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The general spin-relaxation theories of Albers and Deutch and of Argyres and Kelley based on
different projection operator methods, and the theory of Freed based on generalized cumulant
expansions are compared. It is shown that the first two yield equivalent expressions for the time
evolution of the spin density matrix. They are also found to be equivalent to a cumulant expansion
based on total ordering of the cumulant operators (TTOC), which is different from the partial time
ordering method (PTOC) used by Freed. The TTOC method is found to be the more convenient for
the frequency domain (i.e., for calculating spectra), while the PTOC method is for time domain
analyses. Examples of the use of the TTOC method are given. Useful expressions are given for the

case where the lattice may be treated in terms of classical Markov processes, but, in general, it is
found that for such cases the stochastic Liouville method is the more useful for computations.

I. INTRODUCTION

Over the last several years, a variety of statistical-
mechanical formalisms have been applied to general con-
siderations of spin-relaxation theory. In particular, we
note the work of Albers and Deutch!*? utilizing a projec-
tion operator formalism, the Argyres and Kelley® theory
based on a different type of projection operator, and the
work of Freed*® based on generalized cumulant expan-
sions. ®" Rach of these theories yields a general de-
scription of the behavior of the spin density matrix for
spins coupled to a lattice, but each description is em-
bedded in its own formalism, and any equivalence be-
tween them is not evident. One of the objectives of the
present work is to perform such a comparison to show
the extent to which they are equivalent.

It is possible, first, to show the equivalence in the ex-
pressions for the spin-density matrix obtained using the
two projection operator methods. We then study its re-
lationship to the cumulant expansion method. Here the
interesting question of the nature of the time ordering of
the cumulant operators enters. 1t is found that the pro-
cedure used by Freed, *° which we refer to as a Partial
Time Ordered Cumulant (PTOC) has different charac-
teristics than the projection operator methods. How-
ever, it is possible to define another time-ordering
scheme, referred to as a Total Time Ordered Cumulant
(TTOC), which is then found to be equivalent to the pro-
jection operator methods.

1t is then shown how the TTOC method may be effec-
tively utilized in dealing with spin relaxation problems.
Its utility relative to the PTOC method is compared in
both the frequency and time domains. OQur results are
given both for general descriptions of the lattice as well
as for the particularly useful case where the lattice mo-
tion is modeled as a classical stationary Markov pro-
cess. We compare, for the latter case, the cumulant (and
equivalent projection operator) methods with the very

useful stochastic Liouville equation (SLE), *!! which may

be derived by summing the generalized moment expan-
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sions (upon which the cumulant expansions are based) to
all orders.’

1. PROJECTION OPERATOR METHODS

We explicitly consider the case of a single spin relax-
ing through contact with a thermal bath or.lattice. The
Hamiltonian for such a system is:

H=Hy+\H, = H, + H,+ \H, , 2.1)

where H, is the Hamiltonian for the spin in the presence
of a static magnetic field (i.e., is independent of the
lattice), H, is the Hamiltonian describing the lattice de-
grees of freedom, and H, is the interaction of the spin
and lattice with A a measure of its magnitude.

The projection operator methods of Argyres and Kel-
ley® and of Albers and Deutch'*? provide two approaches
for extracting the relevant dynamics of the spin subsys-
tem. Starting from the equation of motion for the den-
sity matrix of the system p(#)[# =1],

pt) =~ i[H, p(®)] = - iH*p(t)= - iLp(t) , 2.2)

where L=H*={[H, ...] is the Liouville operator of the
system, Argyres and Kelley derive an equation of motion
for the spin density matrix o(¢) that is obtained from p(¢)
by taking a trace over lattice variables

o) =Tr,[p(t)] . (2.3)
These authors employ the projection operator
P=p,Tr,, 2.4)

where p, is the equilibriuxﬁ lattice density matrix
py =exp(= BH){Tr [exp(- BH,)}" , (2.5)
to obtain the equation of motion®
° ¢
o(t)=—iLo() - xzj ar Tr,[L'esPLr p'p Yot —7),
0

(2.6)
where L,=H%, L'=H%; furthermore Ly=L,+L,.

The alternative approach of Albers and Deutch!*? has
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the advantage of retaining explicit reference to the lat-
tice variables. These authors obtain an equation of mo-
tion for the generating function

Gup (D)= oY a|e 2.7

where |a) denotes an eigenstate of H, by use of the pro-
jection operator

P'=Tr;p,=("+"). (2.8)
The resulting equation of motion is'*2

éaa' () = = iwga? Caat (1) + Kyq! (£, 1)
t
+>@ZJ dT{B"| Foqr (&, )| B) G (t - T) ,
8,8’ 70

where w,q = (E, — E,*) and E, is the energy of spin state
la), Kyqr(t ) is a random “force” given by

Koo () =exp[i(l = P')iAL G (0) , (2.9a)
and the damping kernel is
(B'| Foar (6, )| B) =2 (B [GL' K or (1, 8] 8) . (2.9D)

All spin quantities of interest can be extracted from

Guo(f). Inparticular the equation of motion for ¢,,«(¢)

obtained from Eq. (2.9) for G,,(#) by the definition
0ot (1) =Tr[p(0)G e (8)]

is

0 q(t) = = fwgqr ()

+A2§;, jot @B | Fyo (t, )| B0get =) . (2.10)

In both projection operator derivations the Hamiltonian
has been partitioned so that {H "y =0 and the usual as-
sumption for the initial spin density matrix p(0)=p,0(0)
has been made.

