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We present the application of a mathematical method reported earlier1 by which the van der Waals-Platteeuw
statistical mechanical model with the Lennard-Jones and Devonshire approximation can be posed as an integral
equation with the unknown function being the intermolecular potential between the guest molecules and the
host molecules. This method allows us to solve for the potential directly for hydrates for which the Langmuir
constants are computed, either from experimental data or from ab initio data. Given the assumptions made in
the van der Waals-Platteeuw model with the spherical-cell approximation, there are an infinite number of
solutions; however, the only solution without cusps is a unique central-well solution in which the potential
is at a finite minimum at the center to the cage. From this central-well solution, we have found the potential
well depths and volumes of negative energy for 16 single-component hydrate systems: ethane (C2H6),
cyclopropane (C3H6), methane (CH4), argon (Ar), and chlorodifluoromethane (R-22) in structure I; and ethane
(C2H6), cyclopropane (C3H6), propane (C3H8), isobutane (C4H10), methane (CH4), argon (Ar), trichlorofluo-
romethane (R-11), dichlorodifluoromethane (R-12), bromotrifluoromethane (R-13B1), chloroform (CHCl3),
and 1,1,1,2-tetrafluoroethane (R-134a) in structure II. This method and the calculated cell potentials were
validated by predicting existing mixed hydrate phase equilibrium data without any fitting parameters and
calculating mixture phase diagrams for methane, ethane, isobutane, and cyclopropane mixtures. Several
structural transitions that have been determined experimentally as well as some structural transitions that
have not been examined experimentally were also predicted. In the methane-cyclopropane hydrate system,
a structural transition from structure I to structure II and back to structure I is predicted to occur outside of
the known structure II range for the cyclopropane hydrate. Quintuple (Lw-sI-sII-Lhc-V) points have been
predicted for the ethane-propane-water (277.3 K, 12.28 bar, andxeth,waterfree) 0.676) and ethane-isobutane-
water (274.7 K, 7.18 bar, andxeth,waterfree) 0.81) systems.

1. Introduction

Since the first documentation nearly two centuries ago,2

natural gas clathrate-hydrates, called clathrates, have been
studied for both their scientific and their technological interests.
Clathrates can form plugs in natural gas transmission lines,3

and therefore, for many years, investigations have been aimed
at understanding and avoiding clathrate formation. More
recently, natural gas hydrates have been proposed as a relatively
clean energy source. Estimates of the energy content of the
methane contained in naturally occurring natural gas hydrates
suggest that clathrates contain twice the energy content of all
other fossil fuels in use today combined.4 However, clathrates
are considered an unconventional, unproven source of fossil
fuel.5 Additionally, carbon dioxide hydrates are being considered
for application toward sequestration and storage of CO2.

Despite the large database of experimental clathrate phase
behavior,6 the theory of clathrates is not well developed and
still relies heavily on the ad hoc fitting of experimental data.
The commonly used fitting procedures can usually reproduce
the input data, but have poor predictive ability outside of the
range of fitting. The thermodynamic reference parameters that
are commonly used while fitting intermolecular potential param-
eters to the experimental data6,7 differ greatly from reference

parameters that are determined experimentally8 or computa-
tionally.9 When these procedures are used in attempts to predict
hydrate formation from gas mixtures, the intermolecular po-
tential and reference parameters typically need adjusting7 to re-
produce accurately phase equilibria and structural transitions.

Recently, we showed that the inverse temperature dependence
of the Langmuir constant for natural gas hydrates contains all
the necessary information to determine intermolecular poten-
tials.1 Starting from the van der Waals and Platteeuw statistical
model,10 cell potentials can be directly and unambiguously
extracted from experimental equilibrium data by solving an
integral equation analytically. The resulting potentials are
physically meaningful and much simpler than the numerically
fit Kihara potentials. Finally, given the simplicity of the
spherically averaged cell potential, hydrate phase equilibria
information can be calculated without the use of numerical
integration techniques. When used in conjunction with reference
parameters and intermolecular potentials calculated by using
ab initio methods9 no fitting parameters are necessary.

This paper validates the use of the cell potential method by
testing its predictive ability against experimental results, and
then uses the method to make predictions that await experi-
mental testing. In sections 2 and 3, we review the classical
statistical-mechanical description of hydrates, which relates
Langmuir constants to the cell potential of guest molecules. Our
method is reviewed in section 4, where we obtain the cell
potential from an exact solution to an integral equation. For
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comparison with other methods, in section 6 we compute cell
potentials for ethane hydrates using standard fitting procedures.
In section 7, we apply our method to determine cell potentials
for a variety of clathrate systems. We also fit commonly used
empirical intermolecular potentials to our analytical cell poten-
tials to evaluate the validity of the former in reproducing the
temperature dependence of Langmuir constants. In section 8,
we test our cell potentials by predicting phase equilibria for
mixed gas hydrates, including structural transitions that have
not yet been observed experimentally. We summarize our results
and comment on their implications in section 9.

