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Preface

There is no shortage of books on Commutative Algebra, but the present book is
different. Most books are monographs, with extensive coverage. But there is one
notable exception: Atiyah and Macdonald’s 1969 classic [3]. It is a clear, concise,
and efficient textbook, aimed at beginners, with a good selection of topics. So it
has remained popular. However, its age and flaws do show. So there is need for an
updated and improved version, which the present book aims to be.

Atiyah and Macdonald explain their philosophy in their introduction. They say
their book “has the modest aim of providing a rapid introduction to the subject.
It is designed to be read by students who have had a first elementary course in
general algebra. On the other hand, it is not intended as a substitute for the more
voluminous tracts on Commutative Algebra. ... The lecture-note origin of this book
accounts for the rather terse style, with little general padding, and for the condensed
account of many proofs.” They “resisted the temptation to expand it in the hope
that the brevity of [the] presentation will make clearer the mathematical structure
of what is by now an elegant and attractive theory.” They endeavor “to build up to
the main theorems in a succession of simple steps and to omit routine verifications.”

Their successful philosophy is wholeheartedly embraced below (it is a feature,
not a flaw!), and also refined a bit. The present book also “grew out of a course of
lectures.” That course was based primarily on their book, but has been offered a
number of times, and has evolved over the years, influenced by other publications
and the reactions of the students. Their book comprises eleven chapters, split into
forty-two sections. The present book comprises twenty-six sections; each represents
a single lecture, and is self-contained.

Atiyah and Macdonald “provided. . .exercises at the end of each chapter.” They
“provided hints, and sometimes complete solutions, to the hard” exercises. More-
over, they developed a significant amount of the main content in the exercises. By
contrast, in the present book, the exercises are integrated into the development,
and complete solutions are given at the end of the book. Doing so lengthened the
book considerably. In particular, it led to the addition of appendices on Fitting
Ideals and on Cohen-Macaulayness. (All four appendices elaborate on important
issues arising in the main text.)

There are 324 exercises below. They include about half the exercises in Atiyah
and Macdonald’s book; eventually, all will be handled. The disposition of those
exercises is indicated in a special index preceding the main index. The 324 also
include many exercises that come from other publications and many that originate
here. Here the exercises are tailored to provide a means for students to check, to
solidify, and to expand their understanding of the material. The exercises are inten-
tionally not difficult, tricky, or involved. Rarely do they introduce new techniques,
although some introduce new concepts and many statements are used later.

Students are encouraged to try to solve each and every exercise, and to do so
before looking up its solution. If they become stuck, then they should review the
relevant material; if they remain stuck, then they should change tack by studying
the given solution, possibly discussing it with others, but always making sure they
can eventually solve the whole exercise entirely on their own. In any event, students
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should read the given solution, even if they think they already know it, just to make
sure; also, some exercises provide enlightening alternative solutions.

Instructors are encouraged to examine their students, possibly orally at a black-
board, possibly via written tests, on a small, randomly chosen subset of all the
exercises that have been assigned over the course of the term for the students to
write up in their own words. For use during each exam, instructors should provide
students with a special copy of the book that does include the solutions.

Atiyah and Macdonald explain that “a proper treatment of Homological Algebra
is impossible within the confines of a small book; on the other hand, it is hardly
sensible to ignore it completely.” So they “use elementary homological methods —
exact sequence, diagrams, etc.—but...stop short of any results requiring a deep
study of homology.” Again, their philosophy is embraced and refined in the present
book. Notably, below, elementary methods are used, not Tor’s as they do, to prove
the Ideal Criterion for flatness, and to relate flat modules and free modules over
local rings. Also, projective modules are treated below, but not in their book.

In the present book, Category Theory is a basic tool; in Atiyah and Macdonald’s,
it seems like a foreign language. Thus they discuss the universal (mapping) property
(UMP) of localization of a ring, but provide an ad hoc characterization. They also
prove the UMP of tensor product of modules, but do not name it this time. Below,
the UMP is fundamental: there are many standard constructions; each has a UMP,
which serves to characterize the resulting object up to unique isomorphism owing
to one general observation of Category Theory. For example, the Left Exactness of
Hom is viewed simply as expressing in other words that the kernel and the cokernel
of a map are characterized by their UMPs; by contrast, Atiyah and Macdonald
prove the Left Exactness via a tedious elementary argument.

Atiyah and Macdonald prove the Adjoint-Associativity Formula. They note it
says that Tensor Product is the left adjoint of Hom. From it and the Left Exactness
of Hom, they deduce the Right Exactness of Tensor Product. They note that this
derivation shows that any “left adjoint is right exact.” More generally, as explained
below, this derivation shows that any left adjoint preserves arbitrary direct limits,
ones indexed by any small category. Atiyah and Macdonald consider only direct
limits indexed by a directed set, and sketch an ad hoc argument showing that tensor
product preserves direct limit. Also, arbitrary direct sums are direct limits indexed
by a discrete category (it is not a directed set); hence, the general result yields that
Tensor Product and other left adjoints preserve arbitrary Direct Sum.

Below, left adjoints are proved unique up to unique isomorphism. Therefore,
the functor of localization of a module is canonically isomorphic to the functor of
tensor product with the localized base ring, as both are left adjoints of the same
functor, Restriction of Scalars from the localized ring to the base ring. There is an
alternative argument. Since Localization is a left adjoint, it preserves Direct Sum
and Cokernel; whence, it is isomorphic to that tensor-product functor by Watts
Theorem, which characterizes all tensor-product functors as those linear functors
that preserve Direct Sum and Cokernel. Atiyah and Macdonald’s treatment is ad
hoc. However, they do use the proof of Watts Theorem directly to show that,
under the appropriate conditions, Completion of a module is Tensor Product with
the completed base ring.

Below, Direct Limit is also considered as a functor, defined on the appropriate
category of functors. As such, Direct Limit is a left adjoint. Hence, direct limits
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preserve other direct limits. Here the theory briefly climbs to a higher level of
abstraction. The discussion is completely elementary, but by far the most abstract
in the book. The extra abstraction can be difficult, especially for beginners.

Below, filtered direct limits are treated too. They are closer to the kind of limits
treated by Atiyah and Macdonald. In particular, filtered direct limits preserve
exactness and flatness. Further, they appear in the following lovely form of Lazard’s
Theorem: in a canonical way, every module is the direct limit of free modules of
finite rank; moreover, the module is flat if and only if that direct limit is filtered.

