L8/9: Arithmetic Structures

Lecture Material Adapted From:

» R. Katz, G. Borriello, “Contemporary Logic Design” (second edition), Copyright 2005
Prentice-Hall/Pearson Education.

» J. Rabaey, A. Chandrakasan, B. Nikolic, “Digital Integrated Circuits: A Design
Perspective” Copyright 2003 Prentice Hall/Pearson Education.

» Special thanks to Kevin Atkinson, Alice Wang, Rex Min
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U Number Systems Basics UM

How to represent negative numbers?

m Three common schemes: sign-magnitude, ones
complement, twos complement

m Sign-magnitude: MSB = 0 for positive, 1 for negative
ORange: -2N1-1) to +(2N-1-1)
OTwo representations for zero: 0000... & 1000...
OSimple multiplication but complicated addition/subtraction

m Ones complement: if N is positive then its negative is N
OExample: 0111 =7, 1000 =-7
ORange: -2N1 - 1) to +(2N-1-1)
OTwo representations for zero: 0000... & 1111...
OSubtraction implemented as addition and negation
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ni- Twos Complement Representation UM

Twos complement = bitwise complement + 1

0111 — 1000 +1=1001 =-7
1001 - 0110 +1=0111= 7 3

= Asymmetric range: -2N! to +2N-1-1
: -5 {1011 0100 | +4

= Only one representation for zero

= Simple addition and subtraction -6

= Most common representation

1000 0111

-8 +7
4 0100 -4 1100 4 0100 -4 1100
+3 0011 +(-3) 1101 -3 1101 +3 0011
7 0111 -7 11001 1 10001 -1 1111

[Katz05]
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1 Overflow Conditions T

Add two positive numbers to get a negative number or two negative numbers
to get a positive number
+0

-8 01000

If carry in to sign equals carry out then can ignore carry out, otherwise have overflow
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1 Binary Full Adder T

A B
|| S=A0®B®C;,
c. | Full | - = ABC,; + ABC,; + ABC,; + ABC,
' | Adder 0
l C,= AB+C; (A+B)
S
A B cC |s co AB
0 0 0 0 0 Cl \\00 01 11 10
0 0 1 10
o 1 o L 0 < 00 [Bl]o |I
0o 1 1 0o 1 1 [[]fo |[x]]o
1 0 0 10
1 0 1 0o 1
1 1 0 0o 1 AB
1 1 1 11 Cl \\00 01 11 10

CO
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U Ripple Carry Adder Structure UM

Ba o BA B4 B4
C£ Full Co,z Full Co,l Full | Co,o Full Ei,O
Adder Adder Adder Adder
} ! ) )
S; S, S So

Worst case propagation delay linear with the number of bits

tadder = (N-l)tcarry +

sum
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U Extension to Subtraction UM

»Under twos complement, subtracting B is the same as
adding the bitwise complement of B then adding 1

Combination addition/subtraction system:

mux selects B for addition, B for subtraction

o l ! ™~

Add/Subtract

C0,3 Co,z Co,l Co,O \
N ’ S{ iz Sll S{ Add 1 for

subtraction using

carry in
overflow

=
>
=
>
=
>
=
>

Overflow occurs if carry in to sign bit differs from final carry out
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- Comparator (one approach) [Ty
B, B, B, B B, B,
Azi| Ali Ay
FA I FA -] FA FA |
C0,3 C0,2 0.1 CO’O
S, S, S So
N
true if negative
result Z true if zero result
/A<B = N 0
A=B = Z
A<B = Z+N
\_ )
8
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U Alternate Adder Logic Formulation UM

How to Speed up the Critical (Carry) Path?
(How to Build a Fast Adder?)