In order to examine the equivalence of the two projec-
tion operator equations we rewrite Eq. (2.10) as

&aa' () =- iwaa'Cua’ (t)

¢ ’
—)sz a7 Tr,Tr,po(t —7)L'e* TP 27| a)al .
0
(2.11)

Let us expand ¢'*"?"LT; notice that Tr,Tr,=Tr over all
the degrees of freedom:

t
6(t)qar ={a|-iLo®)|a’ - Azjo dr

& [i(1 - P)LT]"
X Trp,0(t— T)L'Z Lﬂ—!)——]L' I a'Ya l .
n=0 n (2.12)
1t is easy to show that for any two matrices A and B one

has the trace properties:

TrALB=~Tr(LA)B, (2.13a)
TrAP'B=Tr(PA)B, (2.13b)
TrA(1 - P')LB=-Tr[L(1 - P)A]B . (2.13¢)

We may apply these identities to the nth term in Eq.
(2.12) to show that

i@ - P LTl
n!

Trp,o(t—7)L L'la"Ya]

Spin-relaxation theory

:Tr{L' kﬂ‘%%leL’p,a(t-f)}]a’Xal . (2.14)

We notice now that because Tr,; p,H; =0 one has
[-iL7(1 - P)|L'po(t-7)=—iL7L'po(t-7), (2.15a)
and

Tr,L'B=Tr(1- P)L'B . (2. 15b)

This enables us to rewrite Eq. (2. 14) after some manip-
ulation as:

{a|Tr,L L'po@-7)a"),

[;til_;!lb_i 2.16)

where we have performed the operation Tr,. This re-
sult may be substituted back into Eq. (2.12) to yield

. I} t
50 =(al-iLo®)]a) -3 | ar
0

X(a‘TI‘,L'i ML'p,U(t—T)‘a,> ,

=0 n!
2.17)
which may be rewritten in operator form as

o t
o) =-iLo(t) - Azf arTr,L et PLT L po(t~T) (2.18)
0

Eq. (2. 18) is precisely the expression obtained by
Argyres and Kelley, ® utilizing the more traditional pro-
jection operator given by Eq. (2.4).

Thus both projection operator methods are seen to
yield equivalent expressions for o(f) as already pointed
out in a general sense.? A more useful form for compu-
tation (as well as for intercomparison with cumulant
methods) may be obtained as follows. We utilize the op-
erator identity

T
e-{(I-P)L'r = g~iloT _ i_[ dTle-iLo('r-rl)O\Ll _ PL)e-i(l-P)Lfl
0 (2.19)

to show
(L' = PL)e 1" PLL p o(t - T)

=a(1 = P)L e 1P Lm0t - T) , (2.20)
since

PLA=0 (2.21a)
and

PLse-i(l-P)L'rlLlplo_(t_ T) =L3Pe-{(l-P)L11Lrp10(t_ T)

=L,P<1+;Z[;i(1_:£)L_ﬁ]_">

nl

xL'p,o(t-T) (2.21b)
SO
PLe"PL1L g o(t-T)=LPLpo(t~7)=0. (2.22)

If we iterate the operator identity and substitute into Eq.
(2.18) we get
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. 4 & T Th-1
o(t)=-iLso(t)—x2j dr Tr,L'[e“L°'+Z (- ix)”J d'rl---f "ar,
1} 0 0

n=1

Xe-iLg(T- fl)(l _ P)L’e-{fco(fl-fz)(l _ P)L’ oo e'fLo(‘l’”_l-T") (1- P)L'e-n’o"'] L'p,O’(t— 7).

We now transform to the interaction representation by

a*(t) = e'Lstols) (2.24a)

L'(H)=e*tlot L ™ot | (2. 24b)
and utilize the facts that

Tr,e'f 1t A=Tr, e ' Ae" 1t =Tr A (2.25a)
and

elitp, =p, (2. 25b)

{(since p, is the unique equilibrium distribution for the
unperturbed lattice) to obtain

N 14 o ¢ Tpal
a¥(f) =~ xzj dat Tr,L'(t)[l +Z(__ i)\)"j dtyee- j " ar,
(Y n=1 (1] ()]
XL'(t=T+7)(1=P)L'(t =T +T,)

e (1-P)L'(t~T +T,,)]L'(t- T)p,o*(t-T) . (2.26)

This result will be compared with the cumulant methods.