Atiyah and Macdonald treat primary decomposition in a somewhat dated fashion.
First, they study primary decompositions of ideals in rings. Then, in the exercises,
they indicate how to translate the theory to modules. The decompositions need not
exist, as the rings and modules need not be Noetherian. Associated primes play a
secondary role: they are defined as the radicals of the primary components, and then
characterized as the primes that are the radicals of annihilators of elements. Finally,
they prove that, when the rings and modules are Noetherian, decompositions exist
and the associated primes are annihilators. To prove existence, they use irreducible
modules. Nowadays, associated primes are normally defined as prime annihilators
of elements, and studied on their own at first; sometimes, as below, irreducible
modules are not considered at all in the main development.

There are several other significant differences between Atiyah and Macdonald’s
treatment and the one below. First, the Noether Normalization Lemma is proved
below in a stronger form for nested sequences of ideals; consequently, for algebras
that are finitely generated over a field, dimension theory can be developed directly
without treating Noetherian local rings first. Second, in a number of results below,
the modules are assumed to be finitely presented over an arbitrary ring, rather than
finitely generated over a Noetherian ring. Third, there is an elementary treatment
of regular sequences below and a proof of Serre’s Criterion for Normality. Fourth,
below, the Adjoint-Associativity Formula is proved over a pair of base rings; hence,
it yields both a left and a right adjoint to the functor of restriction of scalars.

The present book is a second beta edition. Please do the community a service
by sending the authors comments and corrections. Thanks!

Allen B. Altman and Steven L. Kleiman
31 August 2013

This page is intentionally blank!



1. Rings and Ideals

We begin by reviewing basic notions and conventions to set the stage. Through-
out this book, we emphasize universal mapping properties (UMPs); they are used
to characterize notions and to make constructions. So, although polynomial rings
and residue rings should already be familiar in other ways, we present their UMPs
immediately, and use them extensively. We close this section with a brief treatment
of idempotents and the Chinese Remainder Theorem.

(1.1) (Rings). Recall that a ring R is an abelian group, written additively,
with an associative multiplication that is distributive over the addition.
Throughout this book, every ring has a multiplicative identity, denoted by 1.
Further, every ring is commutative (that is, xy = yz in it), with an occasional
exception, which is always marked (normally, it’s a ring of matrices).
As usual, the additive identity is denoted by 0. Note that, for any = in R,

x-0=0;

indeed, z-0=2(0+0) =2-0+x-0, and z - 0 can be canceled by adding —(z - 0).
We allow 1 =0. If1=0, then R=0; indeed, =z -1 =z -0=0 for any z.
A unit is an element u with a reciprocal 1/u such that u-1/u = 1. Alternatively,

1/u is denoted u~! and is called the multiplicative inverse of u. The units form

a multiplicative group, denoted R*.

For example, the ordinary integers form a ring Z, and its units are 1 and —1.

A ring homomorphism, or simply a ring map, ¢: R — R’ is a map preserving
sums, products, and 1. Clearly, o(R*) C R'*. We call ¢ an isomorphism if it is
bijective, and then we write ¢ : R == R’. We call ¢ an endomorphism if R’ = R.
We call ¢ an automorphism if it is bijective and if R = R.

If there is an unnamed isomorphism between rings R and R’, then we write
R = R’ when it is canonical; that is, it does not depend on any artificial choices,
so that for all practical purposes, R and R’ are the same—they are just copies of
each other. For example, the polynomial rings R[X] and R[Y] in variables X and
Y are canonically isomorphic when X and Y are identified. (Recognizing that an
isomorphism is canonical can provide insight and obviate verifications. The notion
is psychological, and depends on the context.) Otherwise, we write R ~ R’.

A subset R” C R is a subring if R” is a ring and the inclusion R” < R a ring
map. For example, given a ring map ¢: R — R/, its image Im(p) := ¢(R) is a
subring of R’.

An R-algebra is a ring R’ that comes equipped with a ring map ¢: R — R/,
called the structure map. An R-algebra homomorphism, or R-algebra map,
R’ — R is a ring map between R-algebras compatible with their structure maps.

(1.2) (Boolean rings). — The simplest nonzero ring has two elements, 0 and 1. It
is unique, and denoted Fs.

Given any ring R and any set X, let RX denote the set of functions f: X — R.
Then R¥ is, clearly, a ring under valuewise addition and multiplication.

For example, take R := Fy. Given f: X — R, put S := f~1{1}. Then f(z) =1
ifx € S, and f(z) =01if 2 ¢ S; in other words, f is the characteristic function
xs. Thus the characteristic functions form a ring, namely, FX .

1
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Given T' C X, clearly xs - x7 = xsnr. Further, xs + xr = xsar, where SAT
is the symmetric difference:

SAT := (SUT) - (SNT) = (S—T)U(T - S);

here S — T denotes, as usual, the set of elements of S not in 7. Thus the subsets
of X form a ring: sum is symmetric difference, and product is intersection. This
ring is canonically isomorphic to F¥ .

A ring B is said to be Boolean if f2 = f for all f € B. Clearly, F5 is Boolean.

Suppose X is a topological space, and give Fy the discrete topology; that is,
every subset is both open and closed. Consider the continuous functions f: X — Fs.
Clearly, they are just the xs where S is both open and closed. Clearly, they form
a Boolean subring of F5X. Conversely, Stone’s Theorem (13.25) asserts that every
Boolean ring is canonically isomorphic to the ring of continuous functions from a
compact Hausdorff topological space X to Fy, or equivalently, isomorphic to the ring
of open and closed subsets of X.

(1.3) (Polynomial rings). — Let R be a ring, P := R[X;,...,X,] the polynomial
ring in n variables (see [2, pp.352-3] or [8, p.268]). Recall that P has this Uni-
versal Mapping Property (UMP): given a ring map ¢: R — R’ and given an
element x; of R’ for each i, there is a unique Ting map m: P — R’ with 7|R = ¢
and w(X;) = ;. In fact, since 7 is a ring map, necessarily 7 is given by the formula:

A (S i X X0 ) = Yl )

In other words, P is universal among R-algebras equipped with a list of n elements:
P is one, and it maps uniquely to any other.