) p
C. Full
Carry in — —
A B C; A) Co statis Adder 0
0 | O 0 0 0 delete !
0 0 1 1 0 delete S
0 1 0 1 0 | propagate Generate (G) = AB
0 1 1 0 1 propagate Propagate (P)=A®B
1 0 0 1 0 ropagate
PoPES C (G,P) = G+ PC,
1 0 1 0 1 | propagate o L
1 1 0 0 1 generate S(G,P) = P® Ci
1 1 1 1 1 generate

Note: can also use P = A + B for C,
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1 Carry Bypass Adder T

A, B, A, B, A, B, A; B,
I N S SN SN SRR S
P.G P.G P,.G P.G | - Cancompute P, G
P] ]G P] |G P |G P |G, Inparallelforall bits
— FA —| FA | —| FA —| FA —
i,0 CO,O Co,l Co,2 C0,3
' ' ' '

Key Idea: if (P, P, P, P;) then C ;= C;

1,
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1h 16-bit Carry Bypass Adder UM
BP=P,P,P,P; BP=P PP P, BP=P,P,P,,P,, BP=P,,P.P,,P,.
P.G[ |PG| |PG| |PG PG| PG| PG| [PG rcl| |rc| [pc| |rG rc| |rc| |pc| |rG
Cw++ YY YV Vv Co,3++ YY YV V¥ o 2 TV Y9 v v Cn++ T v Y9V v v
TFA?FA?FATFA*O FARFARFARIFAP D TP AFARIFARIFAb ) (ToFALFARFAFAR
Coo Cou Coz »1 Cou Cos Cos »1 C,s Coyo C,.10 Jh Ciz GCois C,14 S T

Assume the following for delay each gate:
P, G from A, B: 1 delay unit
P, G, C, to C, or Sum for a FA: 1 delay unit

2:1 mux delay: 1 delay unit

What is the worst case propagation delay for the 16-bit adder?
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i Critical Path Analysis i

I BP=P,P,P,P; BP2=P,P,PP, BP3=P,P,P,,P,, BP4=P.P,.P, ..
P‘} PG| |P,G| |P,G G| [pG| |PG| |PG rc| |pc| [rc| [pc e P P e
Cu yv vv v}y SR T T M = e w g x M I i wr e e J
TFA?FA?FA?FA* - FA‘{FAX’FATFA*D—E.’I‘ﬂ?FA-:FA¢FA+o ? ‘bl
T T Cu Cos Cos  Cos ! Cos  Coo  Cono Cor Cois Cons |,
i gl
C0,15

For the second stage, is the critical path:

BP2=0or BP2=1?

Message: Timing Analysis is Very Tricky —
Must Carefully Consider Data Dependencies For
False Paths
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M Carry Lookahead Adder U

Re-express the carry logic as follows:

Cl1=G0+P0CO

C2=G1+P1C1=G1+P1G0+P1P0CO
C3=G2+P2C2=G2+P2G1+P2P1GO0+P2P1P0OCO
C4=G3+P3C3=G3+P3G2+P3P2G1+P3P2P1GO0+P3P2P1P0OCO

= Each of the carry equations can be implemented in a two-level logic
network

=Variables are the adder inputs and carry in to stage 0

Ripple effect has been eliminated!
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Carry Lookahead Logic Uy

Mir
A "jD ___________________________________________________________ o
T >
D o

CO0—

PO—]
GO

CO—
PO—
P1—

GO—
P1—

Gl
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Adder with propagate and
generate outputs

Later stages have increasingly complex logic

co—
) Cl PO—
P1—

P2—

GO
P1—
p2—

G1—

G2

"

U

C3

CO0—
PO—
P1—
P2—
P3—

GO—
P1—
P2—
P3—
G1—
P2—
P3—
G2—
P3—

u\

G3
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e Block Generate and Propagate i

G, and P;; denote the Generate and Propagate functions, respectively, for a group of bits
from positions i to j. We call them Block Generate and Block Propagate. G;; equals 1 if
the group generates a carry independent of the incoming carry. P;; equals 1 if an
incoming carry propagates through the entire group. For example, G;., 1s equal to 1 if a
carry is generated at bit position 3, or if a carry out is generated at bit position 2 and
propagates through position 3. G;, = G; + P;G,. P, , is true if an incoming carry
propagates through both bit positions 2 and 3. P,., = P;P,