2. Hydrate Phase Chemical Potential Model

A thermodynamic model corresponding to the three-dimen-
sional generalization of ideal localized adsorption was proposed
in 1959 by van der Waals and Platteeuw.10 By assuming single
guest occupancy of the available water cages, neglecting
variations in guest-guest interactions, and assuming negligible
distortions of the empty lattice, the difference in chemical
potential between clathrate and empty host lattice can then be
expressed as

whereVi is the number of typei cavities per water molecule,f̂J
is the fugacity of guest moleculeJ in the gas or liquid phase,
which can, for example, be calculated from a mixture form of
a PVTN Peng-Robinson equation of state,11 and CJi is the
Langmuir constant for a guest moleculeJ in a cavity of typei
defined as

whereZJi is the full configurational integral, which depends on
the total interaction potentialΦ ) ∑ijΦij between guest and
host molecules12,13and is, in general, a function ofr, θ, andφ,
the spherical coordinates of the guest molecule, andR, â, and
γ, the Euler angles that describe the orientation of the guest.
To calculate the configurational integral accurately, the total
interaction potential between the guest molecule and all of the
host water molecules must be represented properly. In early
work the potential was approximated by a two-parameter
spherically symmetric Lennard-Jones potential.10 Later, a Kihara
potential, with three parameters, was used to improve accuracy.
However, these empirically fitted potentials are not fundamen-
tally based on the guest-host interactions, have been shown to
be aphysical, and do not match those determined using gas-
phase experimental data.6,14,15Our work is based on computing
physically relevant intermolecular potentials directly from ab
initio calculations and from single component phase data. Given
intermolecular interaction potentials, the chemical phase equi-
librium is calculated by methods described in our earlier work9,16

and reference state values for∆µw
0 ≡ ∆µw

â-R(T0,0), ∆Hw
0 ≡

∆Hw
â-R(T0), ∆Cp,w

â-L,R(T0), and ∆Vw
â-L,R(T0) used are found in

Table 1.

3. Calculating the Configurational Integral

Typically, the van der Waals and Platteeuw (vdWP) model10

is used in conjunction with the spherical-cell approximation to
estimate the configurational integral. This approach is analogous

to the approximation made by Lennard-Jones and Devonshire
in the case of liquids.19 In the spherical-cell (SC) approximation,
the intermolecular potentialΦ is replaced by a spherically
averaged cell potential,10,19 reducing the multidimensional
configurational integral in eq 2 to one dimension, thus resulting
in the following relationship between the potential,w(r), and
the Langmuir constant,

where the cutoff distanceR is taken at the average radius of
the cage. The exact value ofR is rarely significant, because at
the temperatures at which clathrates form, the high-energy,
repulsive portion of the integral forr ≈ R provides a negligible
contribution. The spherically symmetric cell potential,w(r), can
be determined by angle averaging:

Applying eq 4 over the first coordination shell to the Kihara
potential,20

yields the following form forw(r):

where

andz is the coordination number,R again is the average cage
radius, andσ, ε, anda are the Kihara parameters. The Kihara
parameters are generally determined by numerically fitting
monovariant phase equilibrium data.6,21 The resulting Kihara
parameters are not unique: many different sets of (ε, σ, anda)
values can fit the experimental data well. Furthermore, these
fitted Kihara parameters do not match those obtained by fitting
other experimental data, such as second virial coefficient, gas
viscosity, and molecular beam scattering data.6

4. Inversion of Langmuir Curves

To numerically regress experimental data to preset functional
forms, such as the Kihara potential, makes use of awkward and

∆µâ-H ) kT∑
i

Vi ln(1 + ∑
J

CJi f̂J) (1)

CJi ≡
ZJi

kT
) 1

8π2kT

∫V
exp(-Φ(r,θ,φ,R,â,γ)/kT)r2 sin θ dr dθ dφ dR dâ dγ (2)

TABLE 1: Thermodynamic Reference Properties for
Structure I and II Hydrates: T0 ) 273.15 K

structure I structure II source

∆µw
0 (J/mol)a 1203 1077 9

∆H w
0 (J/mol) 1170 1294 9

∆Vw
â-R (m3‚mol-1) 3.0× 10-6 3.4× 10-6 17

∆Hw
L-R (J/mol) 6009.5

∆Vw
L-R (m3‚mol-1) -1.598× 10-6

∆Cp
â-L (J/mol‚K) - 37.32+ 0.179(T - T0) 18

∆Cp
â-R (J/mol‚K) 0.565+ 0.002(T - T0) 18

a Superscripts/subscripts: w) water; 0) reference state;â ) empty
hydrate lattice;R ) ice phase; L) liquid phase.