Similarly, let P’ := R[{Xx}xea] be the polynomial ring in an arbitrary list of
variables: its elements are the polynomials in any finitely many of the Xy; sum and
product are defined as in P. Thus P’ contains as a subring the polynomial ring
in any finitely many Xy, and P’ is the union of these subrings. Clearly, P’ has
essentially the same UMP as P: given p: R — R’ and given x\ € R’ for each ),
there is a unique w: P' — R’ with 7|R = ¢ and (X)) = z».

(1.4) (Ideals). — Let R be a ring. Recall that a subset a is called an ideal if

(1) 0 €aq,
(2) whenever a,b € a, also a + b € a, and
(3) whenever z € R and a € a, also za € a.

Given elements ay € R for A € A, by the ideal (ax)rea they generate, we mean
the smallest ideal containing them all. If A = (), then this ideal consists just of 0.

Any ideal containing all the a contains any (finite) linear combination "z ax
with )y € R and almost all 0. Form the set a, or Y Ray, of all such linear
combinations; clearly, a is an ideal containing all ay. Thus a is the ideal generated
by the ay.

Given a single element a, we say that the ideal (a) is principal. By the preceding
observation, (a) is equal to the set of all multiples za with = € R.

Similarly, given ideals ay of R, by the ideal they generate, we mean the smallest
ideal )" ay that contains them all. Clearly, > ay is equal to the set of all finite
linear combinations Y zya) with z) € R and ay € ay.
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Given two ideals a and b, consider these three nested sets:
a+b:={a+b|a€aandbeb}
anb:={a|a€aandacb},

ab:={> a;b; | a; € a and b; € b}.
They are clearly ideals. They are known as the sum, intersection, and product
of a and b. Further, for any ideal ¢, the distributive law holds: a(b+ ¢) = ab + ac.

Let a be an ideal. Then a = R if and only if 1 € a. Indeed, if 1 € a, then

x=u=x-1¢€ aforevery x € R. It follows that a = R if and only if a contains a
unit. Further, if (z) = R, then x is a unit, since then there is an element y such
that zy = 1. If a # R, then a is said to be proper.

Let ¢: R — R’ be a ring map. Let aR’ denote the ideal of R’ generated by ¢(a);

we call aR’ the extension of a. Let a’ be an ideal of R'. Clearly, the preimage
@~ (a') is an ideal of R; we call p~!(a’) the contraction of a’.

EXERCISE (1.5). Let ¢: R — R’ be a map of rings, a an ideal of R, and b an
ideal of R'. Set a® := p(a)R’ and b := ¢~ !(b). Prove these statements:

(1) Then a®® D a and b C b. (2) Then a®® = a® and b°*° = b°.

(3) If b is an extension, then b€ is the largest ideal of R with extension b.

(4) If two extensions have the same contraction, then they are equal.

(1.6) (Residue rings). — Let ¢: R — R’ be a ring map. Recall its kernel Ker(p)
is defined to be the ideal »~1(0) of R. Recall Ker(y) = 0 if and only if ¢ is injective.
Conversely, let a be an ideal of R. Form the set of cosets of a:

R/a:={z+a|z e R}
Recall that R/a inherits a ring structure, and is called the residue ring (or
quotient ring or factor ring) of R modulo a. Form the quotient map
k:R— R/a by kz:=z+a.
The element kx € R/a is called the residue of z. Clearly, & is surjective,  is a
ring map, and ~ has kernel a. Thus every ideal is a kernel!
Note that Ker(y) D a if and only if pa = 0.

Recall that, if Ker(y) D a, then there is a ring map ¥: R/a — R’ with {r = ¢;
that is, the following diagram is commutative:

R " »R/a
b

¥ 4~

R/

Conversely, if 1 exists, then Ker(p) D a, or oa =0, or aR’ = 0, since ka = 0.
Further, if ¢ exists, then 1 is unique as k is surjective.
Finally, as x is surjective, if ¢ exists, then ¥ is surjective if and only if ¢ is so.
In addition, then ¢ is injective if and only if a = Ker(p). Hence then 1 is an
isomorphism if and only if ¢ is surjective and a = Ker(p). Therefore, always

R/ Ker(p) == Im(yp). (1.6.1)

In practice, it is usually more productive to view R/a not as a set of cosets,
but simply as another ring R’ that comes equipped with a surjective ring map
¢: R — R’ whose kernel is the given ideal a.

Finally, R/a has, as we saw, this UMP: k(a) = 0, and given p: R — R’ such that
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p(a) = 0, there is a unique Ting map ¥: R/a — R’ such that ¥x = . In other
words, R/a is universal among R-algebras R’ such that aR’ = 0.

Above, if a is the ideal generated by elements ay, then the UMP can be usefully
rephrased as follows: k(ay) = 0 for all A, and given p: R — R’ such that p(ay) =0
for all X\, there is a unique Ting map ¥: R/a — R’ such that Yr = p.

The UMP serves to determine R/a up to unique isomorphism. Indeed, say R’,
equipped with ¢: R — R’, has the UMP too. Then ¢(a) = 0; so there is a unique
¥: R/a — R’ with ¥k = ¢. And k(a) = 0; so there is a unique ¢': R’ — R/a with
1’ = K. Then, as shown, (¢¥'1)k = Kk, but 10k = k where 1

A,.lv

R/a

is the identity map of R/a; hence, 10’1 = 1 by uniqueness. Similarly, ¥¢)’ = 1 where
1 now stands for the identity map of R’. Thus ) and ¢’ are inverse isomorphisms.

The preceding proof is completely formal, and so works widely. There are many
more constructions to come, and each one has an associated UMP, which therefore
serves to determine the construction up to unique isomorphism.

EXERCISE (1.7). — Let R be a ring, a an ideal, and P := R[Xy,...,X,] the
polynomial ring. Prove P/aP = (R/a)[X1,..., X,].
PROPOSITION (1.8). — Let R be a ring, P := R[X] the polynomial ring in one
variable, a € R, and w: P — R the R-algebra map defined by w(X) := a. Then
Ker(r) = (X —a), and R[X]/(X —a) = R.

PRrROOF: Given F(X) € P, the Division Algorithm yields F'(X) = G(X)(X —a)+b
with G(X) € P and b € R. Then n(F(X)) = b. Hence Ker(r) = (X — a). Finally,
(1.6.1) yields R[X]/(X —a) == R. O

(1.9) (Nested ideals). — Let R be aring, a an ideal, and k: R — R/a the quotient

map. Given an ideal b D a, form the corresponding set of cosets of a:
b/a:={b+a|becb}=r(b).