C,= (G + P Gy) + (P P)Cy = Gy, + P G
c, = G;+P,G, +P,P,G,+P,P,P,G,+P,P,P,P,C,
=(G;+P;G,) +(P;P,)C,, = G, + Py, G
- G3:2 + P3:2(G1:0 + PI:O CO) = G3:0 + P3:0 CO
The carry out of a 4-bit block can thus be computed using only the block generate and propagate

signals for each 2-bit section, plus the carry in to bit 0. The same formulation will be used to generate
the carry out signals for a 16-bit adder using the block generate and propagate from 4-bit sections.
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Uty More Definitions... U

(g,p)e(g.p) = (g+pg.pp)

The above dot operator obeys the associative property, but it is not commutative

(G3.2,P3.2) = (G3,P3) * (G2,P))

(CO, 35 0)= ((G3, P3) o (G2’ P2)o (Gl’ Pl)o (GO’ PO)) o (Ci, 0 0)
(G3.0-P3.0) = [(63,P3) ¢ (G, P (G, Py) e (G, Py) ]
= (G3.0,P3.0) ¢ (Gy0: Py )

(Co, k O) - ((Gka Pk) ¢ (Gk_ 19 Pk_ 1) ¢...0 (GO’ PO)) ¢ (Ci’ O O)
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ree Adder

16-bit Kogge-Stone
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U Adder Performance UM

A Ripple

Select

L ookahead

Delay vs. number of bits
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1 Addition of M, N-bit Numbers T

INL, ,— > > o0 —

INO, ,— + IN2,,— + IN3, — T INM-1, 77— +

INL,,— ee0 ——

INO,,— + IN2,, — + IN3,, — + INM-1 +
| | | |
L ® o L
o o L 4 o
® o o o

INL, — ’ " co0 —

INO, — + IN2, — + IN3, — T INM-1— T

INl, — > > o0 — N

INO, — + IN2, — + IN3, — + INM-1,7 T

Cin - Cin - Cin - Cin -
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5o [7] U [24] Ve
Ao fa] 23] A1
53E Ei1
S:E [21] A2
si[e 0] B2
5q0 8 18] Az
o[e 181 :!_
C“E Elg
M{8 17|G
FDE Ecnhl-
F‘E 15 F
EQE 14| A=B
GND |12 EIF:"

74181 TTL 4-bit ALU (TI)

ACTIVE-LOW DATA

s M=H M= L: ARITHMETIC OPERATIONS
LOGIC Cn=L Cn=H

L FUNCTIONS ino carry) {with carry)
L L L L Fuf F= A MINUS 1 F=A
L L L H F=AB F=ABMINUS1 F=AB
L L H L F=A+B F= ABMINUS 1 F=AB
L L H H Fu1 F= MINUS 1 (2's COMP) F=ZERO
L H L L F=A+8B F = A PLUS (A + B) F=APLUS [A+ Bl PLUS1
L H L H F=B F=ABPLUS (A +B) F = AB PLUS (A + B] PLUS 1
L H H L F=A®BSB F= A MNUS B MINUS1 F=AMMNUSB
L H H H F=A+8 F=A+B F=(A+B)PLUS
WL L L F=AB F=APLUS (A+B) F = A PLUS (A + B) PLUS 1
H L L H F=AIEIB F=APLUSBE F=APLUSEB PLUS
H L H L F=8 F=ABPLUS (A + Bl F=AB PLUS A + B8] PLUS 1
H L H H F=A+B F= (A + Bl F=(A+BlPLUS
H H L L E=0 F = APLUS A} F=A PLUS A PLUS 1
H H L H F=AB F=ABPLUS A F= AB PLUS A PLUS 1
H H H L F=AB F=ABPLUS A F = ABPLUS A PLUS 1
H H H H FeA F=A F=APLUS

fEach bit is shifted to the next more significant position,

" 16 logic functions and 16 arithmetic operations

= Internal 4-bit carry lookahead adder

= Inputs can be active high or active low (active low is shown here)
= Carry in and out are opposite polarity from other inputs/outputs
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74181 Addition (Active Low) i

