
A
.
M

e
g
r
e
t
s
k
i,
M

IT

M

o
d
e
l
O
r
d
e
r
R
e
d
u
c
t
io
n

M
O
D
E
L

O
R
D
E
R

R
E
D
U
C
T
IO
N

U
S
IN
G

M
A
X
IM
A
L

R
E
A
L

P
A
R
T

N
O
R
M
S

C
h
a
lle
n
g
e
s
o
f
M
o
d
e
l
R
e
d
u
c
t
io
n

D
is
c
u
s
s
io
n
o
f
H
a
n
k
e
l
M
o
d
e
l
R
e
d
u
c
t
io
n

O
p
t
im
a
l
M
a
x
im
a
l
R
e
a
l
P
a
rt
N
o
rm

M
o
d
e
l
R
e
d
u
c
t
io
n

T
h
e
o
re
t
ic
a
l
S
t
a
t
e
m
e
n
t
s

R
e
s
u
lt
s
o
f
N
u
m
e
ric
a
l
E
x
p
e
rim
e
n
t
s

D
is
c
u
s
s
io
n

1



A
.
M

e
g
r
e
t
s
k
i,
M

IT

M

o
d
e
l
O
r
d
e
r
R
e
d
u
c
t
io
n

M
O
D
E
L

R
E
D
U
C
T
IO
N

E
Æ
c
ie
n
t
ly
�
n
d

a

s
im
p
le
m
o
d
e
l
w
h
ic
h

m
a
t
c
h
e
s
w
e
ll
g
iv
e
n

c
o
m
p
le
x
s
y
s
t
e
m

d
a
t
a
.

F
o
r
L
T
I
s
y
s
t
e
m
s
:

\
e
Æ
c
ie
n
t
ly
"
:
t
a
k
e
s
re
a
s
o
n
a
b
le
t
im
e
o
n
p
ra
c
t
ic
a
l
e
x
a
m
p
le
s

\
s
im
p
le
"
:
lo
w

o
rd
e
r

\
m
a
t
c
h
e
s
w
e
ll"
:
o
p
t
im
a
l
a
p
p
ro
x
im
a
t
io
n

\
d
a
t
a
"
:
s
y
s
t
e
m

e
q
u
a
t
io
n
s
o
r
m
e
a
s
u
re
m
e
n
t
s

H
1

-o
p
t
im
a
l
L
T
I
m
o
d
e
l
re
d
u
c
t
io
n
is
a
n
o
p
e
n
p
ro
b
le
m

2



A
.
M

e
g
r
e
t
s
k
i,
M

IT

M

o
d
e
l
O
r
d
e
r
R
e
d
u
c
t
io
n

H
A
N
K
E
L

O
P
T
IM
A
L

M
O
D
E
L

R
E
D
U
C
T
IO
N

H
a
n
k
e
l
n
o
rm

k
G
k
H

o
f
t
ra
n
s
fe
r
fu
n
c
t
io
n
G
2
H
1

is
t
h
e
in
�
-

m
u
m

o
f
k
G
+

�Y
k
1

,
w
h
e
re
Y

ra
n
g
e
s
o
v
e
r
H
1

.

G
iv
e
n
a
s
t
a
t
e
s
p
a
c
e
m
o
d
e
l
o
f
a
n
n
-t
h
o
rd
e
r
t
ra
n
s
fe
r
fu
n
c
t
io
n

G
,
t
h
e
re
is
a
n
a
lg
o
rit
h
m

fo
r
�
n
d
in
g
a
t
ra
n
s
fe
r
fu
n
c
t
io
n
G
m

o
f
o
rd
e
r
le
s
s
t
h
a
n
m

w
h
ic
h
m
in
im
iz
e
s
k
G
�
G
m

k
H

in
a
b
o
u
t

n
4

o
p
e
ra
t
io
n
s
.

W

h
a
t
is
t
h
e
H
a
n
k
e
l
o
p
t
im
a
lity
g
o
o
d
fo
r?