Clearly, b/a is an ideal of R/a. Also b/a = b(R/a).

Clearly, the operations b+ b/a and b’ — k~1(b’) are inverse to each other, and
establish a bijective correspondence between the set of ideals b of R containing a and
the set of all ideals b' of R/a. Moreover, this correspondence preserves inclusions.

Given an ideal b D a, form the composition of the quotient maps

¢: R— R/a— (R/a)/(b/a).
Clearly, ¢ is surjective, and Ker(p) = b. Hence, owing to (1.6), ¢ factors through
the canonical isomorphism ) in this commutative diagram:
R— R/b

| -

R/a — (R/a)/(b/a)
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EXERCISE (1.10). — Let R be ring, and P := R[X1,..., X,,] the polynomial ring.
Let m < n and a1,...,am € R. Set p := (X1 — a1,..., X, — am). Prove that
P/P = R[Xerh cee 7Xn}
(1.11) (Idempotents). — Let R be a ring. Let e € R be an idempotent; that is,
€2 = e. Then Re is a ring with e as 1, because (ze)e = we. But Re is not a subring
of R unless e = 1, although Re is an ideal.

Set ¢/ := 1 —e. Then ¢ is idempotent and e - e’ = 0. We call e and ¢ comple-
mentary idempotents. Conversely, if two elements e1,e2 € R satisfy e; +e2 = 1
and ejey = 0, then they are complementary idempotents, as for each ¢,

ei=¢e;-1=¢e;(er +e2) :ef.

We denote the set of all idempotents by Idem(R). Let ¢: R — R’ be a ring map.
Then ¢(e) is idempotent. So the restriction of ¢ to Idem(R) is a map

Idem(p): Idem(R) — Idem(R').

EXAMPLE (1.12). — Let R := R’ x R” be a product of two rings: its operations
are performed componentwise. The additive identity is (0,0); the multiplicative
identity is (1,1). Set e := (1,0) and ¢’ := (0,1). Then e and €’ are complementary
idempotents. The next proposition shows this example is the only one possible.

PROPOSITION (1.13). — Let R be a ring with complementary idempotents e and
e’. Set R' :== Re and R" := Re, and form the map ¢: R — R’ x R" defined by
o(z) := (ze,xe’). Then ¢ is a ring isomorphism.

PROOF: Define a map ¢': R — R’ by ¢/(z) := ze. Then ¢’ is a ring map since
xye = wye? = (ze)(ye). Similarly, define ¢”: R — R" by ¢”(x) := z¢’; then ¢” is a
ring map. So ¢ is a ring map. Further, ¢ is surjective, since (ze,z'e’) = p(ze+a'e’).
Also, ¢ is injective, since if ze = 0 and xe’ = 0, then = xe + x¢’ = 0. Thus ¢ is
an isomorphism. O

EXERCISE (1.14) (Chinese Remainder Theorem). — Let R be a ring.

(1) Let a and b be comaximal ideals; that is, a + b = R. Prove
(a) ab=anb and (b) R/ab=(R/a)x (R/b).

(2) Let a be comaximal to both b and b’. Prove a is also comaximal to bb’.
(3) Let a, b be comaximal, and m,n > 1. Prove a™ and b" are comaximal.
(4) Let ay,...,a, be pairwise comaximal. Prove

(a) a; and ag - - - a, are comaximal;

(b) ey N---Na, =ag---ay;
(c) R/(ar---a,) == [[(R/ai).

EXERCISE (1.15). — First, given a prime number p and a k > 1, find the idempo-
tents in Z/(p*). Second, find the idempotents in Z/(12). Third, find the number

of idempotents in Z/(n) where n = vazl pi* with p; distinct prime numbers.

EXERCISE (1.16). — Let R := R’ x R” be a product of rings, a C R an ideal.
Show a = o’ x a” with «’ C R’ and a” C R” ideals. Show R/a = (R'/a’) x (R"/a").

Rings and Ideals (1.17)

EXERCISE (1.17). — Let R be a ring, and e, ¢’ idempotents. (See (10.7) also.)

1) Set a:= (e). Show a is idempotent; that is, a? = a.

(

(2) Let a be a principal idempotent ideal. Show a(f) with f idempotent.

(3) Set ¢’ :=e+ e —ee’. Show (e, ¢') = (¢) and €” is idempotent.

(4) Let ey, ..., e, be idempotents. Show (eq,...,e,) = (f) with f idempotent.
(5) Assume R is Boolean. Show every finitely generated ideal is principal.



2. Prime Ideals

Prime ideals are the key to the structure of commutative rings. So we review the
basic theory. Specifically, we define prime ideals, and show their residue rings are
domains. We show maximal ideals are prime, and discuss examples. Finally, we
use Zorn’s Lemma to prove the existence of maximal ideals in every nonzero ring.

DEFINITION (2.1). — Let R be a ring. An element z is called a zerodivisor if
there is a nonzero y with zy = 0; otherwise, x is called a nonzerodivisor. Denote
the set of zerodivisors by z.div(R).

A subset S is called multiplicative if 1 € S and if z,y € S implies zy € S.

An ideal p is called prime if its complement R — p is multiplicative, or equiva-
lently, if 1 ¢ p and if zy € p implies x € p or y € p.

EXERCISE (2.2). — Let a and b be ideals, and p a prime ideal. Prove that these
conditions are equivalent: (1) a Cp or b C p; and (2) anNb C p; and (3) ab C p.

(2.8) (Fields, Domains). — A ring is called a field if 1 # 0 and if every nonzero
element is a unit. Standard examples include the rational numbers Q, the real
numbers R, and the complex numbers C.

A ring is called an integral domain, or simply a domain, if (0) is prime, or
equivalently, if R is nonzero and has no nonzero zerodivisors.

Every domain R is a subring of its fraction field Frac(R), which consists of the
fractions x/y with z,y € R and y # 0. Conversely, any subring R of a field K,
including K itself, is a domain; indeed, any nonzero x € R cannot be a zerodivisor,
because, if zy = 0, then (1/x)(zy) = 0, so y = 0. Further, Frac(R) has this UMP:
the inclusion of R into any field L extends uniquely to an inclusion of Frac(R) into
L. For example, the ring of integers Z is a domain, and Frac(Z) =Q Cc R C C.