(1. TOTAL TIME-ORDERED GENERALIZED
CUMULANT METHOD

We start with the quantum-mechanical Liouville equa-
tion (2.2). We transform it to the interaction represen-
tation by:

p*(t) = e'Zop(t) : (3.1)

to obtain
p*(t) = - L' (E)p*(2) , (3.2)
i

t $mal
expoK(t) =1 +:)\ML dtl...Lm dt,6,(t, ..., L)

0

mepy=l

L]

¢ oyt t
+ z )\mﬂﬂsJ‘ dt1 XY j‘ " dtm " dtmq cee
0 0 \]

m,p 8=l

t méptgal
en j A aprsOnlty, . -

; ey E)Bp(tpar s - -

The 6,’s may be determined by equating like powers of
A for Eqs. (3.5a) and (3.7) to yield

6,(t,) = - iTr,Lf(tl)p, , (3.9a)
8,(t1, ) == Tr,L'(t,)(1 - p,Tr,)L (t,)p, , (3.9b)
85(ty, by, b9 =i Tr,L'(1))(1 ~ p, Tt,)

X L'(£)1 - p,Tr,)L  (¢)p, , (3.9¢)

84(ty, bo, By, ty) =Tr,L’(t1)(1 - pTr)L(8,)(1 - p,Tr,)

. tm‘p)es(tnwpﬂ > -

(2.23)

-
where L'(2) is again given by Eq. (2.24b).
to Eq. (3.2) is given by the expansion:

p*(t)=p*(0)+nz: (—ix)”f dtl...Jo‘"-l

xdt, L'(t,) =+ L'(t,)p*(0) . (3.3)

The solution

We now take the trace over lattice states, Tr;, and again
make the usual approximation that the lattice states are
initially at equilibrium {cf. Eq. (2.6)]. Then Eq. {3.3)
becomes the “generalized moment expansion™*5:

o*(t)=zo M,(£)o(0) (3.4)
n=
where the nth generalized moment is
¢ thal
M, ()= (- i)\)"j’ dty o J dt,
0 (]

XTr,L'(t;)* > L'(t)p,000) n21,
Mo(t) =1,

(3.5a)
(3.5b)

In the cumulant method we seek an operator expyK(#),
where the subscript 0 prescribes a time ordering, such
that

a*(t) = [expK(2)]o(0) . (3.6)

One choice of time-ordering was utilized previously. **°
Now let us assume K(¢) to be of the form:

= ¢ tmel
k=3 atee [ a0, ), 3
ms; 1] 0

where the cumulants 6,,(¢, ..., t,) are defined in terms
of an ordering prescription such that

¢ tmal tm Emapal
+ Z XM”L dtge L dtmL dtm.u v L dtm*pem(tly ceny tm)eb<tm¥1’ ceey tmﬂ’)

t t
mépel m*p
J‘O dtm*’ j(; dtm#ﬁ'bl

v s bpapag) - (3.8)

I

XL'(t)(1 = p,Tr,)L (8)p, , (3.9d)
and the general term is
O,(t1, - . .y £,) = (= " Tr, L'(£;)(1 = p,Tr,)
eer L'(t, )1 = p,Tr,)L'(t,)p, . (3.10)

Let us now assume, as before, that we have parti-
tioned H such that Tr,p,H; =0. Then 6;(T)=0. We now
take the time derivative of Eq. (3.7), and after rear-
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ranging terms obtain the result:

_§_ K )
BtexPo (t

St (e (" arg
= A 1] A tn n+1(t! tl’ ceay t")expoK(t") .

(3.11)
We now change the order of integration for the last two
integrals, i.e.,

tna2 tney tpe2 tne2
'( dtn-l dt" =J' dth/ dtn-l
0 0 0 ty

and subsequently repeat this integral switch to obtain

t tpat
J dtl"'J' dt,
0 0

¢ t (3] to tpas tna2
=J dt,,J dtlj dtzj dt,---f dt,,_zf dt,, .
2 t, tn tn tn ty

We now define new time variables:

TEt—tf,, H=t-({-T)
or generally
t=t —(t-T).

This enables us to rewrite Eq. (8.11) as (after dropping
the primes)

] t © -y tret
—expoK(t)=7\2f ar eg(t,t—T)+Z)\"J dt1"'J " dt
9t A A \ -

n=1

J

Spin-relaxation theory

X Opasll, b= T+, .. .,t-r+tn,t—r)}exp0K(tf7).

3.12
We now take the time derivative of Eq. (3. 6): ( )

. 8

o*(t) =[—a—iexpoK(t):| c(0), (3.13)
and substitute Eqs. (3.12) and (3.10) into Eq. (3.13) and
utilize the fact that Tr, p,H, =0 to obtain

OF(f) = — 22 ’[t dr Tr,L'(t){l (- i)\)"rdtl
0 0

n=1

tna
e j " at L't =T+ 1)1 = p,Tr, )L (E =T +1,)
0

soo (1= p,Tr)L (f~T+ tﬂ)}L'(t— T)po*(t~7),
(3.14)
which is just Eq. (2. 26). This demonstrates the equiva-
lence between the TTOC and the projection operator
methods.