3



A
.
M

e
g
r
e
t
s
k
i,
M

IT

M

o
d
e
l
O
r
d
e
r
R
e
d
u
c
t
io
n

H
A
N
K
E
L

O
P
T
IM
A
L

M
O
D
E
L

R
E
D
U
C
T
IO
N
:

T
H
E

B
E
N
E
F
IT
S

�
t
h
e
m
in
im
u
m

�
Hm

(G
)
is
a

lo
w
e
r
b
o
u
n
d

fo
r
H
1

o
p
t
im
a
l

m
o
d
e
l
re
d
u
c
t
io
n

�
t
h
e
H
a
n
k
e
l
o
p
t
im
a
l
re
d
u
c
e
d
m
o
d
e
l
G
Hm

h
a
s
H
1

a
p
p
ro
x
i-

m
a
t
io
n
e
rro
r
n
o
t
e
x
c
e
e
d
in
g
t
h
e
s
u
m

o
f
�
Hk

(G
)
w
it
h
k
�
m

�
o
t
h
e
r
u
s
e
d
m
e
t
h
o
d
o
f
m
o
d
e
l
re
d
u
c
t
io
n

(
e
.g
.

m
o
m
e
n
t

m
a
t
h
in
g
)
g
u
a
ra
n
t
e
e
e
v
e
n
le
s
s

A
n
y
t
h
in
g
e
ls
e
?

4



A
.
M

e
g
r
e
t
s
k
i,
M

IT

M

o
d
e
l
O
r
d
e
r
R
e
d
u
c
t
io
n

H
A
N
K
E
L

O
P
T
IM
A
L

M
O
D
E
L

R
E
D
U
C
T
IO
N
:

IN
C
O
N
V
E
N
IE
N
T

P
R
O
P
E
R
T
IE
S

�
a
�
n
it
e
d
im
e
n
s
io
n
a
l
s
t
a
t
e
s
p
a
c
e
m
o
d
e
l
o
f
G

is
re
q
u
ire
d

�
c
o
m
p
le
x
ity
o
f
c
a
lc
u
la
t
io
n
s
g
ro
w
s
q
u
ic
k
ly
w
it
h
n

�
a
n
a
n
a
lo
g
fo
r
w
e
ig
h
t
e
d
n
o
rm
s
is
n
o
t
a
v
a
ila
b
le

5



A
.
M

e
g
r
e
t
s
k
i,
M

IT

M

o
d
e
l
O
r
d
e
r
R
e
d
u
c
t
io
n

M
A
X
IM
A
L

R
E
A
L

P
A
R
T

N
O
R
M
S

F
o
r
a
fu
n
c
t
io
n
W

2
L
1

w
h
ic
h
is
n
o
n
-z
e
ro
o
n
a
s
e
t
o
f
p
o
s
i-

t
iv
e
m
e
a
s
u
re
,
t
h
e
c
o
rre
s
p
o
n
d
in
g
m
a
x
im
a
l
re
a
l
p
a
rt
n
o
rm

is

d
e
�
n
e
d
o
n
H
1

b
y

k
G
k
WR

=

k
W
R
e
(G
)k
1

T
h
e
p
ro
b
le
m

o
f
m
in
im
iz
in
g
k
G
�
G
m

k
WR

o
v
e
r
a
ll
s
t
a
b
le
t
ra
n
s
-

fe
r
fu
n
c
t
io
n
s
o
f
o
rd
e
r
le
s
s
t
h
a
n
m

is
q
u
a
s
i-c
o
n
v
e
x
w
it
h
re
-

s
p
e
c
t
t
o
a
re
-p
a
ra
m
e
t
e
riz
a
t
io
n
w
it
h
2
�
m
�
1
p
a
ra
m
e
t
e
rs
.