CJi ) 4π
kT∫0

R
e-w(r)/kTr2 dr (3)

w(r) ) 1
4π∫0

2π ∫0

π
Φij(rij,θ,φ) sin θ dθ dφ (4)

Φij
K(r) ) ∞ for r e 2a

Φij
K(r) ) 4ε[(σ - 2a

rij - 2a)12
- (σ - 2a

rij - 2a)6] for r > 2a

(5)

w(r) ) 2zε[ σ12

R11r(δ10 + a
R

δ11) - σ6

R5r(δ4 + a
R

δ5)] (6)

δN ) 1
N[(1 - r

R
- a

R)-N
- (1 + r

R
- a

R)-N] (7)
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unnecessarily complex equations (eqs 6 and 7) and, at any rate,
leads to aphysical results. Therefore, it would be preferable to
find a functional form of the interatomic potential without
requiring any ad hoc assumptions, a priori. Ideally, this approach
should also provide accurate predictions of the properties of
mixed guest systems without refitting any potential or reference
parameters.

Earlier, Bazant and Trout1 described such a method by which
the functional form of the intermolecular potential can be found
by solving eq 3 analytically forw(r). First, eq 3 is restructured
as

whereâ ) 1/kT. The upper limit of integration is extended to
R ) ∞, which introduces negligible errors due to the low
temperatures accessible in clathrate experiments.

To invert eq 8, a functional form ofCJi(â) must be found.
We do this by computingCJi(â) from experimental data and ab
initio data (Sections 4.1 and 4.2) and fitting the computed values
of CJi(â) to a functional form (Section 4.3).

4.1. Hydrates That Occupy Only the Large Cage.To
calculate Langmuir constants directly from the experimental
dissociation data without ambiguity it is necessary to focus on
clathrate-hydrates for which only the larger of the two sets of
cavities are occupied by the guest molecules. These include
ethane, cyclopropane, propane, isobutane, and certain CFC water
clathrates. With single occupancy eq 1 reduces to

The “experimental” Langmuir constants can then be obtained
by solving for theCJi values in eqs 9 and 10, and using the fact
that a three-phase vapor, hydrate (H), and ice (R) or liquid water
(L) is in equilibrium at a specified temperature,∆µw

â-H )
∆µw

â-L,R.

wheref̂J is calculated for the fluid phase from thePVTNi mixture
form of the Peng-Robinson equation of state,11 used to
represent thePVTNi properties of the fluid phase. This equation
provides a simple way to relate the “experimental” Langmuir
constant of a typeJ guest in the larger cavity tof̂J, the fugacity
of guest componentJ, and ∆µw

â-H, the chemical potential
difference between water in the hypothetical empty hydrate, and
water in either an aqueous liquid phase or ice phase.

4.2. Hydrates That Occupy Both Large and Small
Cages: Using Ab Initio Data.The procedure discussed above
cannot be applied directly to the methane-water clathrate
system or the argon-water clathrate system because methane
and argon occupy both the small and the large cages in the
structure I and structure II clathrates formed by the simple
hydrates of methane and argon, respectively. Thus, there are

two terms on the right side of eq 1, and a single set of
monovariant phase data cannot be used to determine uniquely
the two CJi values in eq 1. Consequently, we need another
method for obtaining the Langmuir constants of these systems.
Using the ab initio potentials developed by Cao et al.22-25 and
Anderson et al.9 is just such a method. Here, we use these to
calculate the Langmuir constant at various temperatures by
integrating the full 6-dimensional configurational integral over
5 hydrate shells. This method allows us to compute the
Langmuir constant not only for the cages of the structure I
hydrate, but also for the cages of the theoretical (unstable)
structure II methane hydrate. Methane does not form a structure
II hydrate as a simple (pure) hydrate,6 but will form a structure
II hydrate with other hydrate guests.6,26-29 Using these ab initio
Langmuir constants, cell potentials were determine for methane
and argon.

4.3. Functional Form of “Experimental” Langmuir Con-
stants.Typical sets of experimental Langmuir constant data are
described well by a van’t Hoff temperature dependence, given
by,

whereC0 andm are specific to guest moleculeJ and cavityi.
This empirical van’t Hoff behavior is illustrated in Figure 2 of
Bazant and Trout1 and could be anticipated by using general
thermodynamic considerations.30 Combining eqs 8 and 13 yields

a well-posed integral equation. Although there are an infinite
number of solutions to the integral equation, all but one, a unique
central-well solution, are aphysical, having discontinuities and/
or cusps (discontinuous derivatives) in the potential. Therefore,
we selected the central-well solution to eq 14 to represent the
van’t Hoff temperature dependence shown in eq 13. Thus,

where

andg(y) is the inverse Laplace transform of the function

These lead to the general expression for the central-well potential
w(r):

