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I. Wealth-Consumption Ratio and Consumption Risk Premium

We start from the aggregate budget constraint:
(1) Wipr = Ri (Wi = Cy).

The beginning-of-period (or cum-dividend) total wealth W; that is not spent on aggregate
consumption C; earns a gross return 2§, ; and leads to beginning-of-next-period total
wealth W;11. The return on a claim to aggregate consumption, the total wealth return,

can be written as
e _ Wi Cipn WG
T W, —c, o ¢ WC -1

We use the Campbell (1991) approximation of the log total wealth return r{ = log(RY)
around the long-run average log wealth-consumption ratio p,. = Efw; — ¢4

C C C
riy = Ko+ Acip1 + weppr — KTwey,

where the linearization constants x§ and ¢ are non-linear functions of the unconditional
mean log wealth-consumption ratio fiy.:

. ehwe . ; eHwe
ki =———>1 and kj = —log(elvc—1)+

eHwe — 1 eHwe — 1'LLwC

Throughout the paper, we use lower letters to denote logs.
The Euler equation for any asset 4 with lognormal return R? implies:

; 1 1 . .
(2) 0= Et [SdftJrl] + Et [’I”erl] + §Vart [Sdft+1] + iVart [T;JFJ + COVt I:SdftJrl, ’I”erl]

We conjecture that the wealth-consumption ratio is linear in the state variables z;, agt
and o2,

Wet = fwe + Wexs + qu (Uét - 03) + Was (Uit - Ui)

We first compute the different components of equation

rtc+1 = 5+ [1 + W (p— ’if)] ze + Wys (’/g — KY) (02 US) + Was (’/ﬂa - “i) (U

gt
+ OgtTht+1 + Wmamtet-i-l + quogwwg,t-l-l + Wmsamwww,t—i-l

B [rfa] = 1o+ 1+ Walp— k)] a0 + Wos (vg — 59) (05 — 05) + Was (vz — 1) (0
TtJrl - Et [TerJ UgtntJrl + Wzo'mtetJrl + Wgsagwwg,tJrl + Wzso'mwwz,tJrl
Vi [Terl} = Ugt + Wfait + stagw + Wfso'iw
T Ko+ Hg + (1 = KT) flwe

xt

2

xt
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Epstein and Zin (1989) show that the log real stochastic discount factor is
0 C
SdftJrl = 910g5 — EACtJrl + (9 — 1) Tty

= us+{—%+(6‘—1)[1+Wm (p—ni)]}xt
+ {qu (vg — KY) (0—-1)} (U;?t - U;) + {Was (vz — k7)) (0 = 1)} (Uit - Ui)

1
+ {9 (1 - _) - 1} O'gtT]tJrl + (9 - 1) {ngztetJrl + Wgsggwwg,tJrl + Wzsgzwwm,tJrl}

0
1
sdfip1 — By [sdfeq] = {9 <1 - E) - 1} TgiNir1 + (0 — D A{Weopier41 + WysOguwwg,t41 + stowwww,t-ﬁ-l}
0
Belsdfin] = gt {=5+ 0= DLW (= k0] b
+ {qu (’/g — KY) (9 - 1)} (Ugt - Ug) + {st (’/ﬂa - “i) (9 - 1)} (Ugt - Ui)
1 2
Vilsdin] = {0(1- 1) 1] ok 0= 1 (WA 4 Whoh 4 Whot,)
0
s = 0Ologd — Eﬂg +(@-1)r§
Covy [1fy1ssdferr] = Eo [(rfey — e [rf])(sdfer — By [sdfiia])]
1
_ {9 (1 _ E) _ 1}0; CW2(0-1)0% + W2 (9 1) 0%, + W2 (0 — 1),

Plugging these different components into equation (2 evaluated at ¢ = ¢ yields:

2 2
(3) 0 = ri+ps+ % { (1 - %) of + Wit + Wor, + Wfsoiw}
1
(4) —|—9{—E—|—[1—|—Wz (p—/{‘f)]}xt
0 c 1 ? 2 2
(5) —|—§ 2Wys (vg —kKY) +6 (1 — m (07, —07)

0
(6) +§ {2Wm (ve — KT) + HWf} (Uit — Ui)
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Then setting all coefficients equal to zero we obtain:

@ = w,=

1
v
KT =P

2(k{ —vg)
6 Ly
= Wys R—
® 2 (55 = v2) ( F»i’—p>

If the IES exceeds 1, then W, > 0, Wy < 0, and Wy, < 0.

Plugging these coefficients back into equation (3] implicitly defines a nonlinear equation
in one unknown (), which can be solved for numerically, characterizing the average
wealth-consumption ratio.