1 0

50 51 52 53

0 1

(7
|

\it? J:jm D
.—_%é:)“ wmg G- AsBH(A;1B5)AB,
T — | +(A;+B;)(A,tB,) A B,
1e) EPD;D = e ¢ H(A1B,)(A,TB,) (A, +B,) A B
LIS _ Cnea 3T D3N AT ) (A TB) AgD,
—
f 115} P =
L%}r > P = (A;+B;3)(AyB))(A1B)(AtBy)
{19) 1
| %ﬂ
{20)
oL g
/A B AB A+B (AB)@(A+B)\
o i 00 0 0 0
| 01 0 1 1
| I 0 O 1 1
.%:D I 1 1 1 0
(22) T
T E \_ A®B /
| 1
123)
Y T Al D Bl {10} T
AR, D D m F,=A®B,®C,
AO+B0 1 _—
" % ' Ci5A0By+AC, +BiC,
B ’ A, ®B
L0 AB L —DO—OID—JF.: F,=A,®B,®C
= 1 =A,®B,®C
LAY \_ 0 0 n
) ~— Ay Bo \ (3 =A ®B,®C,
= L~
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i 74182 i

G3:0 P30 G7:4 P G11:8 P GIS:12P
74182 carry. Dent L L 18 Lo 1502
lookahead unit . =
L . g .
[ §

= L/ Y S . ' L 5 ] T

G1— 1 16 —Vcc L g g 1 -I-. l-' g z -I-.

Pt 182 ISR, | (TR

_D_ 3 14 -E?_ K)

Pp—4 13=C,

e B 12 = Coax

FS_ 6 1 -Cn'l-_v

P—7 10—G

GND—{ & ] S - e e ’ .
Cs Active low example:
C.,.= GO-P0+GO-C,
m hi e ————
high speed carry lookahead _ GopoGoC,

generator
= used with 74181 to extend carry = (GO+PO)(GOFC,) = GO+ POC,
lookahead beyond 4 bits 7Cy= Gyt PaGy
= correctly handles the carry polarity Coey = Cs =Gy PryGiy T PryPsoCig= Gy 7 P50,
of the 181 Corz= C12=Gig+ PrigGry + PigP74Gyyg + PyygPryPs oGy

= G0+ PGy
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- 16-bit Carry Lookahead Schematic UM

181 configured for A+B:
M=0,S,;,=1001

Azy By \ A,y By, Aps By A5y Bisan

/
{1 82 computes C,_for later stages, }

using block G & P from earlier stages
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Binary Multiplication

X3 Xp X1 Xp Multiplicand
Y3 ¥2 ¥1 Yo Multipler

X3¥0o X2¥0 X1Yo Xo0Yo

X3¥1 X2¥1 X1¥Y1 XoYq

Partial Product

X3¥Y2 X2¥Y2 X1¥2 Xp¥2

+ X3¥3 X2¥3 X1¥3 XpY3

L7 Lg  Zs Z4 L3

» Partial product computation
is simple (single and gate)

Result Xy
/) Z] Z()

& |6

b))

-

Z,
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HA F < FA ¢
)é )a )% )g
\4 v
FA FA FA HA
)a )a )% )a ) l
Z,
\ 4 \ 4
FA FA FA HA
Z Zs Z, zZ,
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U A Serial (Magnitude) Multiplier 1y
Shift/LD .
*
0 161 ] -
= an gl
A
=
! 4] B ﬁsL» acc_out
0 —> _._ X ll§
/
3]
X3 = e ’
" yReg
" - -
X0 | —.ﬂ E I CLK
0 = 1 Ll
CLK - o s

' e P
L8/9: 6.111 Spring 2006 Introductory Digital Systems Laboratory

26



Timing Diagram

H . H .
Mii i
Shift
Xreg 000 x3 x2 x1 x0 000x3x2x1x00ﬁ0x3x2x1x000 0x3x2x1x0000{) 0000 x3x2x1x0

yreg v0yly2y3 W v1y2y3X X v2y3X X X v3IXXX y0yly2y3
AcC out 00000000 W Accum_1 { Accum_2 { Accum_3 00000000
X*Y J( PRODUCT PRODUCT
L8/9: 6.111 Spring 2006 Introductory Digital Systems Laboratory 27



