13. Density—density correlation functions obtained from the three di-

mensional confined model with 5000 particles on a 100° lattice using ran-

dom walk particle trajectories. The density—density correlation functions

are shown after 5 X 104, 10°, 2 X 10°% 4 X 10°, 8 X 10% 1.6 X 105,
3.2 X 105 6.4 X 105 1.28 X 107, and 1.36 X 107 trials. .

tion of “roughened” or fractal surfaces arising from material
loss mechanisms which loosely might be viewed as inversed
processes of particle aggregation. We believe this possibility
is real and our future efforts will be directed toward con-
structing and examining the consequences of models which
are more faithful to the physics of material loss mechanisms.
Recently, models for fluid-fiuid displacement in Hele Shaw
cells and porous media have been developed in which both
evaporation and condensation processes are allowed to oc-
cur.!! It does not appear that our model represents a physi-
cally important limit of these fluid—fluid displacement mod-
els, but it may be helpful in developing a better fundamental
understanding of such processes.
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