A very useful form for the TTOC method is obtained
by first substituting Eq. (3.11) into Eq. (3.13) and then
utilizing Eq. (3. 6) to yield

] ¢ toe
)= a [ dt e [ At s )M

| 0 o : (3.15)
We may now transform Eq. (3.15) back to the Schré-
dinger representation [cf. Eqs. (2.23) and (2. 28)] and
then use Eq. (3.10):

° * t Pyt
a(t)=—iL,c(t)+Z>\"“L di ,~--f0" dt,e bt 9, (4 ty, ..., t,) e Estno(t,) == iL o)

n=1

n=1

This multiple-time integral is readily Fourier-Laplace
transformed to give

[i(w + L) = S fw)]o(w) =0(0) , (3.17)
or
olw) = [#lw + L,) - Siw)]™ 0 (0) , (3.179
with
3 . ] 1 "
S(iw)=; (=ixy*Tr, L [mu —P)L] p;-  (3.18)

This is a generalized perturbation scheme in L'. Note
that the inclusion of the (1 — P) operator is just the con-
cept of “connected cumulants” such that the initial lat-
tice state (i.e., the equilibrium p,) does not appear in
any of the intermediate states. (The result given here
does not necessarily require that Tr,H'p, =0 so the sum
in Eq. (3.18) may in general include the n=0 term.)

For realistic problems, one does not attempt to com-
pletely describe the lattice states. Instead we first de-
fine the operators

(3.19)
(3.20)

H'(B=e™tH, ,

I:'(t) = gilit ! p-iLst ,

¢ thay
£ (- ix)"’ljo dty - Jo ", Tr,L' ¢ B0t (1 - P)L’ g Eot12 (1 — P)L’ oo gmihoUn-tmtn (1 _ P)L'pio(t,) . (3.16)

{

and refer to A'(f) as the randomly fluctuating perturba-
tion resulting from the complex lattice motions. This is
equivalent to the usual semiclassical approach. ** Then
Eq. (3. 16) becomes

S > t tne1 -
o(t) =~ iLo(t)+ D (- ix)"”f dty*oe J " at, Tr 2 ()
n=1 0 0

x giLst =D (1 — P)L'(fe L1422 (1 — P)L'(¢,)

s os guilottna~ta) (1 — P)L'(¢,)p,0(t,) , (3.21)
where we now let
Tr,={P,| , (3.22a)
0, =|Py) , (3.22b)
SO
P=|PX Py, (3. 22¢)

and we have introduced the bra-ket notation such that
(P,1Q1P,) is the average of @ over the unique equilib-
rium state P,. This is closely related to the usual
semiclassical expansion in terms of the M,,(t)"5 except
for the (1 — P) terms, which, as we have seen, define
the cumulant averaging. The explicit time dependence
of the “random operator” L'(f) may be dealt with by
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making specific assumptions about the random stochastic
process. In particular, we assume a Markov process,
such that

%P(Q, t)=-TgqP(,1), (3.23)

where P(R, t) is the probability distribution at time ¢ for
the Markov process specified for the collection of lattice
variables represented by ; and I'g is the time-inde-
pendent Markov operator.

Then we have
Lo |Py@)=0,
<Po(9)'rn=0 y

(3. 24a)
(3. 24b)

for the bra and ket vectors corresponding to the equilib-
rium distribution. Furthermore we assume I'g has a

|

Spin-relaxation theory 4691

complete set of eigenfunctions G, () such that

r.lG,@)=E,|G,@), (3. 25a)

and
(G, ()| Tq=E(G,@)|T, (3.25b)

If we now recognize that Eq. (3.23) has a formal solution
for the conditional probability or Green’s function
P(2,12,'t) of

P(Q,|9, D) =eTt5(0 - Q) , (3.26)
so that for any function of  or A(R):
T AR)- [P@,]0, DA@)aR, . (3.27)

Then by analogy to the discussion by Freed'? one has

. > ¢ tpa1
o)== iLo(t) + 2 (—ix)"“f dtl---J " dt(Py| L' Xttt iLeT)
0 0

n=1

% (1 _ 'Po)(Po I )L'e-(tl'fz)(lLs#I‘) (1 _ |P0><P0I )L' see e-i(fn-l'fn)(lLs#I‘) (1 _ lPo)(Pol )L'IP())O'(t") ,

(3.28)

with Fourier—Laplace transform again given by Eq. (3.17), but now

Sliw) =

< 1
_nZ-; ’”’Z:y, (POIL le‘><Gm1, iw+iLs+E,,,l
oeayify

where the prime restricts the summations over the
C.O.N. set of lG,,,‘) to exclude 1G,)=1P,). Again this
is the concept of connected cumulants as applied to the
Markov process. [Also we use the fact that I' is diago-
nal in the G,, representation in obtaining the second
equality of Eq. (3.29).]