According to (@), the risk premium (expected excess real return corrected for a Jensen
term) on the consumption claim is given bytl:

E, [rf_fl] = —Cov; [er, sdft+1}
1
_ {1 i (1_ E)}ogt—i—Wf(l C0) 02, + W2, (1—0) 02, + W (1—0)02,
= Moo+ WakeoZ + WosAguoow + WesAew0 oy,

with the market price of risk vector A = [\, Ae, Agw, Azw| given by:

) e

~ aeow, - 173
e = 1-0)W, e
B (=D -9
oo = (=0 Wor = 2 (k{ — vy)
_ 1
Mew = (1 0)Woe — — (=D —3)

2 (K§ — va) (K5 — p)°

If the IES is sufficiently large (y > 1/4), then A > 0, Mgy, < 0, and Ay, < 0.
II. Equity Risk Premium

We log-linearize return on portfolio:  ry11 = ko + Adyy1 + pder1 — k1pdy, and conjec-
ture that the price-dividend ratio is linear in the state variables: pd; = pipg + Doy +

2 2 2 2
Dy, (Ugt — og) + Dy (Umt — Um)
As we did for the return on the consumption claim, we compute innovations in the

IRecall that the log riskfree rate is y¢(1) = —Eq [sdfr41] — %Vart [sdft+1]-
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dividend claim return, and its conditional mean and variance:

regr = 10+ {Ps + Da (P—“l)}zt‘FDgs (Vg_’il) (ast—aé) + Dys (Ve — K1) (Uit_ai)
+0a0giNd,i+1 + Deogieir1 + DgsOguwWg i1 + DysOpwWe 41
Ter1 — Ee [rep1] = @a0ginas+1 + Deozierr1 + DgsOguwWg i1 + DasOrwWe 141
Ei[rir1] = ro4{¢e + Dz (p—r1)} s+ Dygs (vg — k1) (0, — 07)
+Dys (Vg — K1) (Uit - Ufc)
Varg [re1] = @qou + Diog, + Doy, + Dios,
ro = Ko+ fipd (1 — K1)+ pia

Covy [riq1, sdfis1] = (0 — 1) [WysDgsosyy + WasDasor,| = v0aTgao sy + (0 — 1) Wo Dyol,y

Plug these different components into equation (2)):

1 1 1
0 = ps+ro+ B [72 — 2vpaTdg + 903] US + ) [Ww (9 - 1) + Dw]2aa2c + ) [qu (9 - 1) + D95]2 Ugw
1
+Q(TWM 0—1)+ Dw5]2 Trw
1
{95+ 6w+ Do o= )] L
+ [’72 — 2v¢aTag + 803] + Ws (K] — Vg) (1-0)+ Dgs (Vg - ”1)} (U_gt - U;)

+

Wa (6 — 1) + D] + Was (K — v2) (1 — 0) + Das (ve — m)} (02, — o2)

Then setting all coefficients equal to zero we get:

1
® — D=2 %
R1 —p
2 [V = 2yparag + @3] — % (7 - i) (y-1)
@) — D g =
g R1 — Vg
1 {m—i B v—ﬂz 10-D0-3)
D 2| kK1—p K{—p 2 (KT*P 2
— s —
(@@ pa—

Plugging these into (7)) implicitly defines a nonlinear equation in one unknown (i.e., ppq),
which can be solved for numerically, characterizing the mean price-dividend ratio.

The D coefficients are the betas of the equity market portfolio with respect to the four
fundamental consumption growth shocks.
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The equity risk premium is equal to:
Et [’I”f+1] = —COVt [TtJrl, SdftJrl]

(pdTga) )\,,03,5 + DyAeo?, + Dgs/\gwaéw + Dysdaw02,,
[Go + Ggsag + Gmsai] +Gys (Ugt - 03) + Gys (Uit - Ui)

Go = DgsAguOay + DasAawTay
Ggs =  PdTgd?
Gws = Dm)\e

III. Real Bond Returns and Risk Premium

We start off the expression for the real stochastic discount factor derived in the first
sub-section above. Let define the following three parameters: s, = —%, Sgs = —%(”y —

D(y - %), and sgs = —3 (v —1)(y — %)ﬁ Using notation defined above and in the
1
previous sub-sections, the real stochastic discount factor is:

sdfiy1 = s + Sa%t + Sgs (Ugt - 03) + Sgs (Ufﬁt - Ufﬁ)

_)\nagtnt+1 - )\eamtet-i-l - )\gwogwwg,t-l-l - )\mwowwww,t—i-l

Let pf(n) = log (P}(n)) be the log price and y(n) = —1p?(n) the yield of an n-period

real bond.
We conjecture that the log prices of real bonds are linear in the state variables: p;(n) =
—By(n) — By(n)xz; — Bys(n) (agt — O'g) — B, (a%t — a%)

The coeflicients are initialized at zero and satisfy the following recursions:

1
Bo(n) = Bo(n—1) = pte = 5 Pgu + Bysln = o2,

1
_5 {[Azw + st(n - 1)]2 in + )\7270'3}

x

—% e + Be(n— 1)) o2

Bu(n) = mem—l)ﬁ

Bya(n) = vyBya(n— 1)+ 2y — 1)y — =) — 242

gs g2gs 2 2

Bus(n) = vsBus(n—1)+ 2(y—1) =) 1] %+B(n—1) 2
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These recursions imply the following limit values:

1
B, -
(c0) Y(1—p)

So-Dh -3 -4

2 \Y Y 27
Bgs(o0) = l—uw

g

1/0 (r=3) 1 -5 2

o) — 20T Ve b |75+ Bel)

1—v,

We define B(oo) = [B;(00), Bys(00), Bys(00)]'.
The real bond risk premium on monthly holding period returns is equal to:

i (n) = ny/(n) = (n—1ygy(n—1)
rira(n) =By [rf 1 (n)] = —Ba(n = 1)owseri1 — Bys(n = 1)0guig,ei1
_st(n - 1)Umwwz,t+1
E; {rffl (n)] = —Cov; [rf+1,sdft+1]
= [Fo(n) + Fys(n)og + Fus(n)oz] + Fys(n) (05, — 03) + Fus(n) (03, = 07)
Fo(n) = —Bgs(n—1)Aguoay, — Bas(n — 1)Agw0ay,
Fys(n) = 0,
F,s(n) = —Bg(n—1)A.
We now define some vectors and matrices to present results in a more compact way.
Let the vector X; summarize all real state variables: X; = [z;, 03y — 02, 02, — 02]'.