5. Computation of Unique, Central-Well Potentials

In the case of perfect van’t Hoff behavior, one can see that
F(â) ) C0/â andG(â) ) C0/â2. The inverse Laplace transforms
of these functions aref(y) ) C0H(y) and g(y) ) C0yH(y),
respectively, whereH(y) is the Heaviside step function. Thus,
the unique, central well potential (solution to eq 14) is:

CJi(â) ) 4πâ∫0

∞
e-âw(r)r2 dr (8)

for structure I:
∆µw

â-H

kT
) 3

23
ln(1 + CJ,2 f̂J) (9)

for structure II:
∆µw

â-H

kT
) 1

17
ln(1 + CJ,2 f̂J) (10)

for structure I: CJ2 )
exp(23

3
∆µw

â-L,R/kT) - 1

f̂J
(11)

for structure II: CJ2 )
exp(17

1
∆µw

â-L,R/kT) - 1

f̂J
(12)

C(â) ) C0e
mâ (13)

C0e
mâ ) 4πâ∫0

∞
e-âw(r)r2 dr (14)

CJi(â) ) âF(â)e-w(r0)â (15)

F(â) ) â∫0

∞
e-âyg(y) dy (16)

G(â) )
F(â)

â
)

C(â)eâw0

â2
(17)

w(r) ) w0 + g-1(43πr3) (18)

w(r) ) 4πr3

3C0
- m for r g 0 (19)
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where the slope of the van’t Hoff plot of the Langmuir constant
is equal to the well depthm ) - w0 and they-intercept logC0

is related to the well size measured by the volume of negative
energymC0 with a spherical radius of

The cell potential may then be simplified into the following
form

Equations 19-21 allow facile implementation of the cell
potential method. The two unknown parameters in eq 19,C0

andm, can be found by first calculating the Langmuir constants
for a given guest molecule in the hydrate cage over a range of
temperatures. Then, one can regressC0 and m directly from
the van’t Hoff plot wherem ) - w0.

6. Determining Cell Potentials for One Structure Based
on Known Potential Parameters for Another Structure

Pure ethane, like methane, forms a structure I hydrate only
occupying the large cages. However, when mixed with larger
guest molecules, such as propane and isobutane, ethane forms
a structure II hydrate. Unexpectedly, a mixture of ethane and
methane, both simple structure I formers, will form a structure
II hydrate.26-28 Models have been developed that characterize
this structural transition,7,29,31but the parameters used in these
models were found by incorporating the mixture data and
transition points in the parameter optimization process. To have
models capable of predicting equilibria in systems outside the
range of available experimental data, for example, for other gas
mixtures or at other temperatures, unique, physically relevant
ethane potential parameters are needed.

The approach that we employed to find the cell potential for
ethane in a structure II is as follows. (1) Various spherically
averaged intermolecular potential forms (i.e., the Kihara and
various Lennard-Jones L-J 6-N potentials) were applied and
fit to the calculated cell potentials for methane in both cages of
structure I. It has been stated that the repulsive interaction
between the guest and host lattice is paramount;32,33 however,
when calculating the Langmuir constant of a guest in a hydrate
cage, the potential is effectively Boltzmann-weighted, see eq
3. Therefore, it is the volume of the attractive region, or the
integration of the attractive region, that determines the Langmuir
constant. Thus, we minimized a Boltzmann-weighted objective
function, ø, to fit the spherically averaged potentials to the
calculated cell potentials.

(2) The spherically averaged potential form chosen above was
fit to the ethane structure I cell potential using eq 22. (3) This
fit potential was applied to ethane in a structure II lattice and
the Langmuir constants were calculated. (4) From these
predicted Langmuir constants, the cell potential for structure II
ethane was determined. This procedure could be extended to
other guests to provide a theoretical link between the cell

potentials of guests in different cages, thus allowing these
analytical cell potentials to be used in hydrate systems in which
the guest occupies both types of cavities.

7. Resulting Cell Potentials

7.1. Single Occupancy Hydrates: Extracting Cell Poten-
tials from Experimental Data. The method for extracting cell
potentials for guest molecules that occupy only the large cage
is discussed in Section 4.1 and the resulting potentials are shown
in Figure 1. Cell potentials for all structure I and structure II
guests studied are listed in Table 2 and Table 3, respectively.
The reported confidence intervals are calculated by using the
95% confidence on the regression parameters,m andC0, of the
van’t Hoff plots (see eq 13). Although the experimental errors
of the equilibrium dissociation pressures were not reported, their
effect can be estimated. If the experimental error for the
dissociation pressure of ethane is assumed to be a few percent,
the resulting error bars on the cell potential for structure I ethane
would be negligible. We expect that potential experimental error
would be contained within the 95% confidence interval of the
regression,-w0 ( 0.062 kcal/mol andrs ( 0.032 Å; therefore,
the regression confidence intervals are assumed to be a good
representation of the overall uncertainty.