We note here that expansion of the generalized mo-
ments, instead of the cumulants, has already been shown
to yield the “stochastic- Liouville equation” (SLE)?=!!

o(w)=(Pof[iw+i(Ls+L')+PQ]'1|PO)U(O) s (3.30)
or in operator form with respect to lattice variables Q:
(8, t)=-[i(Ls+L’)+I‘n]o(Q,t) . (3.31)
1

I(@)=ReTr, | eK(s,(£)5,(0)) =ReTr,5,(i)S.(0) ~ReTr,[ + i(w - L) ~§*(w)5,(0)5,(0),
0

where g*(w) is a partial complex conjugate of G(w) (i.e., the iw terms do not change sign).

L[Gpy) e+ (G|

(—z)«)"”(PolL [m(l =|PyXPg)) ]"|P0>

1

?
iw +iLs+Em"L |P°> ’

(3.29)

[

Equation (3. 31) (or its Fourier-Laplace transform) has
now been used extensively in a wide variety of applica-
tions, and has been shown to be a very powerful method
for problems involving spin-dynamics. *+** 1t is clear
that Eq. (3.30) must be equivalent to Egs. (3.17) and
(3.29), since, in general, the generalized cumulant and
moment expansions are equivalent when carried out to
all orders.® We comment further on this in the next
section,

IV. METHODS OF SOLUTION UTILIZING TTOC
APPROACH

We have for an unsaturated lineshape!®!!

4.1)

If we consider a simple

line for the transition o «— o’ with (Ly)sa’, aar =y, then we have

I(w) oc Re[i (OJ - U)o) - 9*(("’)0“1', aa']-lsz(o)aa' Sx(o)a' @

4.2)
and
§*(iw)aar aa'-"z;me: mzr:, (+ "X Py| Liyat, g [ G, )
=% Myr Mo 1
ceepMp_q
x{G ]—-—1___.Ll, 'IG Yeou(G ,_____1___Lr, |P) @.3)
i i(w=w)+ B, TWir2i! T ™ w=-w)+ B, —rawes | F00 .
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where w; = Ly, y1, 5. Inparticular, for a purely secular perturbation, i.e., Li,r,ge =w'(2)8,,404,s One has

§¥()aarsawt =20 2o (I (Bo| o ()] Gy ) (G
n=l my,mo,
eseyMpy=l

We have applied Eq. (4.4) through fourth order (i.e.,
n=4) to the two simple models of 2 jumps and rotational
diffusion used by Freed? (cf. Sec. V) and have found, (as
expected) that the results agree with those from the
PTOC method given there. Typical selection rules on
the spatial “matrix elements” (G, | W' ()| 6, ;) such as
those embodied in the 3; symbols for rotational diffusion
models, greatly reduce the number of terms in the sums
over the m,; (cf. Sec. V).

When the line is not a simple one, then the operator
properties of L, and $*(w) in spin-(super)space must be
fully considered. Then Eq. (4.1) yields

I(w) < Z] Re[i(w - Ls) + g*(w)]-laa'ﬁﬂ’ (Sx)BB' (Sx)a'ot . (4- 5)
o5

It is of course, befter to solve:

Z: [1’((‘-’ - wua')aa‘géa’ﬁ' + g*(w)aa’gg']sx(iw)ﬁﬂ’ = Syae’ (4- 6)
ss’

for S,(éw)y defined in Eq. (4.1). Equation (4.6) is
solved by first calculating each §*(w)qargy Of interest
according to Eq. (4.3), and then diagonalizing the cou-
pled algebraic equations resulting from Eq. (4.6).

The major problem for this method compared to the
usual approaches for dealing with the stochastic Liou-
ville equation®!! is the complexity of the summations
over the m,; and By, B] for large » in problems involving
a variety of transitions and perturbation terms in L',
The SLE solutions, however, involve a simple (though
sometimes very large) matrix array which usually may
be diagonalized once, independent of the magnitude of the
sweep variable (w — w,). However, the structure of
G *(w) exposes the structure of the important terms in
the actual solution of the spectrum, and it may some-~
times be useful from this point of view.

We note, in this context, a somewhat related expan-
sion that comes from the SLE expression'®!!;

S, (iw) =[#w — H*) + T]"18,(0) , 4. 7a)
or
(S.(iw)) =(Py|[#(w — H*) + T 1| Py)S,(0) . (4. M)
A resolvent-type perturbation expansion!! yields
. 1
S,(iw) =(P| g;o (m
x [iH, Q)] )mm | Py)S,(0), (4.8)

However, this perfurbation scheme must be used with
care, since it does not incorporate the connected-cumu-
lant aspect, and some of the denominators will go to
zero at the resonance frequencies. However, van
Vleck-type perturbation schemes are very effective in

\ w'(Q)
1! #(w — wg) +Ep,

w'(Q)

T -0+ Eny «.4

|Gy )+ (G| | Py -

handling degeneracies, etc.!® Note that Eq. (4.8) is
simply equivalent to the Laplace transform of the gener-
alized moment expansion.!? In this context, a resolvent-
type expansion can be rearranged [cf. Ref. 14, Eq.