Let e;,41 denote the corresponding gaussian, i.i.d shocks: €41 = [er41, Wy, i+1, Wai+1)-
We define ¥, = diag[o3;,02,,02,]. The law of motion of the state vector X, is X1 =

1
I'Xy + X7 €441, where I' is a 3 by 3 diagonal matrix with p, ¢.4, and ¢,, on the diagonal.
Let B(n) denote all the n-period real bond parameters: B(n) = [By(n), Bgs(n), Bgs(n)]'.
Using this notation, we can rewrite the real bond risk premium as:

E, [rffl (n)} — —B(n—1)SA.
IV. Nominal Bond Returns and Risk Premium

We start off the expression for the real stochastic discount factor derived above. We use
a ® superscript to denote nominal variables. The nominal stochastic discount factor is
then:

sdffcs = sdfiyr — T
= fts = Mz + SzT¢ + Sgs (Ust - 03) + Sus (Uit - Ui) — (e — pr)

- (An + wﬂ'g) UgtntJrl - (Ae + Sﬁwm) Oxt€t4+1 — AgwO'gw'wg,tJrl - )\mwazwwm,tJrl - Uw§t+1

Let p§(n) = log (P}(n)) be the log price and yf (n) = —Lpf(n) the yield of an n-period
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nominal bond.
We conjecture that the log prices of nominal bonds are linear in the state variables:

pi(n) = =Bj(n) — Bi(n)a, — B,(n) (03, — 03) = B, (03, — 07) = Bi(n) (7 — pix)
The coeflicients are initialized at zero and satisfy the following recursions:

1 2 2
B0 = B300- 1) =+ s = g { [or + B2 = 0]+ [ B 0= 1) o2 |
1 2 2
_5{[/\171;—0—328(71—1)} a§w+[<pﬂg+x +0.,B® (n_1)} a_‘;’}
1 2
-3 [Spfrm"")‘ +B$(n_1)+90sz (’n—l)} s
B¥n) = pB¥n-1)+a,B% (n —1)— s,
2
Bgs(n) = Vngs(n_l)_Sg {)\ + Prg + 029 B (’n—l)}
2
BS.(n) = vuB% (n—1)— s4s— [)\ + @ra + B3 (n —1) 4+ ., B (n—l)}
B¥(n) = apB¥(n-1)+1.

These recursions imply the following limit values:

osz;s;(oo) — S
Bf(oo) = T
1 $ 2

$ _ “S¢s 73 [)‘77 + Png + SDZQBTF(OO)}

Bl () = L
2

BS () = _SmT 3 [Ae + ¢ra + BY(00) + 920 B3 (o)

s 1_ Vs

1
Boe) - —.

We define B%(oc0) = [BS(c0), Bgs(oo), B2 (00), B$(c0)]'.
The nominal bond risk premium on monthly holding period returns is equal to:

i) = nyf(n) = (0= Dyf(n - 1)
A m) B )] = = (Bin = 1)+ Bi(n = 1)pu) durern — Bl (0= 1)oguwyin
—B3,(n = V)oguwe i1 — By(n = 1) (¢2g0gme 11 + 0:8041)
—Covy {rffl,sdf&l]

E; {rffle (n)]

= |[FS0) + Fi, ()2 + FE,(0)02] + Fu(n) (0%, — 02) + Fi(n) (0%, — 0

FSn) = = {AuBS (0= 1)0%, + Aew Bl (n — )02, + 070 BE(n — 1)}
Fg$s(n) = ()‘ + Qng) gquB (n—1)
Fin) = —(O+om) (B3 —1)+ Bi(n - 1)p..)

2
x

)
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Define the following vector and matrix objects:

A = A+ g Ae + Pras Agurs Awus Oy
B¥n) = [Bi()gsg, Bi(n) + BL(n)@sr, Bl (n), Bi,(n), B (n)o:],
it = diag[o_gt, o2, U;»wu o1,
gtJrl = [nt+1, €141, Wy, t+1, Wx t+1, §t+1]

Then we can write the nominal bond risk premium compactly as:
B, [ (0] = ~B¥(n - S
V. Decomposition of the Real SDF

The following proposition shows how to decompose the SDF of the long-run risk model
into a martingale component and the dominant pricing component.

Proposition 1. The stochastic discount factor of the long-run risk model can be decom-
posed into a martingale component and the dominant pricing component:

MZH / / %

S = Bew (—BOO (I-T)X,+ B, %; 5t+1),

Mtlj-l -1 i 1 1 ’ 3

uP = B e (Ms T[98+ B (I =T X = (A + B ) S e — )‘nagtnt+1> :
t

To show this, we start from the definition of the dominant pricing component of the
pricing kernel:
T t+n
M; = lim ——,
LT B ()

Recall that log real bond prices are affine in the state vector:

pi’(n) —By(n) — Bg(n)xy — Bgs(n) (02 — 02) — Bgs (Jit - 02)

gt g z
= —By(n) — B(n)'X;.