Rodger58 suggested that temperature variations in the hydrate
system could significantly alter the cavity potentials. This
temperature-dependent variation in cavity potentials would
manifest itself in deviations from the van’t Hoff behavior. These
deviations were examined by Bazant and Trout1 and would be
evident in the confidence intervals of the cell potentials listed
in Tables 2 and 3. On the basis of the small confidence intervals
found over a large range of temperatures (applicable to hydrate
systems) the ideal van’t Hoff behavior assumed in eq 13 and
the subsequently derived cell potentials do indeed provide an
accurate approximation of the temperature dependence of the
Langmuir constants.

It should be noted that there is a strong inverse correlation
between the size of the guest molecule and the resulting radius
of negative energy,rs. This correlation should be expected due
to the nature of hydrate-guest interactions. Using the cell
potentials listed in Tables 2 and 3, we can reproduce the single
component hydrate phase equilibria for the studied systems very
accurately; however, this simply indicates that the form of our
potential is adequate and is not a test of the overall predictive
ability of the method.

The predictive ability of our cell potential method can be
tested against experimental structural changes that are known

rs ) (3mC0

4π )1/3

(20)

w(r) ) m[( r
rs

)3
- 1] for r g 0 (21)

ø ) ∑
i

no. of radial points[exp(- wcell potential

kT ) - exp(-wfit potential

kT )]2

(22)

Figure 1. Cell potentials of single-cage hydrate occupying molecules
calculated from pure guest experimental hydrate dissociation data.
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to occur. For example, cyclopropane undergoes a structural
transition as a function of temperature,43 namely that between
257.1 and 274.6 K cyclopropane forms a structure II hydrate,
while outside that region it forms structure I. Using the
cyclopropane cell potentials listed in Tables 2 and 3 we predict
these transitions to occur at 256.5 and 274.6 K, respectively.

7.2. Using Ab Initio Potentials To Determine Cell Poten-
tials. As explained in Section 4.2, site-site ab initio potentials
were used to calculate Langmuir constants for methane and
argon in both structures I and II over a wide range of
temperatures and pressures. By incorporating accurate potentials

and calculating the full 6-dimensional configurational integral,
these Langmuir constants are independent of any fitting
parameters. The resulting cell potentials are shown in Figure 2.

The central-well potentials for argon shown in Figure 2 are
the simplest cell potentials that will reproduce the calculated
Langmuir constants. However, Barrer and Edge59 identified that
the cell potential for argon exhibits a noncentral minimum for
the large cage of the structure I hydrate. Employing the
noncentral family of solutions discussed in Section 6.2.3 of
Bazant and Trout,1 we can reproduce the noncentral minimum;
however, for hydrate equilibrium calculations the central-well

TABLE 2: Calculated Cell Potential Parameters w0 and rs with (95% Confidence Intervals for Structure I Hydrates

guest molecule
temp range of
exptl data (K) -w0 (kcal/mol) rs (Å)

ethane 200-28834-42 8.152( 0.062 0.803( 0.032
cyclopropane 237-28943 9.677( 0.022 0.617( 0.009
methane, small cage (512) 149-320a 5.645( 0.007 0.918( 0.004
methane, large cage (51262) 149-320a 5.665( 0.002 1.501( 0.002
argon, small cage (512) 133-304a 4.947( 0.002 1.118( 0.001
argon, large cage (51262) 133-304a 4.463( 0.002 1.678( 0.003
chlorodifluoromethane (R-22) 267-28944 9.933( 0.156 0.492( 0.049

a Cell potential calculated via ab initio potentials.

TABLE 3: Calculated Cell Potential Parameters w0 and rs with (95% Confidence Intervals for Structure II Hydrates

guest molecule
temp range of
exptl data (K) -w0 (kcal/mol) rs (Å)

ethane b 8.714( 0.068 1.474( 0.066
cyclopropane 258-27443 11.766( 0.089 0.726( 0.042
propane 247-27835,36,45-52 11.694( 0.173 0.552( 0.062
isobutane 241-27549,51,53-55 12.768( 0.130 0.338( 0.028
methane, small cage (512) 149-320a 5.514( 0.006 0.911( 0.004
methane, large cage (51264) 149-320a 4.962( 0.005 2.389( 0.009
argon, small cage (512) 133-304a 4.945( 0.001 1.106( 0.001
argon, large cage (51264) 133-304a 3.927( 0.008 2.408( 0.015
trichlorofluoromethane (R-11) 266-28144 15.973( 1.122 0.120( 0.092
dichlorodifluoromethane (R-12) 264-28544,56 11.089( 0.551 1.308( 0.467
bromotrifluoromethane (R-13B1) 266-28044 11.941( 0.493 0.589( 0.189
chloroform 272-27457 13.105( 3.375 0.686( 2.896
R-134a 275-28356 10.323( 0.288 1.794( 0.328

a Cell potential calculated via ab initio potentials.b Cell potential calculated via structure I cell potential.