Let R be a domain, and R[X] the polynomial ring in one variable. Then R[X]
is a domain too. In fact, given two nonzero polynomials f and g, not only is their
product fg nonzero, but its leading term is the product of those of f and g; so

deg(fg) = deg(f) deg(g). (2.3.1)

By induction, the polynomial ring in n variables R[X1, ..., X,] is a domain, since
RIX1,....Xa] = R[X1,..., X 1][Xa].

Hence the polynomial ring in an arbitrary set of variables R[{X}xea] is a domain,
since any two elements lie in a polynomial subring in finitely many of the X.

Similarly, if f,g € R[X] with fg = 1, then f,g € R, because the product of the
leading terms of f and g is constant. So by induction, if f,g € R[Xy,...,X,] with
fg =1, then f,g € R. This reasoning can fail if R is not a domain. For example,
if a2 =0 in R, then (1 +aX)(1 —aX) =1 in R[X].

The fraction field Frac(R[{Xx}xena]) is called the field of rational functions,
and is also denoted by K ({Xx}rea) where K := Frac(R).

EXERCISE (2.4). — Given a prime number p and an integer n > 2, prove that the
residue ring Z/(p™) does not contain a domain as a subring.

EXERCISE (2.5). — Let R := R’ x R” be a product of two rings. Show that R is
a domain if and only if either R’ or R” is a domain and the other is 0.
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(2.6) (Unique factorization). — Let R be a domain, p a nonzero nonunit. We call
p prime if, whenever p | zy (that is, there exists z € R such that pz = zy), either
p|xorp|y. Clearly, p is prime if and only if the ideal (p) is prime.

We call p irreducible if, whenever p = yz, either y or z is a unit. We call R a
Unique Factorization Domain (UFD) if every nonzero element is a product of
irreducible elements in a unique way up to order and units.

In general, prime elements are irreducible; in a UFD, irreducible elements are
prime. Standard examples of UFDs include any field, the integers Z, and a poly-
nomial ring in n variables over a UFD; see [2, p. 398, p. 401], [8, Cor. 18.23, p. 297].

LEMMA (2.7). — Let ¢: R — R’ be a ring map, and T C R’ a subset. If T is
multiplicative, then 1T is multiplicative; the converse holds if @ is surjective.

PROOF: Set S := ¢ 1T. If T is multiplicative, then 1 € S as ¢(1) =1 € T, and
z,y € S implies zy € S as ¢(zy) = ¢(x)p(y) € T'; thus S is multiplicative.

If S is multiplicative, then 1 € T as 1 € S and ¢(1) = 1; further, z,y € S implies
w(x), e(y), p(zy) € T. If ¢ is surjective, then every z’ € T is of the form 2’ = p(z)
for some x € S. Thus if ¢ is surjective, then T is multiplicative if =17 is. |

PROPOSITION (2.8). — Let ¢: R — R’ be a ring map, and q C R’ an ideal. If q
is prime, then ©~1q is prime; the converse holds if o is surjective.

PRrROOF: By (2.7), R—p is multiplicative if and only if R’ —q is. So the assertion
results from Definitions (2.1). O

COROLLARY (2.9). — Let R be a ring, p an ideal. Then p is prime if and only if
R/p is a domain.

PROOF: By (2.8), p is prime if and only if (0) C R/p is. So the assertion results
from the definition of domain in (2.3). O

EXERCISE (2.10). — Let R be a domain, and R[X7, ..., X,] the polynomial ring
in n variables. Let m < n, and set p := (X3,...,X,,). Prove p is a prime ideal.

EXERCISE (2.11). — Let R := R’ x R"” be a product of rings, p C R an ideal.
Show p is prime if and only if either p = p’ x R” with p’ C R’ prime or p = R’ x p”
with p” C R” prime.

EXERCISE (2.12). — Let R be a domain, and z,y € R. Assume (z) = (y). Show
x = uy for some unit u.

DEFINITION (2.13). — Let R be a ring. An ideal m is said to be maximal if m is
proper and if there is no proper ideal a with m g a.

EXAMPLE (2.14). — Let R be a domain. In the polynomial ring R[X,Y] in two
variables, (X) is prime by (2.10). However, (X) is not maximal since (X) G (X,Y).
Moreover, (X,Y) is maximal if and only if R is a field by (1.10) and by (2.17)
below.

PROPOSITION (2.15). — A ring R is a field if and only if (0) is a mazimal ideal.

PROOF: Suppose R is a field. Let a be a nonzero ideal, and a a nonzero element
of a. Since R is a field, a € R*. So (1.4) yields a = R.

Conversely, suppose (0) is maximal. Take x # 0. Then (z) # (0). So (z) = R.
So z is a unit by (1.4). Thus R is a field. O
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EXERCISE (2.16). — Let k be a field, R a nonzero ring, ¢: k — R a ring map.
Prove ¢ is injective.

COROLLARY (2.17). — Let R be a ring, m an ideal. Then m is mazimal if and
only if R/m is a field.

PRrROOF: Clearly, m is maximal in R if and only if (0) is maximal in R/m by
(1.9). Hence the assertion results from (2.15). O

EXERCISE (2.18). — Let R be a ring, p a prime ideal, R[X] the polynomial ring.
Show that pR[X] and pR[X]+(X) are prime ideals of R[X], and that if p is maximal,
then so is pR[X] + (X).

EXERCISE (2.19). — Let B be a Boolean ring. Show that every prime p is maximal,
and B/p = Fs.

EXERCISE (2.20). — Let R be a ring. Assume that, given z € R, there is n > 2
with ™ = z. Show that every prime p is maximal.

EXAMPLE (2.21). — Let k be a field, a1, ...,a, € k, and P := k[X;,..., X,,] the
polynomial ring in n variables. Set m := (X —ay,..., X, —a,). Then P/m =k
by (1.10); so m is maximal by (2.17).

EXERCISE (2.22). — Prove the following statements or give a counterexample.

(1) The complement of a multiplicative subset is a prime ideal.

(2) Given two prime ideals, their intersection is prime.

(3) Given two prime ideals, their sum is prime.

(4) Given a ring map ¢: R — R’, the operation ¢~
R’ to maximal ideals of R.

(5) In (1.9), an ideal n’ C R/a is maximal if and only if x~'n’ C R is maximal.

EXERCISE (2.23). — Let k be a field, P := k[X;3,...,X,] the polynomial ring,
f € P nonzero. Let d be the highest power of any variable appearing in f.

(1) Let S C k have at least d + 1 elements. Proceeding by induction on n, find
ai,...,an € S with f(as,...,a,) #0.