We can then write the dominant pricing component of the SDF as:

MI = lim " exp(Bo(n)+ B(n)X,).
The constant § is chosen in order to satisfy Assumption 1 in Alvarez and Jermann
(2005):
Pb
0< lim -t (n) < o0
n— o0 ﬁ"
Recall that By(n) is defined recursively:
1
Bo(n) = Bo(n—1) = pts = 5 { g+ Bus(n = 1’ o2, |

{Paw + Bus(n = 1) 02, + X2o? + [\ + Ba(n — 1) 02 }

N~
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Because of the affine term structure of the model and the stationarity of the state
vector X, the limit lim, o, B(n) = B(co) is finite. Taking limits on both sides of the
equation above leads to:

lim Bo(n)— Bo(n—1) = —ps — % {Dgw + Boa(o0)* 02}

n—oo
1

5 {Paw + Bas(00)) 02, + M02 + [\ + Bu(oc) o2 |

The limit of By(n) — Bo(n — 1) is finite, so that By(n) grows at a linear rate in the

limit. We choose the constant 3 to offset the growth in By(n) as n becomes very large.
Setting

1
B = exp <us 5 { P+ By (00)) 02 + Do + Bia(00))” 0%, + X207 + Ao + Bu(oo)’ ai})

guarantees that Assumption 1 in Alvarez and Jermann (2005) is satisfied.
We can now write the dominant pricing component of the SDF as:

My

M

= fBexp (—Béo (I-T)X: + B(/)OEt%EtJrl) ,

To derive the martingale component of the SDF, let us go back to the SDF itself. Let
S and A denote the parameters of the real SDF: S = [s;, Sgs, Sas)s A = [Ae, Agws Azw]’-
Then the real SDF is:

M, 1
SDFt+1 = ﬁ = exp (,Ms + S/Xt - A/Etz Et4+1 — )\nagthl) .

As a result, the martingale component of the SDF is:

—1
M, _ My, My,
P M, \ M7

1
= B exp (s[5 + Blo (1= T)] Ko = (A + Bh) B ev1 = Moguia )

We need to verify that the martingale component is a martingale, i.e that E,[M} | /M) =
1

To do this, recall that the bond parameters evolve as:

BI(”) = me(n - 1) — Sz
1
Bgs(n) = VngS(” -1)- Sgs — 5)\,2,
Bms(n) = I/zBmS(TL — 1) — Sgps — % [)\e + BI(TL _ 1)]2 )

Taking limits as n — oo leads to:

B(ooY(I-T) = —S' +[0, — %)\,2,, - % Do + Ba(c0)]].
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To check the martingale condition, plug the definition of § in the following expression:

ME ) X
E, [ ]\ﬁl} = [ lexp (us+ [S"+ B, (I-1)] X+ i(AI BLYS, (A + Ba) 5)\20;) '
t oS o) +

The term in front of X; is equal to [0, L)\2

— 32, =i+ B.(c0)]*). Terms in o7, and

M

o A;}l] =1.

We now turn to the conditional variances of the log SDF and its dominant pricing and
martingale components, Var;[sdfy41], Vary[sdf, ;] and Var[sdff,].

o2, cancel out. We next plug in the expression for § and check that F]

Vart[sdel] = A/EtA + )\20'2

n- gt
Vary[sdfl,;] = BL B
Var,[sdff{,] = (N +BL)Si(A+ Beo) + Ao,

The conditional variance ratio Var[sdf{ ;]/Vi[sdfi+1] equals

Vilsdffa] | ~BLBA — 3B N B

Vi[sdfia] NS + 1202

277 gt

The first term in the numerator corresponds to the bond risk premium (—B/ X:A).
It includes the Jensen term (3B.,%:Bs). As a result, the numerator corresponds to
the bond risk premium without the Jensen term. The denominator corresponds to the
maximum risk premium (also without the Jensen term).

Note that the maximal Sharpe ratio in the model is:

MaxSR; = o(logSDFyi1)
= R0+ 0%+ R0k, + N,

= (NSA+N202)7

n- gt

VI. Decomposition of the Nominal SDF

The following proposition shows how to decompose the nominal SDF of the long-run
risk model into a martingale and a dominant pricing component. To avoid confusion, we
use M N to denote the nominal pricing kernel.

Proposition 2. The stochastic discount factor of the long-run risk model can be decom-
posed into a martingale component and the dominant pricing component:

MNZT ~ -~ o~ ~g Al

Mzgfl - ﬁexp(—B;f;(I—P)XtJrBi;Eggm),

MNP . i T e e e

ot = Bl exp (o — e+ 8+ BY (1-T)] X - (RF + BL)Si5)-
t

To show this, we start from the definition of the dominant pricing component of the
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pricing kernel:

BtJrn

MN] = lim ———,
n— o0 Pt (TL)

Recall that log real bond prices are affine in the state vector:
pi’(n) = =Bj(n) = Bi(n)z, — By,(n) (05, — o) = By, (02, — 03) = BY (7e = pir)
= —Bj(n) - B*n)'X,,
where we define X; = (4,02, — 02,02, — 02,7 — fix).

