Dantzig—Wolfe decomposition

minimize  cjx1 + chxo
subject to Dix1 + Dyxs = bg

Fixq1 =b;
Foxs =bo
X1,X2 2> 0

P;={x; > 0| F;x; = b;}

minimize  cjx; + chxo
subject to  Djix; + Doxp = bg
X1 € P
Xo € Po.

e Assume P;, P> bounded

° X{, j € J1, extreme points of P;

. Xjé, j € Jo, extreme points of P,

X; = Z )\gxg
JE€J;
where
J J— _
A >0, ZAi_l, i=1,2



e Reformulated problem (master)

minimize Y 3 Mclx]

i=1,2j€J;
subject to > > ADix! =bg
1=1,2j€J;
J —
> N =
JjeJ1
J —
Yoa=1
jed2
j .
A; >0, Vi, J.
. Dlxji , DQX% bg
M| 1 | FX N o (=11
JeJ1 0 JEJ2 1 1

e Fewer constraints, smaller tableau

e Many columns

Apply column generation ideas
e Given basis B

e Assume p’ = czB~1 is available
— Dimension mg + 2

—p=1(q,7r1,72)
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Reduced cost of A]i is

. D1X71

c1x) —[q 1 o] 1 = (¢} —d'D1)x]| —r1.

0
Use simplex to

minimize (¢} — d'D1)x1
subject to xq € Py,
e If optimal cost < ry:

— optimal extreme point x{ with
(c) — q’Dl)le <nr

- A{ has negative reduced cost

— generate column and have it enter basis

Dlx{
1
0
+ 9
+ +

e If optimal cost >r
(c} —d'D1)x] > ry for all extreme points
J
X
1

e reduced cost of every )\Jl is nonnegative.
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Dantzig—Wolfe decomposition algorithm

e Start with mg 4+ 2 extreme points of Py

and P>

e bfs of master problem

e dual vector p’ = (q,71,72)’ = czgB~ L.

e Form and solve the two subproblems

e If optimal costs >

r1,rp, terminate

e If the optimal cost in the ith subproblem

< r;, some X can

become basic

e Do a revised simplex iteration
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Why two subproblems?

minimize C/]_X]_—|—C/2X2+--'—|—Ctxt
subject to Dix1 +Doxs + - 4+ Dyx¢ = bo
F,x;, = b, 1 =1,2,...,t,

X1, X2, -+

Can havet=1

minimize
subject to

P={x>0]|Fx=Db}

.,XtZO.

c'x
Dx = bg
Fx=bD
x > 0,
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Example
minimize  —4xzq{ — x5 — 6x3
subject to  3z1 + 225 + 43 = 17
1<z <2
1<z,<?2
1<z3<2

D=[324], bg=17
xeP={xeR3|1<2;,<2, i=1,2,3}
Master problem

> ADx = 17,
i=1

3
> A =1,
i=1
Columns (Dx7,1).

Let x! =(2,2,2), x2=(1,1,2)
Let A1, Ao initial basic variables.
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[dr]=p =czB 1 =[-22-17]B~1 =[-1 -4].

e minimize (¢’ — ¢'D)x subject to x € P.

ec—qdD=(-1,1,-2)

e optimal solution x3 = (2,1,2), cost —5

e Let A3 enter the basis

e Resulting bfs is optimal
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+
T3 A
x2=(1,12) (12,2)
-
A B
x3=(2,1,2) (f—x=((2,2,2)
L
(1,1,1) (1,2,1)
2.1,1) (221
1
N 21
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Starting the algorithm
e Find extreme points x} € P; and x3 € P,
e Assume Dix} 4+ Dox3 <b

e Auxiliary problem
mo

minimize >y
t=1

subject to >y AZDixg +y =bg

i=1,2j5€J;

J
> =1
JE€J1

J
D=1
JEJ2

AF>0, yw>0 Vit

e Initial bfs: Al =3 =1
y =bg — Dlx% — DQX%.
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e Revised simplex method:
— Terminates for nondegenerate problems

— Can use lexicographic pivoting rule

e In practice
— Fast progress initially
— Slow progress towards the end

— May wish to terminate prematurely
e Storage O((mg +t)2) + t-O(m?)

e Compare to O((mg 4+ tm1)?)
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Bounds on optimal cost
e z*: optimal cost in master problem
e z cost of current feasible solution
e r; value of dual variable
e z;, optimal cost in ith subproblem

e Then,

2+ (zi—m) <2F <z
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Proof

x basic feasible solution

y other feasible solution

o yB 1Ay =c;B b =c/x
c'y =cy+czB tAy =7y + 'x.

e y feasible solution of master problem

e X current bfs of master problem

cx =z

e Reduced cost of Ag > zi— 7

y >3 SN NGi—r)+z=Y(zi—r) +=

7 jEJZ' 7
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