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Problem 1.

(a) Person 2 can be assigned project 1 with profit p; —cey =3 —2=1, or
project 3 with profit 3.25 —2 = 1.25. Person 4 can be assigned project 3 with
profit 3.25 — 2 = 1.25, or project 4 with profit 3.5 — 3 = 0.5. Thus, person
4 must be assigned project 3 in order to satisfy 1/4-complementary slack-
ness. This leaves person 2 with project 1, which is fine, since 1 > 1.25—0.25.

(b) Persons 1 and 3 make bids. Person 1 will bid on project 1, since
3—1>25—1. 1’s bid will be of value 3 — (2 — 1.5) — 0.25 = 2.25.
Person 3 will bid on project 4, since 3.5 —2 > 2.5 —2. 3’s bid will be of value
3.5 — (1.5 —.5) — 0.25 = 2.25 also. Since there are no conflicting bids, the
assignments will be updated to person 1 to project 1, person 2 unassigned,
person 3 to project 4, and person 4 remains on project 3. The prices are now
updated to p; = 2.25, po = 2.5, p3 = 3.25, and py = 2.25.

Problem 2. .
We define three binary variables for each node i, =}, 2%, and z}. Variable z
is 1 if node 7 is assigned label j € {1,2,3} and 0 otherwise!. Let E denote

!Note: A common, incorrect formulation is to define variables y; € {0, 1,2} representing
which label any node 4 has, then introduce the constraints |y; —y;| > 1V {i,j} € E. These
constraints, however, do not form a polyhedron (the feasible set is nonconvex). A good
rule of thumb to remember is that absolute values in constraints should always be on the
“less than” side of an inequality; to see this, one need only examine the regions defined
by || > 1 versus |z| < 1.



the set of edges in the graph. The problem now has the following form:
minimize 0
subject to ritai+ai=1, i=1,...,n,
xij—x{ <1, j=1,2,3, V{k I} € E,
z; €{0,1} 7=1,2,3,i=1,...,n.

Problem 3.

Consider a nonbasic arc (i,7), (i.e., outside the tree). It suffices to show
that the reduced cost of any such arc is nonnegative. Consider the path
from i to j along the tree. Let F' and B be the forward and backward
arcs on that path, respectively. We have ¢y < pp — p + €, V(k, 1) € F, and
cer > pr — o1, V(k,1) € B (dual feasibility). Adding the arc costs along the
path, we have 3 e pci — D nep et < pi—pj+ (n—1)e < ¢+ (n—1)e,
where the last inequality uses dual feasibility. Since the arc costs are all
integer, and (n — 1)e < 1, we obtain >, cpcr — D pep Crt < Cij. This
shows that the reduced cost of arc (7, j) is nonnegative. Since this holds for
every arc outside the tree, we conclude that the corresponding basic feasible
flow vector is optimal.

Problem 4.
(a) We need to show that « € S;p = x € S (p). We have

p"Alz < pTAz (x>0)
< p'b (Az<b, p>0)

So we have |pT Alx < p’b. On the other hand, x is integer, and so is |p? A|,
so we have

lp" Az < [p"b],

which implies that € S (p).

(b) The result as stated in the problem is actually false, so this problem
was not counted in the grading.? If, on the other hand, the problem had

2To see that it is not true, consider A = [2 1] and b = 1. Then CH(X) =
{x | 221+ 22 <1}, and CH(X)N{x |z >0} = CH({(0,0),(1/2,0),(1,0)}). On the
other hand, with p = 1/2 in the other feasible set, we get the constraint z; < 0, so we
immediately see this feasible set is smaller.



been stated “V p such that p > 0 and p” A integral,” then the claim is true,
as we will now show.

Recall that we can write zp as the optimal value of the problem:

T

minimize cx
subject to x >0,
xeCH(X),

where X = {x integer | Az < b}. Consider the optimal solution a* corre-
sponding to zp. Since &* € CH (X), it can be written as a convex combi-
nation of the set J of extreme points @’/ of CH(X) (we need not consider
extreme rays since X is a bounded set by the assumption). Since the x’ are
integral (by definition of X'), we have that

p' Az’ < |p'b], Vje

This inequality is valid since x/ satisfies Az’ < b, p > 0, and p” A and x7 are
integral, so we can round down the right-hand side with impunity. It clear
that the convex combination z* = >°._; A&’ will satisfy p" Az* < [p”b],
since the multipliers )\; are nonnegative and sum to one. This implies that
x* is feasible to the second optimization problem, so zp < zp.3

3Even though the claim is false, a disturbing number of people argued along the lines
that CH(X)N{x | > 0} = S;p. This is not true, as can be seen again by the example
A=1[21], b=1.
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