Figure 2. Cell potentials of methane and argon in structure I (a) and structure II (b) lattices. Cell potentials were calculated by using an ab initio
site-site potential.9
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solution accurately reproduces the Langmuir constants and
therefore would provide a simpler model with no loss in
accuracy.

7.3. Extrapolating Known Cell Potentials from One
Structure to Cell Potentials for Other Structures. Following
the methodology described in Section 6, various potential forms
were fit to the cell potentials previously calculated for methane.
Figures 3 and 4 show the Kihara and Lennard-Jones 6-10
potentials fitted to the cell potentials and compared to spherically
averaged ab initio structure I cell potentials determined from
the full six-dimensional configurational integral,9 reproducing
the Langmuir constants as shown in Figure 5. It was found that
a L-J 6-10 potential fit to the structure I cell potentials best
reproduces the structure II potentials and the structure I and II
Langmuir constants; therefore, a L-J 6-10 potential will be
used for extrapolation of the ethane structure I cell potentials

to find structure II for use in mixture predictions. The best-fit
Kihara parameters areε/k ) 147.6 K, σ ) 3.17 Å, with a )
0.3834 Å while the best fit L-J 6-10 parameters areε/k )
192.82 K andσ ) 3.441 Å.

As evident in Figure 4, the best-fit Kihara potential does not
reproduce the attractive volume of the spherically averaged ab
initio potential as well as the L-J 6-10 potential. In fact, this
is best illustrated in Figure 5 where the Kihara potential fails
to reproduce the Langmuir constants for methane in a structure
II lattice. The Kihara potential is inherently too strong in the
repulsive region of the methane-water interaction in structure
II cavities. It should be noted that all of the spherically averaged
pair-type potentials shown in Figure 4b (ab initio, Kihara, and
L-J 6-10) exhibit the noncentral minimum in the large cage
of structure II discussed in the previous section. This noncentral
behavior is averaged into the cell potential.

Figure 3. Fit of common potential forms to spherically averaged ab initio potentials of methane in the small cage (a) and large cage (b) of structure
I.

Figure 4. Fit of common potential forms to spherically averaged ab initio potentials of methane in the small cage (a) and large cage (b) of structure
II.
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After validating the L-J 6-10 potential form for use in the
hydrate lattice, it was used to fit the ethane structure I cell
potential and calculate the cell potential for structure II ethane.
The fit potential parameters areε/k ) 234.22 K andσ ) 3.888
Å. Figure 6 shows the ethane cell potentials for structures I
and II.

8. Phase Equilibrium Predictions

Because the cell potentials were extracted by using single-
component hydrate experimental equilibrium data, the best test
of the applicability of the calculated cell potentials with the
assumptions inherent in the van der Waals-Platteeuw model
and the reference parameters is their ability to predict the phase
behavior of mixed gas hydrate systems. Kvamme et al.60 showed
that guest-guest interactions have a significant effect on
Langmuir constants of guest molecules. This energy would be
incorporated in the mean field way in the fitting of parameters
for pure hydrate systems. For mixed hydrate systems, deviations

from this mean field energy could be important over certain
composition ranges. Predicting phase equilibria data for mixed
hydrate systems provides a test of the generality of the reference
parameters used as well as the assumption in the van der
Waals-Platteeuw model that the guest-guest interactions can
be adequately treated via mean field energies.

In many instances, these predictions can be validated by using
existing experimental data, in others, predictions await experi-
mental confirmation. In these predictions the cell potentials were
fitted only to the single component hydrate equilibria data and
the reference parameters were calculated from methane and
argon single component hydrate data.9 No parameter fitting to
any data from mixed guest hydrate systems was performed.

8.1. Methane Mixtures.Accurate predictions for the mixed
methane-ethane hydrate system are of great importance in the
production and pipeline transmission of natural gas where
hydrate forming temperatures and pressures exist. Figure 7
shows predictions using the methane and ethane cell potentials
compared to predictions from the CSMHYD program,6 along
with experimental data.35,39,61The average absolute deviation
(AAD) for the cell potential method is 6.2% compared to 11.9%
for the CSMHYD. Using the model parameters optimized for
the methane-ethane mixture by Ballard and Sloan7 the AAD
is 10.8%. Similar predictions using the cell potentials in Table
3 for methane-isobutane mixtures result in an AAD of 6.7%
compared to 13.2% for CSMHYD.