(2) Using the algebraic closure K of k, find a maximal ideal m of P with f ¢ m.

I carries maximal ideals of

COROLLARY (2.24). — In a ring, every maximal ideal is prime.
PRrROOF: A field is a domain by (2.3). So (2.9) and (2.17) yield the result. O

(2.25) (PIDs). — A domain R is called a Principal Ideal Domain (PID) if
every ideal is principal. Examples include a field k, the polynomial ring k[X] in
one variable, and the ring Z of integers. Every PID is a UFD by [2, (2.12), p. 396],
8, Thm. 18.11, p. 291].

Let R be a PID, and p € R irreducible. Then (p) is maximal; indeed, if (p) % (z),
then p = xy for some nonunit y, and so x must be a unit since p is irreducible. So
(2.17) implies that R/(p) is a field.

EXERCISE (2.26). Prove that, in a PID, elements = and y are relatively prime
(share no prime factor) if and only if the ideals (z) and (y) are comaximal.

EXAMPLE (2.27). — Let R be a PID, and p € R a prime. Set k := R/(p). Let
P := R[X] be the polynomial ring in one variable. Take g € P, let ¢’ be its image
in k[X], and assume ¢’ is irreducible. Set m := (p, g). Then P/m == k[X]/(g’) by
(1.7) and (1.9), and k[X]/(¢') is a field by (2.25); hence, m is maximal by (2.17).
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THEOREM (2.28). — Let R be a PID. Let P := R[X] be the polynomial ring in
one variable, and p a prime ideal of P.

(1) Then p = (0), or p = (f) with f prime, or p is mazimal.

(2) Assume p is maximal. Then either p = (f) with f prime, or p = (p, g) with
p € R prime and g € P with image ¢’ € (R/(p))[X] prime.

PROOF: Assume p # (0). Take a nonzero f; € p. Since p is prime, p contains
a prime factor f] of fi. Replace fi; by fi. Assume p # (f1). Then there is a
prime fo € p — (f1). Set K := Frac(R). Gauss’s Lemma [2, p.401], [8, Thm.
18.15, p.295] implies that fi; and fo are also prime in K[X]. So f; and fy are
relatively prime in K[X]. So (2.25) and (2.26) yield g1,g92 € P and ¢ € R with
(g1/¢)f1+ (g2/c)fa =1. So ¢ = g1f1 + g2f2 € RNp. Hence RNp #0. But RNp
is prime, and R is a PID; so R Np = (p) where p is prime by (2.6).

Set k := R/(p). Then k is a field by (2.25). Set q := p/(p) C k[X]. Then
k[X]/q = P/p by (1.7) and (1.9). But P/p is a domain as p is prime. Hence
q = (¢’') where ¢’ is prime in k[X] by (2.6). Then q is maximal by (2.25). So p is
maximal by (1.9). Take g € p with image ¢’. Then p = (p,g) as p/(p) = (¢). O

EXERCISE (2.29). — Preserve the setup of (2.28). Let f := ap X" +---+a, be a
polynomial of positive degree n. Assume that R has infinitely many prime elements
p, or simply that there is a p such that ptap. Show that (f) is not maximal.

THEOREM (2.30). — Ewvery proper ideal a is contained in some mazimal ideal.

PROOF: Set 8 := {ideals b | b D aand b # 1}. Then a € 8, and § is partially
ordered by inclusion. Given a totally ordered subset {by} of 8, set b := Jby. Then
b is clearly an ideal, and 1 ¢ b; so b is an upper bound of {b,} in 8. Hence by
Zorn’s Lemma [11, pp. 25, 26], [10, p. 880, p.884], § has a maximal element, and it
is the desired maximal ideal. |

COROLLARY (2.31). Let R be a ring, x € R. Then x is a unit if and only if x
belongs to no maximal ideal.

PROOF: By (1.4), x is a unit if and only if (z) is not proper. Apply (2.30). O



3. Radicals

Two radicals of a ring are commonly used in Commutative Algebra: the Jacobson
radical, which is the intersection of all maximal ideals, and the nilradical, which is
the set of all nilpotent elements. Closely related to the nilradical is the radical of
a subset. We define these three radicals, and discuss examples. In particular, we
study local rings; a local ring has only one maximal ideal, which is then its Jacobson
radical. We prove two important general results: Prime Avoidance, which states
that, if an ideal lies in a finite union of primes, then it lies in one of them, and
the Scheinnullstellensatz, which states that the nilradical of an ideal is equal to the
intersection of all the prime ideals containing it.

DEFINITION (3.1). — Let R be a ring. Its (Jacobson) radical rad(R) is defined
to be the intersection of all its maximal ideals.

PROPOSITION (3.2). — Let R be a ring, € R, and uw € R*. Then z € rad(R) if
and only if uw— xy € rad(R) is a unit for all y € R. In particular, the sum of an
element of rad(R) and a unit is a unit.

PROOF: Assume z € rad(R). Let m be a maximal ideal. Suppose v — zy € m.
Since € m too, also u € m, a contradiction. Thus u — zy is a unit by (2.31). In
particular, taking y := —1 yields u + z € R*.

Conversely, assume x ¢ rad(R). Then there is a maximal ideal m with = ¢ m.
So (z) + m = R. Hence there exist y € R and m € m such that 2y +m = u. Then
u—xy =m € m. So u — zy is not a unit by (2.31), or directly by (1.4). a

EXERCISE (38.3). — Let R be a ring, a C rad(R) an ideal, w € R, and v’ € R/a
its residue. Prove that w € R* if and only if w’ € (R/a)*. What if a ¢ rad(R)?

COROLLARY (3.4). — Let R be a ring, a an ideal, : R — R/a the quotient map.
Assume a C rad(R). Then Idem(k) is injective.

PROOF: Given e, e’ € Idem(R) with x(e) = k(e’), set © := e —€’. Then

BS—e—¢ =2.

2% = e® — 3e?e/ + 3ee? — ¢
Hence z(1 — 2?) = 0. But x(z) = 0; so x € a. But a C rad(R). Hence 1 — 22 is a
unit by (3.2). Thus 2 = 0. Thus Idem(x) is injective. O

DEFINITION (3.5). — A ring A is called local if it has exactly one maximal ideal,
and semilocal if it has at least one and at most finitely many.

LEMMA (3.6) (Nonunit Criterion). — Let A be a ring, n the set of nonunits. Then
A is local if and only if n is an ideal; if so, then n is the maximal ideal.