(4. 372)] to be the formal equivalent of Egs, (3.17) and
(3.18) or (3.29). This clarifies the equivalence between
the SLE and the TTOC results for Markov processes that
have been obtained here.

V. EXAMPLES USING THE TTOC METHOD

We illustrate the TTOC (or equivalent projection op-
erator) methods with the two simple examples given by
Freed.!

(1) Two Jump Model, Classical Lattice, Markov Pro-
cess. Here we have two states A and B with a priori

probabilities:
WA+WB:1’ (5'1)

and with mean lifetimes 7, and 75. The conditional

probabilities are then
P(E|j, T =W 1 -e* ] se® s, i,j=A B  (5.2)

where k=73 + 75!, It is more convenient, however, to
introduce the Markov operator I" according to:

P=TP, (5.3)
such that
R
r-( * °° (5.4)
Y

in the bases of eigenkets | A) and | B). Itis generally
useful to symmetrize I"' according to the transformation

L =PY2rp;/2 where

, (5. 5a)

(5. 5b)

T =T, VWy/ Wy =T5VW,/Ws .

Then one finds

PG| 4, 7) = Pi]4, 7) = | Goi)) (Go()] +] G1(EN)(Gy(5)] ™,

i,j=Aor B (5.6a)
where
| Goy = WY2| Ay + WH2| B, (5. 6b)
|6y =w¥?| 4y - w?| B, (5. 6¢)
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Yoon, Deutch, and Freed:

and the bra vectors are of the same form such that
{Gy f G;)=0;;. These are the eigenfunctions to use in Eq.
(4.4) with | Py~ |Gy,

We now introduce a simple secular perturbation for a
spin 1/2
H=wS, + Mw(®)-w)s, , (5.7
where
D=w,+a,
and

a= WAaA+ WBaB N

and
wt)-w=at)y-a,
with
r=1,
Then since
(Ala;| Ay =a, (5. 8a)
(Bla,| By=ay , (5. 8b)
we have
{Gola; —a| Gyy =0, (5. 9a)
(G| ;= a[Gy)=(Wa = Wadlas - as) , (5.9b)

(Gi|a; —a| G;y=(Wy Wp)2(a, ~ag), i#j=0orl. (5.9)

Thus we have from Eq. (4. 3)

NS WaWalas = ap [ (We = W) (as - ag)] ™
g*(zw)=nz-l(z)"1 ‘;'(wa—EA)+kB [ Hi(wf'cﬁ)ik &]

Spin-relaxation theory 4693

_WaWs(ay —ap)? [1 _ U Wp ~ Wyla, ~ aﬂ)]-l
(lw-w)+k (w-0)+k ’
(5.10)
where we have summed the infinite series (without con-
cerning ourselves with the convergence), while from Eq.
{(4.1) we have

1

)R oy 7w -

(5.11)
It is quickly seen that this result is just the well-known
exact solution (cf. Eq. Bl of Ref. 4) for this simple
two-jump model. We note in passing that the higher or-
der-terms in §*(iw), i.e., #>1 are nonzero only for
Wo# Ws.

(2) Rotational Diffusion, Axially Symmetric Secular
g-Tensor, This is the case of a one-line ESR spectrum
broadened mainly by the secular anisotropic g~tensor
term, for which g,=g,=g, and g,=g,. For this case

3 =3Cq + 304 () (5.12)
Hg=weS,e (5.13)
501(R2) =, o(R)FS, (5. 14a)
F=3 18, By( g1 —g) (5. 14b)

while the D%, (R) are the generalized spherical harmon-
ics, which are eigenfunctions of the (axially-symmetric)

rotational diffusion equation®*’:
Taoku(Q)=R.L(L +1)+ (R, - R)K* (5.15)

with rotation diffusion components R,=R,=R,, R,=R,.
We can introduce conveniently normalized eigenfunctions

GLy=V(2L+1)/8n%Dky (5.16)

and the needed matrix elements (Gf{{,,lli)f‘ml Gi;g,,z> are
well known, #1%15 We then obtain from Eq. (4. 3):

*(iw) = Amle0 |02 Inveabt| — D0F [ ~Zay ... 4 aln o2 ,
e "Zﬂ L:L:"L" ® <G00|:DOOEF| Coa ) Coo ‘ iw —wy)+6R, I Goo ) ( Gy i(w — wy) +6R, | Gl
> v 22 L) or—yer (L 2 LY
—Z zl (1:)'"15’"1/5 (2L2+1)5<0 0 0) (2L2+1)(2L3+1)( 00 0)
K Lz'.'L"‘li(w = wo) +6R, Hw = wp) +6R, H{w —wp) + Ly(Lp +1)R,
2
T, +15 (La-l 2 (2))
von i(w—w0)+L"-1(Ln.1+1)R_,_ ’ 5.17)
|
where the 3; symbols have been utilized. !* . o5 ]
X\ Mo —wg+6R * o= wg 20w |- (18