We can then write the dominant pricing component of the SDF as:

MNP = lim " exp (Bg(n) + B$(n)'Xt) :

n—oo

The constant 3 is chosen in order to satisfy Assumption 1 in Alvarez and Jermann
(2005):

psb
0 < lim tﬁ—n(n) < 00
Recall that BS(n) is defined recursively:
5 s 1 5 ? 5 > 2
B§(n) = Bi(n—1)—ps+px— 51 on+Bin—Do.| + [Au + Bh(n—1)] o2,

_% { [/\””w + Bj(n - 1)}2 oo+ {%g + Ay + @2y B (n — 1)}2 03}

1 2
3 [Spfr:c +Ae + Bi(n -1+ goszi(n - 1)} Ui

Because of the affine term structure of the model and the stationarity of the state
vector X, the limit lim,, ., B%(n) = B%(c0) is finite. Taking limits on both sides of the
equation above leads to:

1 2 2
lim Bg(n) - Bg(n -1) = —pstpr— {[Uw + Bi(OO)UZ} + {)‘gw + Bgs(oo)} Ugw}

n—oo 2

3 { P 2 e ] o)

1 2
D) [‘Pﬂz +Ae + Bg(oo) + <me§}(oo)} Ui

The limit of Bf(n) — B(n — 1) is finite, so that BS(n) grows at a linear rate in the
limit. We choose the constant § to offset the growth in Bg(n) as n becomes very large.
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Setting

B = exp (us — lr + % { [Uﬂ + B;s}(oo)az}2 + {)\gw + Bgs(oo)] ’ ij}

S ———

+

N = N =

$ $ 2
|:SD7TLE + Ae + BI(OO) + (Pszﬂ-(OO)} Ur)

guarantees that Assumption 1 in Alvarez and Jermann (2005) is satisfied.
We can now write the dominant pricing component of the SDF as:

MNZT ~ -~
t;l = fexp (—Bi@(f — D)X, + B2 (00)p.g0gtmi1 + BE(00)0. €011
MN;
+[B3(00) + BE(00)pzu|owerin + Bgs(oo)agwwg,tﬂ + Bgs(oo)%wwz,tﬂ)
= Bexp (—Bgé(] - f)Xt + Bgéifé\iH»l) 5
where
p 0 0 0
= 0o oy 0 0
=10 0 w o
a, 0 0 an

_ To derive the martingale component of the SDF, let us go back to the SDF itself. Let
S = [sz, Sgs, Szs, —1]’. Then the nominal SDF is:

MNiq
M N,

exp (Ms — Ur+ 5")2} — ()\,, + Qrg) OgtNet1
- ()\e + Spfrm) Oxt€t+1 — )\nggwwg,t—i-l - )‘ﬂﬂwamﬂwwv“‘l o Uﬂ{t"—l)

= exp (us — pr + 8" X — /A\$/E't5§t+1)

As a result, the martingale component of the SDF is:

-1

% _ MNi, (MNt:Crl)
MNF MN, \ MNF
= [ lexp (Ms — M+ {gl + Bfé (I - f‘)} X; - Ay + ng + Bi(oo)(ng]agtnt-i-l
~[Ae + @ru + BY(00) + B (00)¢zslonier
~Dgw + Bia(00)]0gutgi1 = Do + BE(00)]0wwttn 1 = [0 + BE(00)0 6141 )

e (e [$ 82 ()] - 0+ B

We need to verify that the martingale component is a martingale, i.e that E,[M/, /M| =



14 THE AMERICAN ECONOMIC REVIEW MAY 2010

1. To do so, recall that the bond parameters evolve as:

BS(n) = pBS(n—1)+aBn—1)—s,

1 2
BS,(n) = vyBii(n—1) =590 =5 [y + ng + 024 BE(n—1)]

1 2
Bis(”) = VzBis(” —1) = Sas — 3 {)‘e + Pz + Bg(” -1+ @zzBi(n - 1)}
B¥(n) = aB¥(n—-1)+1.

Taking limits as n — oo leads to:

$r T U 1 $ 2
B(oo)*(I-D)+8' = 0, =5 [Ay+0mg + 02 B3 (00|, =5

To check the martingale condition, we plug in the definition of B in the expression for
the martingale component of the nominal SDF, and use the above equation for B(c0)¥ (I—

)+ S’. After some algebra, we indeed find that

B [MNG]
t P - .
M Ny

We now turn to the conditional variances of the log SDF and its dominant pricing and

martingale components, Var[sdfy, |], Var [sdfffq] and Var, [sdffﬁi]

Vary[sdff;)] = (Mg +@ng)” 0o+ (e + Prna)” 0% + Aoy Oy + Moy + 02
— RYSAY
Var[sdfii)] = B3(00)%0%,02, + [BS(00) + B (c0)p4)202,
+B5,(0)%07,, + Bi,(00)°02,, + B (c0)?0?
_ BYS.BL
Var[sdffy] = [\ + @ng + BE(00)02g]20% + [Ae + ¢ + B (00) + BE(00) 20?02,

+[)‘gw + Bgs(m)]20§w + Paw + Bis(oo)]Qaiw + [ox + BE(OO)UZ]Q
= (A*+B)YS,(A*+BY)

The conditional variance ratio Var[sdf/,]/Vi[sdfi41] equals

P e~ e A~
Vilsdfiyy) _ | —BYSA® - 3BYS.BY
Vt[Sdft$+1] %AﬁéEtAio

The first term in the numerator corresponds to the nominal bond risk premium of an
infinite horizon bond, which includes a Jensen term. The second term in the numera-
tor is that Jensen term. As a result, the numerator corresponds to the nominal bond
risk premium without the Jensen term. The denominator corresponds to the maximum
nominal risk premium, also without the Jensen term.

!/

1 2
[Ae + ora + BS(00) + sosz;s;(oo)] ,0] .
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VII. Calibration

Table [ reports the model parameter values we use; they are the ones proposed in
Bansal and Shaliastovich (2007). Table [2 reports the model loadings on state variables.
The model is simulated for 60,000 months and aggregated up to quarterly frequency
for comparison with our quarterly data. In the simulation, negative values for 0311& 41 and

a?m 41 are replaced by very small positive values in simulation.