6



A
.
M

e
g
r
e
t
s
k
i,
M

IT

M

o
d
e
l
O
r
d
e
r
R
e
d
u
c
t
io
n

T
H
E

Q
U
A
S
I-C
O
N
V
E
X

P
A
R
A
M
E
T
E
R
IZ
A
T
IO
N

R
e
G
m

(j!
)
=

b(!
2
)

a
(!
2
)
;

w
h
e
re
b;a
a
re
p
o
ly
n
o
m
ia
ls
o
f
d
e
g
re
e
le
s
s
t
h
a
n
m
,
a
n
d

a
(!
2
)
>
0

8
!
2
R

T
h
e
n

t
h
e
le
v
e
l
s
e
t
k
G
�
G
m

k
WR

<



is
d
e
�
n
e
d

b
y
t
h
e
c
o
n
-

s
t
ra
in
t
sa

(!
2
)
>
0
;

jb(!
2
)
�
R
e
G
(j!
)a
(!
2
)j
<


a
(!
2
)

8
!

w
h
ic
h
a
re
c
o
n
v
e
x
w
it
h
re
s
p
e
c
t
t
o
a
;b

A
re
t
h
e
m
a
x
im
a
l
re
a
l
p
a
rt
n
o
rm
s
g
o
o
d
fo
r
a
n
y
t
h
in
g
?

7



A
.
M

e
g
r
e
t
s
k
i,
M

IT

M

o
d
e
l
O
r
d
e
r
R
e
d
u
c
t
io
n

M
A
X
-R
E
A
L

P
A
R
T

N
O
R
M
S
:

S
T
R
O
N
G
E
R

T
H
A
N

H
A
N
K
E
L

N
O
R
M
S

S
in
c
e
jG
j
�
jR
e
G
j,
w
e
h
a
v
e

k
W
�
k
1

�
k
W
R
e
�
k
1

S
in
c
e
R
e
(G
)
=

0
:5
(G
+

�G
),
w
e
h
a
v
e

k
W
R
e
�
k
1

�
0
:5

in
f

Y
2
H
1

k
W
(�

+

�Y
)k
1

8



A
.
M

e
g
r
e
t
s
k
i,
M

IT

M

o
d
e
l
O
r
d
e
r
R
e
d
u
c
t
io
n

A
N

A
S
Y
M
P
T
O
T
IC

C
O
N
V
E
R
G
E
N
C
E

T
H
E
O
R
E
M

T
H
E
O
R
E
M
:

L
e
t

�
m

(G
)
=

in
f
k
R
e
(G
�
G
m

)k
1

w
h
e
re
t
h
e
in
�
m
u
m

is
t
a
k
e
n
o
v
e
r
a
ll
s
t
a
b
le
t
ra
n
s
fe
r
fu
n
c
t
io
n
s

G
m

o
f
o
rd
e
r
le
s
s
t
h
a
n
m
.
L
e
t
G
m

b
e
s
t
a
b
le
t
ra
n
s
fe
r
fu
n
c
t
io
n
s

o
f
o
rd
e
r
le
s
s
t
h
a
n
m

s
u
c
h
t
h
a
t

�
�

1
m

k
R
e
(G
�
G
m

)k
1

=

O
(1
):

If P
�
m

(G
)
<
1

t
h
e
n
k
G
�
G
Rm

k
1

!

0
.

9



A
.
M

e
g
r
e
t
s
k
i,
M

IT

M

o
d
e
l
O
r
d
e
r
R
e
d
u
c
t
io
n

P
R
O
O
F

(
A

S
K
E
T
C
H
)
:

k
G
�
G
m

k
1

�

k
G
�
G
Hm

k
1

+
k
G
Hm

�
G
m

k
1

�

k
G
�
G
Hm

k
1

+
2
m
k
G
Hm

�
G
m

k
H

�

k
G
�
G
Hm

k
1

+
2
m
k
G
Hm

�
G
k
H

+

2
m
k
G
m

�
G
k
H

�

k
G
�
G
Hm

k
1

+
2
m
k
G
Hm

�
G
k
H

+

4
m
k
R
e
(G
m

�
G
)k
1

1
0



A
.
M

e
g
r
e
t
s
k
i,
M

IT

M

o
d
e
l
O
r
d
e
r
R
e
d
u
c
t
io
n

M
A
X
IM
A
L

R
E
A
L

P
A
R
T

N
O
R
M

M
O
D
E
L

R
E
D
U
C
T
IO
N

O
V
E
R

F
IN
IT
E

F
R
E
Q
U
E
N
C
Y

S
E
T
S

T
h
e
p
ro
b
le
m

o
f
m
in
im
iz
in
g

m
a
x

k

jW
k
R
e
(G
(j!
k
)
�
G
m

(j!
k
)
)j

o
v
e
r
a
ll
s
t
a
b
le
t
ra
n
s
fe
r
fu
n
c
t
io
n
s
G
m

o
f
o
rd
e
r
le
s
s
t
h
a
n
m

c
a
n
b
e
re
-p
a
ra
m
e
t
e
riz
e
d
a
s
a
q
u
a
s
i-c
o
n
v
e
x
o
p
t
im
iz
a
t
io
n
in

a
s
im
ila
r
w
a
y
.

W

it
h

a
�
n
it
e
n
u
m
b
e
r
o
f
fre
q
u
e
n
c
ie
s
,
t
h
is
is
a
n

L
M
I
o
p
t
i-

m
iz
a
t
io
n
.

T
h
is
w
a
y
,
a
c
o
m
p
le
t
e
m
o
d
e
l
o
f
G

is
n
o
t
n
e
e
d
e
d
!

1
1



A
.
M

e
g
r
e
t
s
k
i,
M

IT

M

o
d
e
l
O
r
d
e
r
R
e
d
u
c
t
io
n

U
S
IN
G

V
E
C
T
O
R

M
A
X
-R
E
A
L

N
O
R
M
S






 "
R
e
G
(j!
)
�
b(!
2
)=
a
(!
2
)

Im

G
(j!
)
�
!
c(!
2
)=
a
(!
2
) # 





1

!

m
in

T
h
is
y
ie
ld
s
a
b
e
t
t
e
r
lo
w
e
r
b
o
u
n
d

1
2



A
.
M

e
g
r
e
t
s
k
i,
M

IT

M

o
d
e
l
O
r
d
e
r
R
e
d
u
c
t
io
n

E
X
A
M
P
L
E

1

A

6
-t
h
o
rd
e
r
re
d
u
c
e
d
m
o
d
e
l
fo
r
a
1
2
-t
h
o
rd
e
r
t
ra
n
s
fe
r
fu
n
c
-

t
io
n
w
it
h
t
h
re
e
re
s
o
n
a
n
t
p
e
a
k
s
w
a
s
c
o
n
s
t
ru
c
t
e
d
u
s
in
g
H
a
n
-

k
e
l
a
n
d
m
a
x
im
a
l
re
a
l
p
a
rt
o
p
t
im
a
lity
.

H
e
re

k
G
�
G
H7

k
H

�
3
:5
6
;

k
G
�
G
H7

k
1

�
5
:7
6
;

k
R
e
(G
�
G
R7
)k
1

�
3
:3
7
[4
:0
];

k
G
�
�G
R7
k
1

�
4
:5
7
:

1
3



A. Megretski, MIT Model Order Reduction

EXAMPLE 1: REAL/IMAGINARY VALUES
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A. Megretski, MIT Model Order Reduction

EXAMPLE 2: NOISY DATA

200 noisy samples of rational trigonometric function of de-

gree 10.
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A. Megretski, MIT Model Order Reduction

EXAMPLE 3: SYSTEM WITH DELAY

10-th order approximation of (1� :9e�s)�1(1 + :3s)�1

Lower bound 0.35, actual 1.4[0.54]
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A. Megretski, MIT Model Order Reduction

EXAMPLE 4: FOCUS SERVO OF A DVD PLAYER

59 frequency samples

10th order �t: lower bound � 1:57, actual � 6:2[4:9]
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