In particular, the 2nd, 3rd, and 4th order contribu-
tions are
g2/5

LT O 7R} W L . S
G (iw) = Ao o) 10 ° (5.18a)

§¥(iw) =~ i 2 (5. 18b)

(w — wy) +6R, P X35 *

81 (iw) == i
4 5P [i(w - wy)+6R,. F

This result through G, is equivalent to fourth order in &
to a solution based on the SLE taken through L =4 when
both results for the lineshapes are expanded in powers
of §. The TTOC result does appear to be less conve-
nient, Nevertheless, it does allow one to display the
general nth order term, and thus, perhaps, to obtain
simplifying features in the analysis. Other, more com-
plex spectral problems, may be analyzed in a similar
manner,
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4694 Yoon, Deutch, and Freed: Spin-relaxation theory

VI. THE PTOC METHOD 8 LR [ K(t)} K _fe(p) ok 6.1)
The TTOC is defined by Egs. (3.8), (3.10), (3.15), ot

and (3.17). We wish to clarify here the PTOC as used

by Freed*® and show it is the natural way to achieve the which was employed there. Thus the PTOC of Freed!

useful form: may be introduced as

> ¢ t et - ¢ tmal £ el
eXPoK(t) =1+ Z )\mj; dtl b .JO " dtmxm(th cee tm) + Z Ame dtl te J; " dth[; dtmq-lf " dtnuz
0

m=l my p=l

b mad-l Z mepes tmal i
e J(; dtmwxm(tl, eery tm)acp(tml °* m+p) + N f dtyee J- dt,, J dtm.l
0

my Py s=1

tmap-l Emal Emapes-1
e L Aty J; Aty *°° fo AmapesEom(ty o o En)K y(Emar © o0 ap) K g(Emapes * == Emapas) +0°° 6.2)

The only differences between Eq. (6.2) and (3. 8) are in Xy =0, ==Tr; L' (t,)L' (%)0:, (6. 4b)
the upper limits of the time integrals. The X, for n=4 n s ’ ' ’
are given in Eqs. (2.14) of Ref. 4 when one utilizes (cf. Ky =0y =iTr, L' Q)L (B)L' (B, (6.4c)
Ref. 5): Ke=06, —Tr,L'(t,)L'(&)p; Tr, L' (&)L (£,)p,
t tnat
Ky(f)= (- z')"fo dty o+ fo a3ty by e ) (6.3) - TrL (WL Ep T L (R)L (B)ey,  (6.4d)
with

(One must first reorganize the multiple time integrals ’ ’ ' ’
6,=T 2 t)L' (¢

to achieve the standard form of Eq. (6. 3) as illustrated o =Tri L (0L ()L (B)L (G ey

in Ref. 4). In particular, for =Tr,L'({;)L' (%)p; T, L' (()L' () -

%y =6, ==iTr,L'(¢)p; =0, (6.4a) Thus, in general, the X, are found to include more
terms than the 6, when expanded out. It is now easy to
one has show that

1

37 XK () = 2 Kin(D)+ Z RACIACE > Km(t)f at f Btpve [ s [ ey
0 0

My Py s=1

fnuﬂs-z .
¢oe J’O dtm+p+.g-1xp(tm1 e tmp-l)xs(tmw b m+p+s-1) +ooe =Km(t) expoK(t) ) (6- 5)

which is just Eq. (6.1).

The PTOC method permits a calculation of the relaxation matrix. We have from Eqs. (2.19) and (A3) and (A4) of
Freed,* that

n=l

R= Zf dfl...f AT, €%, (tt 71,...,t—Z T,)e‘Ls‘. (6.6)
i=1

n=l

In particular for a classical lattice described by a stationary-Markov process, the analysis equivalent to that leading
to Eq. (3.28) yields

R= ZJ dTyeee J dTn-1<POIL’ e ULeDI 11 ~T2(L ) e-'r,,_l({Lsrr‘)Ll et HLsT) (E'}:}‘r]) IP0>G+TOTI (6. 7
nal
where the subscript C implies the cumulant averaging appropriate for TTOC, i.e., no intermediate states involving
P,. TOTI are the remaining Terms with Overlapped Time Intervals required for PTOC. One must take spin matrix
elements (because of the e*Zs*T’L"; term) before the trivial time integrals of Eq. (6.7) are performed. In particular,
taking both spin and lattice “matrix elements” j we have

Rya'ss’ = Zl: @ x)n*lj dTys»- j d7n~1<P0| Lam 7yl exp(- 1'1(1:{»117'1 + Eml)] I Gﬂu)
ﬂllyMZr all 7‘7

ceymy=l
. ' .