PrOOF: Every proper ideal a lies in n as a contains no unit. So, if n is an ideal,
then it is a maximal ideal, and the only one. Thus A is local.

Conversely, assume A is local with maximal ideal m. Then A —n = A — m by
(2.81). Son=m. Thus n is an ideal. O

EXAMPLE (3.7). — The product ring R’ x R" is not local by (3.6) if both R’ and
R" are nonzero. Indeed, (1,0) and (0, 1) are nonunits, but their sum is a unit.
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EXERCISE (3.8). — Let A be a local ring. Find its idempotents e.

EXERCISE (3.9). — Let A be a ring, m a maximal ideal such that 1+ m is a unit
for every m € m. Prove A is local. Is this assertion still true if m is not maximal?

EXAMPLE (3.10). — Let R be a ring. A formal power series in the n variables
X1,...,X, is a formal infinite sum of the form ZCL@X? - Xin where agy €
R and where (i) := (i1,...,i,) with each i; > 0. The term a(y) where (0) :=
(0,...,0) is called the constant term. Addition and multiplication are performed
as for polynomials; with these operations, these series form a ring R[[X7,..., X,]].

Set P:= R[[X1,...,X,]] and a:= (X1,...,X,). Then 3 a) X' -+ Xi — a(
is a canonical surjective ring map P — R with kernel a; hence, P/a = R.

Given an ideal m C R, set n:= a+ mP. Then (1.9) yields P/n = R/m.

A power series f is a unit if and only if its constant term a gy is a unit. Indeed, if
ff =1, then a(o)a’(o) = 1 where a/(o) is the constant term of f’. Conversely, if a )
is a unit, then f = a()(1 —g) with g € a. Set f":= a@%(l +g+g%+--); this sum
makes sense as the component of degree d involves only the first d + 1 summands.
Clearly f- f' = 1.

Suppose R is a local ring with maximal ideal m. Given a power series f ¢ n, its
initial term lies outside m, so is a unit by (2.31). So f itself is a unit. Hence the
nonunits constitute n. Thus (3.6) implies P is local with mazimal ideal n.

EXAMPLE (8.11). — Let k be a ring, and A := k[[X]] the formal power series ring
in one variable. A formal Laurent series is a formal sum of the form Z;’i_m a; X*
with a; € k and m € Z. These series form a ring k{{ X }}. Set K := k{{X}}.

Set f:=312  a; X" Ifa_,, € k™, then f € K*;indeed, f = a_n X ™ (1—g)
where g€ A,and f-a") X1 +g+¢*>+---)=1.

Assume k is a field. If f # 0, then f = X ~™u where u € A*. Let a C A be a
nonzero ideal. Suppose f € a. Then X ™™ € a. Let n be the smallest integer such
that X™ € a. Then —m > n. Set b:= X ~™ "u. Then b € A and f = bX™. Hence
a=(X"). Thus A is a PID.

Further, K is a field. In fact, K = Frac(A) because any nonzero f € K is of the
form f = u/X™ where u, X™ € A.

Let A[Y] be the polynomial ring in one variable, and ¢: A < K the inclusion.
Define ¢: AlY] = K by ¢|A = ¢ and ¢(Y) : X! Then ¢ is surjective. Set
m := Ker(p). Then m is maximal by (2.17) and (1.6). So by (2.28), m has the
form (f) with f irreducible, or the form (p, g) with p € A irreducible and g € A[Y].
But mN A = 0 as ¢ is injective. So m = (f). But XY — 1 belongs to m, and is
clearly irreducible; hence, XY — 1 = fu with u a unit. Thus (XY — 1) is maximal.

In addition, (X,Y’) is maximal. Indeed, A[Y]/(Y) = A by (1.8), and so (3.10)
yields A[Y]/(X, Y)= A/{X) = k. However, (X,Y) is not principal, as no nonunit
of A[Y] divides both X and Y. Thus A[Y] has both principal and nonprincipal
mazimal ideals, the two types allowed by (2.28).

PROPOSITION (3.12). — Let R be a ring, S a multiplicative subset, and a an ideal
withanS =0. Set 8§ := {ideals b | b D aand bNS = 0}. Then 8§ has a mazimal

element p, and every such p is prime.

PRrOOF: Clearly, a € §, and 8 is partially ordered by inclusion. Given a totally
ordered subset {bx} of 8, set b :=[Jbx. Then b is an upper bound for {by} in 8.
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So by Zorn’s Lemma, § has a maximal element p. Let’s show p is prime.

Take z,y € R —p. Then p + (z) and p + (y) are strictly larger than p. So there
are p,q € p and a,b € R with p+ax € S and ¢+ by € S. Since S is multiplicative,
pq+ pby + qax + abxy € S. But pq + pby + qax € p, so xy ¢ p. Thus p is prime. O

EXERCISE (3.13). — Let ¢: R — R’ be a ring map, p an ideal of R. Prove
(1) there is an ideal q of R’ with ¢ ~1(q) = p if and only if = *(pR') = p;
(2) if p is prime with ¢ ~}(pR’) = p, then there’s a prime q of R’ with ¢=1(q) = p.

EXERCISE (3.14). — Use Zorn’s lemma to prove that any prime ideal p contains
a prime ideal g that is minimal containing any given subset s C p.

(3.15) (Saturated multiplicative subsets). — Let R be a ring, and S a multiplicative
subset. We say S is saturated if, given z,y € R with zy € S, necessarily z,y € S.
For example, the following statements are easy to check. The group of units R*
and the subset of nonzerodivisors Sy := R — z.div(R) are saturated multiplicative
subsets. Further, let ¢: R — R’ be a ring map, T' C R’ a subset. If T' is saturated
multiplicative, then so is ¢~ '7T. The converse holds if ¢ is surjective.

EXERCISE (3.16). Let R be a ring, S a subset. Show that S is saturated
multiplicative if and only if R — S is a union of primes.

EXERCISE (3.17). — Let R be a ring, and S a multiplicative subset. Define its
saturation to be the subset

S:={x € R|thereisy € R with zy € S }.

(1) Show (a) that S O S, and (b) that S is saturated multiplicative, and (c) that
any saturated multiplicative subset 7' containing S also contains 5.

(2) Show that R — S is the union U of all the primes p with p NS = ().

(3) Let a be an ideal; assume S =1+ a; set W := ey (q) P- Show R — S=w.

