Exact solution for the diffusion controlled rate into a pair

of reacting sinks?
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Recently there has been interest in determining the
concentration dependence of diffusion controlled reac-
tions,. =% The concentration dependence physically arises
from the competition for the diffusing species among the
reactive sites, This competition has the effect of reduc-
ing the effective rate coefficient of an assembly of reac-
tive sites below the value expected from N independent
sites, ky=N(47DR). Here D is the diffusion coefficient
of the reacting species and R is the radius of the reac-
tion center.

In this note, we present an exact solution for the case
of two fixed centers N=2 in order to provide a basis for
comparison to the more general theories! which, how-
ever, introduce approximations to deal with the case of
greater interest, of large N.

The problem we solve is

DvEn(r)=0, 1

where n(r) is the concentration of the reacting species
at point r, subject to the boundary conditions that n(r)
—ng at large distances from the reaction center pair and
that n(r) vanishes at the boundary of the two centers that
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FIG. 1. Reduced diffusion controlled rate coefficient vs separa-
tion of reacting sinks. Solid line, exact result, Eq, (3); broken
line, approximate result, Eq. (4),
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are separated by a distance !, assigned to lie on the z
axis. The solution, which is identical to Laplace’s equa-
tion for the electrostatic potential surrounding two con-
ducting spheres, is found in terms of bispherical coordi-
nates?:
n(r)/ng=1-[2(coshu — cosn)]/2 (2)
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where the coordinates (u, 1, ¢) are related to the carte-
sian coordinates (x, ¥, 2z) as given in Ref. 4. The rate
coefficient is determined by computing the specific flux
“disappearing” into both centers. The result is
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where the parameter (i, is determined by coshyu,=1/2R.
In the limit of infinite separation I/2R~« (y,~=), the
result is k—~k,. At contact I~ 2R(u,~ 0) the result is
k(2R)=(In2)ky=0.69 ;. The result k(I)/k, versus separa-
tion (I/R) is plotted in Fig, 1.

Included in Fig, 1 is the approximate result®

[k(l )/ko]zpprox =[1 + (R/Z)]"‘ (4)
which agrees with Eq. (3) in the large separation limit
where I~ R exp(j1y). At contact the approximate expres-
sion gives the result [2(2R)/kyl,;,r0x = 5, Which is remark-
ably close to the exact result when one considers that the
approximate method is essentially based on the assump-
tion of large separation. This fortunate agreement sug-
gests that the large separation approximation employed
in theories of the concentration dependence of the diffu-
sion controlled rate coefficient may not be too severe.

One of us (J. M. D.) thanks Professor Feshbach for
helpful guidance.
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