Table [ reports the mean, standard deviation and autocorrelation of the stochastic dis-
count factor (SDF), its martingale (SDF?) and dominant pricing (SDFT) components,
the conditional variance ratio w, the maximum risk premium without Jensen adjustment
(Max RP) and the risk premium of an infinite maturity bond without Jensen adjustment
(BRP()). Table Bl reports the mean and standard deviations of the real and nominal
yields and bond risk premia in the model and compare them to the same moments in
the actual nominal data. Table [Bl reports moments of quarterly inflation in the model
and in the data. Quarterly inflation is obtained as the sum of three consecutive monthly
inflation rates.

The Bansal and Shaliastovich (2007) calibration generates an annual consumption
growth rate of 2.12 percent with a standard deviation of 3.52 percent. It generates
an annual inflation rate of 3.52 percent with a standard deviation of 2.49 percent.

VIII. Robustness Checks

As robustness checks, we considered both changes on the real and on the nominal side
of the economy.

On the real side, we conduct two experiments. First, we find that a slight decrease in
the persistence of the long-run component in consumption growth p, could decrease the
long-horizon consumption variance ratios and the real variance ratio significantly, and
increase the long term real yield from negative to positive values. As a result, the model
would need to rely less on a large inflation risk premium in order to match the nominal
yield curve, thus lowering the variation of M in the nominal pricing kernel. However, if
all the other parameters are maintained at their previous values, the model would then
imply too much volatility of the wealth-consumption ratio and an equity risk premium
that is much too low. Second, we shut down the heteroscedasticity in consumption
growth by calibrating 0., and o4, to very low values. We keep all the other parameters
at their previous values. In this case, the real and nominal conditional variance ratios
are respectively 1.20 and 0.63 (see Table [6). They are closer to 1, but equity and bond
risk premia are constant.

On the nominal side, we first check the robustness of our results to a slightly different
calibration of the inflation dynamics. First, we vary each inflation parameter indepen-
dently in either direction. We report in Table[flthe mean maximum risk premium (M RP),
the mean bond risk premium BRPj (including the Jensen term) and the mean variance
ratio w for different values of the inflation parameters. We simulate the model for a low
and a high value of each parameter (25 percent above and below the benchmark value
reported in Table[I]). The only exception is the parameter a., which we cannot increase
by 25 percent without running into stationarity issues. The high value is a 10 percent
increase for that parameter. We find that w; only changes noticeably with o, and a;.

To further investigate the sensitivity to these two parameters, Figure[lin the appendix
plots w; (left axis) and the five-year nominal bond risk premium (right axis) against a,
(horizontal axis). As we vary a, away from its benchmark value of -0.35, we simultane-
ously vary a, to match the observed persistence of quarterly inflation. We also choose
ur and o, to keep the mean and volatility of inflation at their benchmark values. The
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figure shows that w; is essentially unchanged over a wide range of values for a,, and never
comes close to the desired value of one.

Next, we consider a calibration that matches the observed mean, variance, and per-
sistence of inflation, the 5-1-year yield spread, and the persistence of the 5-year nominal
bond risk premium. This calibration delivers a nominal variance ratio w; that is much
too high.

Finally, we ask whether we can find inflation parameters that deliver a nominal variance
ratio of 1. We find that we can, while matching the mean inflation, the slope of the
nominal term structure, and the persistence of the nominal BRP, but inflation ends up
being 2.5 times too volatile and not persistent enough.

1 5
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FIGURE 1. VARIANCE RATIO AND NOMINAL BOND RISK PREMIUM: SENSITIVITY ANALYSIS

The figure plots the conditional variance ratio wy (against the left axis) and the five-year nominal bond risk premium (against
the right axis) for different values of the parameter a, (on the horizontal axis). As we vary ag away from its benchmark value
of -0.35, we simultaneously vary a; to match the observed persistence of quarterly inflation. We also choose ugx and ox to

keep the mean and volatility of inflation at their benchmark values.

IX. Empirical Variance Ratios

Alvarez and Jermann (2005) show that — assuming that the process X; satisfies the same
regularity conditions as above and that X1 /X is strictly stationary and limy_, oo %Var(EtJrk [Xy]) =

0 — then »
Xit1 o1 Xtk
Var<Xf>—k1Ln;oEVar< X, )’

Note that the entropy measure used by Alvarez and Jermann (2005) collapses to the half-
variance since all variables are conditionally normal. This result implies that long-horizon
variance ratios are informative about the variance of the martingale component. We now
turn to the empirical variance ratios of the two components of the SDF, e.g consumption
growth and the wealth consumption ratio.

If changes in log consumption or changes in the log wealth-consumption ratio are i.i.d,
then the variance of long-horizon changes in each variable should grow with the horizon.
We compute variance ratios at horizon h as VR(h) = Var[Z?ZO Axyj]/[hWVar(Axzy)],
for x = ¢ and x = we. We simulate the model at monthly frequency. Table [Il in the
appendix reports the model parameters. We start from the parameter values in Bansal
and Shaliastovich (2007).
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Figure2lreports these variance ratios for consumption growth, the change in the wealth-
consumption ratio, and inflation. The left panel corresponds to actual data; the right
panel uses simulated series. Let us first focus on actual data. The variance ratio of
the wealth-consumption ratio clearly decreases with the horizon. It is below 0.6 within
five years. Consumption growth exhibits a very different pattern: its variance ratio
first increases for horizons up to 5 years; it then decreases, but even after 15 years, the
variance ratio is still above one. As a result, there is strong evidence of persistence and
mean-reversion in the wealth-consumption ratio, but not in consumption growth.