UM Verilog of Serial Multiplier U

module serialmult(shift, clk, always @ (posedge clk)
X, Y. XY)i .
input shift, clk; begin
. if (shift == 1'b0)
input [3:0] x, vy .
£ [7:0] xv: begin
outpu ) Yi xReg <= {4'b0, x};
reg [7:0] xReg; vReg <= y;
reg [3:0] yReg; acc _out <= 8'b0;
reg [7:0] xBus, acc out, Xy int <= add out;
Xy int; end
wire[7:0] add out; else
assign add out = xBus + begin
- xReg <= {xReg[6:0], 1'b0};
acc out;
assign xy = xy int; yReg <= {y[3], yReg[3:11};
gn xy = Xy_ ! acc_out <= add out;
Xy int <= xy;
always @ (yRegl[0] or xReg) end // if shift
begin end // always
if (yReg[0] == 1'b0) xBus = endmodule
8'b0;
else xBus = xReg;
end
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1 Simulation T

=t wave - default

File Edt View Insert Format Tools SWindow

ZE8 %EM Mﬂtﬂiﬁﬂi@mmiiﬁﬁiﬁiﬁﬁ@@i%

€l mibick = |__
£ b mubishit )

B A muls

B4

@ /e

B ’th mibifeg [0
o EXIEXT
B .’.th.drnurt,,' _'t 08

2
N!j,l.-'d UUI.'IE. FEE Fi
Cursor 1 [ihd pa ' | 595364 ps
! AN N
6765 ps to 2126880 ps |

L8/9: 6.111 Spring 2006 Introductory Digital Systems Laboratory 29



U Baugh Wooley Formulation UM

Assuming X and Y are 4-bit twos complement numbers:

X =-23%; + L x 2 Y =-23y, + 2 y2i
The product of X and Y is:
XY = x,y,2° - g;. Xy, 213 - g Xpy;21 + gﬂ: g Xy;2""

For twos 3'complement, tl}e following 1s true:
2x 20 =24+ X X2 + 1

i=0

The product then becomes:

XY =x3y320 + 2 xjy273 + 23 - 26 + 2 Xy 203 + 23 - 26+ 2 3 x,y 01

= X;y320 + 2 Xjy;213 + J:ZO: X3y 2 + X XXy 2t + 2427

i=0 j=0

= -2+ X3Y326 + (X553 F X3Y2)25 + (ms T gyl T XY, +1)24

T (Xo¥3 T X3Y0 T X1y, + X2Y1)23 T Xy, T X1y T X2Y0)22 + (Xoy; T X1y0)21

+ (X0Y0)2O
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wos Complement Multiplication i
X3 Xz X1 Xgo Multiplicand
i Y3 ¥2 ¥1 Yo Multiplier
X3Y0 X2Y0 X1Y0 X0Y0
X3¥1 X2¥1 X1Y1 XoX1
X303 20X3 X1¥9 AHYND
X3Y3 X2¥3 X1¥3 X0Y¥3 Xs X, X, Xy Yo
+ A 4 \ 4 v v
: : » O O
Z7 Z¢ 25 24 73  Zp 71 I X, % X, !
1 A 4 \ 4 \ 4 7
‘ @ \4 b \ 4 b ’
FA [* FA [* FA [¢ HA
X, X, X, X, 72 v
\ 4 @ @ @ v @ Zl
FA FA FA HA
X3 X2 Xl X() Y3 l
1 \ 4 A\ 4 A 4 \ 4
v \ b @ v @ v @ >
HA [* FA FA FA [* HA
! | I '
Zq Zg Zs Z4 Z3
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Ihir Summary i

m Performance of arithmetic blocks dictate the
performance of a digital system

m Architectural and logic transformations can
enable significant speed up (e.g., adder delay
from O(N) to O(log,(N))

m Similar concepts and formulation can be applied
at the system level

m [iming analysis is tricky: watch out for false
paths!

m Area-Delay trade-offs (serial vs. parallel
Implementations)
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