The methane-ethane mixture undergoes a transition from
structure I with pure methane to structure II at a methane mole
fraction between 0.72 and 0.7526,28 at 274.2 K, although both
guests form structure I as simple hydrates. Using the cell
potentials calculated with the pure methane and ethane clathrate
data, this method predicts that this structural change will occur
at xCH4 ) 0.74, within the range of the experimental measure-
ments. Using the Kihara potential, this transition is predicted
to occur at a mole fraction of 0.52 methane.7 However, other
groups7,29 have modified the methane and ethane parameters to
reproduce the experimental mole fraction for this transition. Our
predicted phase diagram, with no adjustment of parameters, was
in agreement with experimental data from Deaton and Frost35

and Jhaveri and Robinson62 for a methane-ethane-water
mixture at 277.6 K as shown in Figure 8. Our predicted lines

Figure 5. Methane Langmuir constants for structure I (a) and structure II (b) calculated by using fit potential forms compared to values calculated
via a site-site ab initio potential.9

Figure 6. Cell potentials for ethane in the large cage of the structure
I and structure II lattice.
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directly overlap the measured points within expected experi-
mental uncertainty.

The predicted equilibrium lines shown in Figure 8 and the
similar figures that follow were calculated by using the mixture
form of the Peng-Robinson equation of state11 to calculate the
fugacity of the gas and liquid phases of the guests on a water-
free basis. The hydrate-water-guest equilibrium and the
composition of the hydrate phase were computed by using the
cell potential method. The phases present represent the phases
with the lowest free energy. For systems with liquid guest (Lhc)
hydrate equilibia, the fugacity of the liquid guest mixture is
used in the van der Waals-Platteeuw model to calculate the
equilibrium pressure. These equilibrium lines are nearly vertical
due to the small compressibility of the liquid guest mixture.
For the three-component, isothermal systems presented, i.e.,
water-methane-ethane in Figure 8, a constant pressure lever
rule tie line is to be applied whenever there are three phases
present at a given composition and pressure. From the Gibbs
phase rule,F ) n + 2 - π - r ) 2 - r, wheren ) the number
of components) 3, π ) the number of phases) 3, r ) the
number of restrictions or constraints. WithP andT specified,r
) 2 andF ) 0 as expected, so the phase compositions are
given by the tie line.

Figure 9 is the pressure vs composition (on a water-free basis)
phase diagram for the methane-propane-water system. One

may notice that at a propane mole fraction composition of 0.001,
a structure II hydrate is predicted to form. This compares to a
value of 0.0005 predicted by Ballard and Sloan29 by using
methane Kihara parameters optimized to the methane-ethane
mixture. The structure I to structure II transition point has not
been determined experimentally.

Figure 10 is the pressure versus water-free composition
isothermal phase diagram for a methane-cyclopropane-water
mixture at 277.15 K. Although theseP and T conditions are
outside the structure II region for pure cyclopropane, as methane
is added to pure cyclopropane, we predict that the structure I
hydrate changes to a structure II hydrate because methane serves
to stabilize the small cage of structure II, while cyclopropane
fills the large cage. This structural change is predicted to occur
at a methane mole fraction of 0.38. Because the methane simple
hydrate exists as structure I, an upper transition from structure
II back to structure I occurs at 0.9996 mol fraction of methane.
Figure 11 is the pressure vs water-free composition phase
diagram for a methane-cyclopropane-water mixture at 281.15
K. Similar to the phenomena predicted at 277.15 K, we predict
that between 0.566 and 0.9994 mol fraction of methane the
methane-cyclopropane-water system forms a structure II
hydrate.

8.2. Other Hydrocarbon Mixtures. Figure 12 shows the
results of using the cell potentials for propane and isobutane

Figure 7. Predicted dissociation pressures for various methane-ethane mixtures compared to experimental data.35,39,61

Figure 8. Predicted hydrate phase diagram for methane and ethane at
277.6 K. Experimental data from Deaton and Frost35 and Jhaveri and
Robinson62

Figure 9. Predicted isothermal hydrate phase diagram for methane
and propane at 277.6 K. Experimental data from Deaton and Frost,35

Holder and Hand,40 and Jhaveri and Robinson.62

8160 J. Phys. Chem. B, Vol. 109, No. 16, 2005 Anderson et al.



for the prediction of the hydrate phase equilibrium for the
mixture. It is clearly evident that the cell potentials found using
only pure component hydrate data are applicable to mixtures.
Ballard et al.63 show experimental evidence as well as predic-
tions that a methane-propane-water mixture undergoes a

“pseudo-retrograde” decomposition near 278 K. That is, the
hydrate will actually decompose upon pressurization. Figure 13
shows the predicted hydrate phase diagram for an ethane-
propane-water mixture at 277.6 K. One can see that the cell
potentials predict the experimental data of Holder and Hand40

well and that we also predict this “pseudo-retrograde” decom-
position to occur between 0.60 and 0.685 mol fraction of ethane.
The cell potential method also predicts the 60 known data points
for ethane-propane mixtures with an AAD of 5.9% compared
to previous studies by Klauda and Sandler64 (8.86%) and Sloan6