Let us now turn to simulated data. The variance ratios of the wealth-consumption
ratio are in line with the data. They decrease linearly with the horizon, from 1 to
approximately 0.5 at the 30-year horizon. In the data, the variance ratio decreases from
1 to 0.6. Consumption growth, however, exhibits a very different pattern. At long
horizons, it displays more persistence in the model than in the data. The bottom panel
shows that the inflation persistence is similar in model and data, with a slight divergence
maybe at longer horizons.

Data: Consumption Growth Model:Consumption Growth
20
15
—_—
<
T 10
>
5
(R A AT A3 8333003
0 20 40 60 0 20 40 60
Data: Change in Log Wealth-Consumption Ratio Model: Change in Log Wealth-Consumption Ratio
15 15

0 20 40 60 0 20 40 60

Data: Inflation Model: Inflation

20 40 60

o

20 40 60
Horizon (h) in quarters Horizon (h) in quarters

o

FIGURE 2. VARIANCE RATIOS FOR CONSUMPTION GROWTH, THE CHANGE IN THE LOG WEALTH CONSUMP-
TION RATIO AND INFLATION IN THE DATA AND IN THE MODEL.

The variance ratio of Az is equal to VR(h) = Var[zj’ﬁzo Awyy;]/[RVar(Azg)]. The left panel corresponds to actual data.

The right panel corresponds to simulated data. Data are quarterly. Actual data come from Lustig et al. (2009). The sample is
1952:11-2008:1V.
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TABLE 1—MODEL PARAMETER VALUES

Parameter BS(2007)

Preference Parameters:

Subjective discount factor é 0.9987
Intertemporal elasticity of substitution P 1.5
Risk aversion coefficient o4 8
Consumption Growth Parameters:

Mean of consumption growth g 0.0016
Long-run risk persistence p 0.991
News volatility level g4 0.004
News volatility persistence Vg 0.85
News volatility of volatility Ogw 1.15e — 6
Long run-risk volatility level Oz 0.0040,
Long run-risk volatility persistence Vg 0.996
Long run-risk volatility of volatility Ozw 0.06209w
Dividend Growth Parameters:

Mean of dividend growth Hd 0.0015
Dividend leverage o3 1.5
Dividend loading on news volatility bgs 0
Dividend loading on long-run risk volatility Gas 0
Volatility loading of dividend growth ©Yd 6.0
Correlation of consumption and dividend news 744 0.1
Inflation Parameters:

Mean of inflation rate = 0.0032
Inflation leverage on news Prg 0
Inflation leverage on long-run news Pra —2.0
Inflation shock volatility Or 0.0035
Expected inflation AR coefficient i 0.83
Expected inflation loading on long-run risk Qg —0.35
Expected inflation leverage on news Pzg 0
Expected inflation leverage on long-run news Pza —1.0
Expected inflation shock volatility o 4.0e — 6

This table reports the calibrated parameters values for our simulation. We take them from
Table IV and Table C.I in Bansal and Shaliastovich (2007).
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TABLE 2—MODEL LOADINGS ON STATE VARIABLES

constant T O'gt — 03 aﬁt — crf.
-1 o(5-1)" 1 1)\?
_ P P 4 P
we flwe We=m=r  Woo =50y Wes = 20 —0) (HH)
6.4 31 —7.7 —1.8 x 10°
I{Wj 3k w(%)}
_1 1[.2_ ” 2 2 P—rG T Tp—r1 —.o)2
pd Upd D, = dz:; Dys = mz*’%ﬁw D,e = ! — (p=r)
3[(=%) a=+egs]
2 ) 9 brs
+ K1—Vg +l€171/m
5.6 66 1.3 x 102 —4.3 x 10°
ERP (1 —0) WysDgso2,, Ggs = VpdTgd Gos=(1-0)W,D,
+(1 = 0) WysDysol,
+<Pd7'gd’7¢7§
+D, (0 — 1) Wyo?
0.003 0 4.8 4.6 x 10*
BRP (0 — 1) WysBgs(n — 1)02,, Fy(n)=0 Fye(n) =0 Fps(n) = (0 — 1) WeBz(n —1)
(Real) + (0 — 1) WasBas(n — 1)02,,
+(0 — 1) WyBa(n — 1)o2
—0.0014 0 0 —2.1 x 10*
BRP (60 — 1) WysBja(n — 1oz, Fi(n) =0 Fyy(n) =—(y+ ¢nrg) Fas(n) = [(0 = 1) Wa — @ra]
(Nominal) (0 —1) WaaBS, (n — 1)02, X2gBS(n — 1) x (Bf’g (n—1)+ B (n — 1)%)
—&—a’WJZB;s}(n -1)
— (Y + ¢rg) P29 Bi(n — 1)og
+((0 = 1) Wa = pra) (B3 — 1) + BE(n — s ) o
0.0015 0 -0 4.3 x 10*

This table reports the model loadings on a constant and the state variables.
price-dividend ratio (pd), the equity risk premium (ERP), the real and nominal bond risk premia (BRP) at the n-year horizon.