X<Gm1| L’,'i"v"z";. exp[— Tz(w),z,é )] | G, ) <o+ 4G, .z' L7"~27:|-27n-17;-1 exp[— Tpa1 (ua.!,,"_l,,;'_1 + E"'n-1] | G,,,n_1>
‘n=l

X(Gp 1| Ly st est €XD [( Z, f,) (Gwrggr )] | Py), + TOTI (6.8)
l-
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L .
mn-gl 7"_27"-27"_17"-1

The TOTI are handled in a similar manner.

_ (TOTI)4 = J‘G dT, J”o dTg Jﬂ‘ d13[<P0| L' e-(fl#fz)(ILs*I‘)L’e{Ls(‘rl*Tg) lPo)(PoI L' e-(‘rz*‘l‘s)(iLs‘l'I‘)L'elLs(fgﬂ's) ’P0>
Q 0 0

Yoon, Deutch, and Freed: Spin-relaxation theory 4695
Y ’ N 4 .
:2": = (PO' Laa',rlri/[‘(wrlri - weg?) + Em] I Gy ><Gm1 | Lrivi.rzré/["(wyarz ~ wept) + Emz] ! Gm2>
. 7
i, 7 = wse) +Ep 11Gp %G, | L g o | Py, +TOTI . (6.9)
We illustrate with the contributions to Kj:
(6.10)

+(P0l L' ot ULeT) 7 ! 1L (rye1y |P0><P0| L o™ttt UL T 17 L iLolrprry |P0>] .

One must again first take spin matrix elements, and op-
erate with the I'" as already shown in Eqs. (6. 8)-(6.9).
Then the time integrals again become trivial.

These results for Markov processes are a more con-
venient version than the expressions given in Ref. 4 for
more general processes.

It is important to note that in general

limS(w)#R,
w0

where G(0) is a zero frequency response, and R is the
long-time limit, unless some motional narrowing limit
exists.” This is illustrated by the fact that although 8,
=X,, we have observed 6,#X, and, in general, 8,#X, for
n 24 (with 8, =X, =0). This is why, in general, one may
not conveniently obtain R from S{w).

In general, the PTOC method is to be preferred over
the TTOC for analyses performed in the time domain.
Note that the general solution analogous to Eq. (3.17) is
in this case:

o*(t) = K(t)o* () , (6.11)
or

o) = - iLo(t)+ K'(Ho(t) , (6.11")
with

K'(5) =€ Bt K(t) o'et | (6.11"")

which for classical Markov processes may be compared
to the SLE Eq. (3. 31), which may be rewritten as

o(t)=—iLg(t) +(Py| (- iL' = To(®, )| P, , (6.12)
with
o(t)={P,|a(®, )| Py) . (6.12")

While it appears, at first, that Eq. (6.11) is more con-

venient than Eq. (6.12), it is possible to recast Eq.

(6.12) into another form which is more convenient. One

uses the technique of expanding ¢(R, #) in the eigenfunc-

tions G,(Q) of I'y, cf. Egs. (3.23)-(3. 25):
o(@,1)=)_ C, (G, @), (6.13)

m
such that the expansion coefficients C,(¢) are still spin

operators. ™! Then one obtains for the time evolution
of the C,(#):

Calt) =3 {- [iL, + EJ0m,n - i(Ga (@) '] 6, @)} C,(0) -
" (6.14)

|

The bracketed expression in Eq. (6. 14) is virtually the
same expression required to solve the SLE in the fre-
quency domain [cf. Eq. (3. 30) and Refs. 9-11 where here
one need only let #w— 0] and the same technique of diago-
nalizing the ensuing complex (usually) symmetric matrix
obtained after spin matrix elements are taken may be
employed here as well, in order to obtain the eigen-
modes. The long-time limit or R matrix should be ob-
tainable by performing Van-Vleck-type perturbation the-
ory®!%1€ on Eq. (6.14) to get the time-evolution of Cy?)
to nth order for 2 < 5 <x, The effects of subsidiary
lines etc. [cf. Ref. 4], appear in the coupling of the C,®
for m #0 into the problem. It is, in fact, the difference
between the solution of Cy(f) to nth order and the contri-
bution of the “subsidiary lines” to the spectrum that
leads to the differences between R and lim . S(iw).

Vil. SUMMARY

It has been shown that the spin-density matrix equa-
tions emerging from the projection operator methods
are equivalent to that obtained by the TTOC method. The
latter form leads to convenient methods for calculating
lineshapes, which, however, are in general deemed not
as convenient as the SLE solutions appropriate for lat-
tices described by classical Markov processes. How-
ever, it does allow one to study the structure of the im-
portant nth order terms in the actual solution of the
spectrum, and this could have important applications.

The PTOC method leads to a different type of solution
than the TTOC method. It is the more useful in the time
domain. However, again the SLE solutions are more
convenient to use, except perhaps in recovering the re-
laxation matrix in the long-time limit.
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