(10.5%) and the refit by Ballard and Sloan29 (5.72%).
If the mixture presented in Figure 13 is cooled, the Lw-V-

Lhc envelope, within which “pseudo-retrograde” decomposition
occurs, disappears. The hydrate dissociation pressure decreases
at a faster rate than the dew point pressure curve and therefore
we predict the “pseudo-retrograde” phenomena to cease at 277.3
K. At this temperature there will be a quintuple point with five
phases (Lw-V-Lhc-sII-sI) in equilibrium. For this system,
F ) n + 2 - π ) 3 + 2 - 5 ) 0. This invariant point is
predicted to occur atT ) 277.3 K,P ) 12.28 bar,yeth ) 0.676
and is shown in Figure 14.

Another mixture that is expected to undergo “pseudo-
retrograde” decomposition is the ethane-isobutane-water
system.63 Therefore, it should be expected that a Lw-V-Lhc-
sII-sI quintuple point should exist. Figure 15 is the predicted
hydrate phase diagram for an ethane-isobutane-water mixture

Figure 10. Predicted isothermal hydrate phase diagram for methane
and cyclopropane at 277.15 K compared with experimental data from
Thakore and Holder51

Figure 11. Predicted isothermal hydrate phase diagram for methane
and cyclopropane at 281.15 K compared with experimental data from
Thakore and Holder.51

Figure 12. Predicted isothermal hydrate phase equilibrium for propane
and isobutane at 272.2 K with experimental data from Kamath and
Holder,65 Schneider et al.,53 and Deaton and Frost.35

Figure 13. Predicted isothermal hydrate phase diagram for ethane and
propane at 277.6 K with experimental data from Holder and Hand.40

Figure 14. Predicted isothermal hydrate phase diagram for ethane and
propane at 277.3 K with a five-phase quintuple point indicated.
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at 274.7 K. The quintuple point is predicted to occur atT )
274.7 K,P ) 7.18 bar, andyeth ) 0.81.

9. Conclusions

We have presented the application of our cell potential method
in which the form of the guest-host interaction potential in
clathrate hydrates is determined analytically. Our approach was
validated by making numerous predictions of multicomponent
phase data without fitting mixture data to experiments. The
spherically averaged Kihara potential form is adequate in
representing the overall guest-host interaction in structure I;
however, guest-host interactions in the large cage of structure
II are not effectively reproduced, thus leading to inaccurate
reference parameters which have commonly appeared in the
literature. The reference parameters used in this paper were
further validated by their successful utilization in predicting
mixed gas hydrate phase equilibrium data. All mixture predic-
tions in this work are performed without fitting to any mixture
data and nonetheless predict the experimental data accurately.

Overall, the cell potential method developed in this work has
demonstrated its effectiveness and applicability to successfully
model mixed hydrate systems without any adjustable parameters.
For example, the structure I to structure II transition for
methane-ethane gas mixtures was predicted to occur at 0.75
mol fraction of methane at 274.2 K, within the experimental
range measured to be 0.72-0.75 mol fraction of methane. In
addition, we were able to extrapolate the results of the calculated
cell potentials to other systems. The cell potential that is
calculated for ethane in a structure I hydrate lattice provides
sufficient quantitative insight into the interaction between ethane
and the water surrounding it in the hydrate that we have been
able to model the ethane-water interaction in a structure II
lattice. Several predictions were also developed that await
experimental testing. For example, structure I to structure II
phase transitions have been predicted for methane-cyclopropane
gas mixtures outside the temperature range of the pure cyclo-
propane structure II envelope. Quintuple (Lw-sI-sII-Lhc-V)
points have been predicted for the ethane-propane-water
(277.3 K, 12.28 bar, andxeth,waterfree) 0.676) and ethane-
isobutane-water (274.7 K, 7.18 bar, andxeth,waterfree) 0.81)
systems.

We conclude by commenting on why it might be that our
simple, cubic cell potentials outperform more complicated, fitted
potentials when predicting clathrate phase equilibria. In atomistic
modeling, potential parameters are usually fit to reproduce the

energies of ideal structures, at low (or zero) temperature, which
can be calculated by using ab initio methods or taken from
experiment. Phase behavior, however, depends on high tem-
perature configurations, which involve complicated deformations
of ideal structures. By starting directly from thermodynamic
data at finite temperature, and by using a Boltzmann-weighting
scheme over a large configuration space when calculating our
ab initio potential,9 our method easily determines an appropriate
cell potential, which accounts for statistical averaging of
configurations over a wide range of temperatures. The basic
idea of solving an inverse problem for an “exact” thermody-
namic potential may find further successful applications in other
areas of materials modeling, where ad hoc fitting of ideal
structures remains the standard theoretical approach.
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