We consider the log wealth-consumption ratio (wc), the log
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TABLE 3—REAL AND NOMINAL YIELD CURVES

21

Maturity 1 2 3 4 5 30 200
Nominal Bonds - Data
Mean Yields 5.33 5.52 5.69 5.80 5.89
Std 2.81 2.77 2.70 2.69 2.65
Nominal Bonds - Model
Mean Yields 5.19 5.46 5.75 6.06 6.38 12.82 20.02
Std 2.92 2.79 2.65 2.53 2.43 1.60 0.36
Mean BRP 0.33 0.93 1.59 2.27 2.97 16.81 24.43
Std 0.07 0.18 0.28 0.38 0.46 1.13 1.18
Real Bonds - Model
Mean Yields 1.26 1.05 0.83 0.61 0.39 —4.71 —13.63
Std 1.39 1.35 1.32 1.30 1.29 1.10 0.25
Mean BRP -039 -083 -—-1.28 -—-1.73 -—219 -11.14 -16.21
Std 0.05 0.10 0.15 0.19 0.23 0.52 0.55

The top panel reports the mean and standard deviation of nominal bond yields in the Fama-Bliss data. The data are for 1952
until 2008, and only bond yields of maturities one through five years are available. The maturity is in years. The yields and
returns are annualized and reported in percentage points. The middle panel does the same for nominal bond yields for a 60,000
month simulation of the LRR model. It also reports the mean and standard deviation of the nominal bond risk premia. The

TABLE 4—CONDITIONAL VARIANCE RATIO

Mean Std  AR(1)
Nominal SDF
SDF*® 0.99 023 —0.01
SDFS® 1.00 0.14  —0.01
SDFST 0.98 010 —0.01
w? 0.37  0.06 0.98
Maz RP 30.62 252 0.99
BRP(cc) 18.72  1.04 0.99
Real SDF

SDF 1.00 023  —0.01
SDFFP 1.00  0.30 —0.01
SDFT 1.02  0.07 —0.01
we 1.65 0.11 0.98
Maz RP 30.69  2.54 0.99
BRP()  —19.05  0.58 0.99

bottom panel reports the same model-implied moments for real bonds.

This table reports the mean, standard deviation and autocorrelation of the stochastic discount factor (SDF), its martingale

(SDFP) and dominant pricing (SDFT) components, the conditional variance ratio w, the maximum risk premium without
Jensen adjustment (Maxz RP) and the risk premium of an infinite maturity bond without Jensen adjustment (BRP(occ)). The
table reports the autocorrelation of each monthly variable in logs. The top (bottom) panel focuses on the nominal (real)

stochastic discount factor. The numbers are computed from a 60,000 month simulation.
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TABLE 5—INFLATION: MODEL VS DATA

Data Model
Mean  Std AR(1) | Mean  Std AR(1)
e 0.85 0.62 0.86 0.88 1.25 0.76

This table reports the mean, standard deviation and autocorrelation of the quarterly inflation rate. The left panel corresponds
to actual data, from Lustig, Van Nieuwerburgh and Verdelhan (2009). The right panel corresponds to simulated data, from the
model. The mean and standard deviation are in percentage.

TABLE 6—CONDITIONAL VARIANCE RATIO: NO HETEROSCEDASTICITY

Mean Std  AR(1)
Nominal SDF

SDF?® 1.00 0.12  —0.01
SDF%P 1.00 0.13  —0.01
SDFST 1.00  0.01  —0.01
w? 1.20  0.00 1.00
Maz RP 874  0.00 1.00
BRP(x) —1.74  0.00 1.00
Real SDF
SDF 0.99 012 —0.01
SDFF 1.00 010 —0.01
SDFT 0.99 0.03 —0.01
wy 0.63  0.00 1.00
Maz RP 8.70  0.00 1.00
BRP(c) 3.18  0.00 1.00

This table reports the mean, standard deviation and autocorrelation of the stochastic discount factor (SDF), its martingale
(SDFP) and dominant pricing (SDFT) components, the conditional variance ratio w, the maximum risk premium without
Jensen adjustment (Maxz RP) and the risk premium of an infinite maturity bond without Jensen adjustment (BRP(occ)). The
table reports the autocorrelation of each monthly variable in logs. The top (bottom) panel focuses on the nominal (real)
stochastic discount factor. The numbers are computed from a 60,000 month simulation.
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TABLE 7—SENSITIVITY TO INFLATION SPECIFICATION
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Max RP BRP(c0)

Low High Low High Low High
tp 30.62 30.62 18.72 18.72 0.37 0.37
Prg 30.62 30.62 18.72 18.72 0.37 0.37
Pra 30.64 30.60 18.70 18.74 0.37 0.37
Ox 30.62 30.62 18.72 18.72 0.37 0.37
o 30.62 30.62 5.61 26.42 0.81 0.10
Qg 30.62 30.62 14.54 21.84 0.51 0.27
Pzg 30.62 30.62 18.72 18.72 0.37 0.37
Pz 30.62 30.62 18.63 18.81 0.38 0.37
0 30.62 30.62 18.72 18.72 0.37 0.37

This table reports the mean maximum risk premium (Maxz RP) , the mean bond risk premium BRP(oco) (including the Jensen
term) and the mean variance ratio w. We vary one parameter at a time, and simulate the model for a low and a high value of
each parameter (25 percent above and below the benchmark value reported in the first column of Table[d). The only exception
is the parameter o, which we cannot increase by 25 percent without running into stationarity issues. The high value is a 10
percent increase for that parameter.