(4) Given f € R, let Sy denote the saturation of the multiplicative subset of all
powers of f. Given f,g € R, show Sy C Sy if and only if \/m D \/@

EXERCISE (3.18). — Let R be a nonzero ring, S a subset. Show S is maximal
in the set & of multiplicative subsets 7' of R with 0 ¢ T if and only if R — S is a
minimal prime —that is, it is a prime containing no smaller prime.

LEMMA (3.19) (Prime Avoidance). Let R be a ring, a a subset of R that is
stable under addition and multiplication, and p1,...,p, ideals such that ps3,...,pn,
are prime. If a ¢ p; for all j, then there is an x € a such that x ¢ p; for all j; or
equivalently, if a C Ji—, ps, then a C p; for some 1.

PROOF: Proceed by induction on n. If n = 1, the assertion is trivial. Assume
that n > 2 and by induction that, for every %, there is an x; € a such that z; ¢ p;
for all j # i. We may assume z; € p; for every i, else we're done. If n = 2, then
clearly z1 + xo ¢ p; for j =1,2. If n > 3, then (@1 p_1) + z, ¢ p; for all j as,
if j = n, then x,, € p,, and p, is prime, and if j < n, then z,, ¢ p; and z; € p;. O

EXERCISE (3.20). — Let k be a field, 8 C k a subset of cardinality d at least 2.
(1) Let P := k[Xy,...,X,] be the polynomial ring, f € P nonzero. Assume the
highest power of any X; in f is less than d. Proceeding by induction on n, show
there are aq,...,a, € 8 with f(ai,...,a,) #0.
(2) Let V be a k-vector space, and W7, ..., W, proper subspaces. Assume r < d.
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Show |J, W; # V.
(3) In (2), let W C |J, W; be a subspace. Show W C W; for some 4.
(4) Let R a k-algebra, a,ay,...,a, ideals with a C J; a;. Show a C a; for some 7.

EXERCISE (3.21). — Let k be a field, R := k[X,Y] the polynomial ring in two
variables, m := (X,Y’). Show m is a union of strictly smaller primes.

(3.22) (Nilradical). — Let R be a ring, a a subset. Then the radical of a is the

set y/a defined by the formula v/a := {z € R | 2™ € a for some n = n(z) > 1}.
Notice \/% = +/a. Also, if a is an intersection of prime ideals, then \/a = a.
We call \/@ the nilradical, and sometimes denote it by nil(R). We call an

element = € R nilpotent if x belongs to \/@, that is, if ™ = 0 for some n > 1.

Note that, if ™ = 0 with n > 1 and if m is any maximal ideal, then ™ € m and
so £ € m as m is prime by (2.24). Thus

nil(R) C rad(R) (3.22.1)
We call R reduced if nil(R) = (0), that is, if R has no nonzero nilpotents.
EXERCISE (3.23). — Find the nilpotents in Z/(n). In particular, take n = 12.

EXERCISE (3.24). — Let R be a ring. (1) Assume every ideal not contained in
nil(R) contains a nonzero idempotent. Prove that nil(R) = rad(R). (2) Assume R
is Boolean. Prove that nil(R) = rad(R) = (0).

EXERCISE (3.25). — Let ¢: R — R’ be a ring map, b C R’ a subset. Prove

NS
EXERCISE (3.26). — Let e, ¢’ € Idem(R). Assume +/(e) = /{€’). Show e = ¢'.

EXERCISE (3.27). — Let R be a ring, a;, az comaximal ideals with ajas C nil(R).
Show there are complementary idempotents e; and ey with e; € a;.

EXERCISE (3.28). — Let R be a ring, a an ideal, k: R — R/a the quotient map.
Assume a C nil(R). Show Idem(k) is bijective.
THEOREM (3.29) (Scheinnullstellensatz). — Let R be a ring, a an ideal. Then

\/E = mp)a p
where p runs through all the prime ideals containing a. (By convention, the empty
intersection is equal to R.)
PrOOF: Take z ¢ /a. Set S := {1,z,2%,...}. Then S is multiplicative, and
ansS = 0. By (3.12), there is a p D a, but = ¢ p. So z ¢ (),5,p. Thus

Va D My b
Conversely, take z € \/a. Say 2" € a C p. Then € p. Thus Va={,5,p. O

EXERCISE (3.30). — Let R be a ring. Prove the following statements equivalent:

(1) R has exactly one prime p;
(2) every element of R is either nilpotent or a unit;
(3) R/nil(R) is a field.

PROPOSITION (3.31). — Let R be a ring, a an ideal. Then /a is an ideal.
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PRrROOF: Take z,y € v/a; say 2" € a and y™ € a. Then
n+m-— +m—1 i g
(z+y)tmt= Zi+j:m+n—1 (n T )x Yy’

This sum belongs to a as, in each summand, either 2’ or 5/ does, since, if i <n —1
and j <m—1,theni+j <m-+n—2. Thus z+y € v/a. So clearly v/a is an ideal.

Alternatively, given any collection of ideals ay, note that (ay is also an ideal.
So v/a is an ideal owing to (3.29). O

EXERCISE (3.32). — Let R be a ring, and a an ideal. Assume \/a is finitely
generated. Show (\/a)” C a for all large n.

EXERCISE (3.33). — Let R be a ring, q an ideal, p a finitely generated prime.
Prove that p = /g if and only if there is n > 1 such that p D q D p™.

PROPOSITION (3.34). — A ring R is reduced and has only one minimal prime q
if and only if R is a domain.

PROOF: Suppose R is reduced, or (0) = {/(0). Then (0) is equal to the intersec-
tion of all the prime ideals p by (3.29). By (3.14), every p contains ¢. So (0) = q.
Thus R is a domain. The converse is obvious. g

EXERCISE (3.35). Let R be a ring. Assume R is reduced and has finitely many
minimal prime ideals p1,...,p,. Prove p: R — [[(R/p;) is injective, and for each
1, there is some (z1,...,2,) € Im(p) with z; # 0 but z; = 0 for j # i.

EXERCISE (3.36). — Let R be a ring, X a variable, f :=ag+ a1 X + -+ a, X"
and g := by + 01X + -+ + b, X™ polynomials with a, # 0 and b,, # 0. Call f
primitive if (ao,...,a,) = R. Prove the following statements:

(1) Then f is nilpotent if and only if ay, ..., a, are nilpotent.

(2) Then f is a unit if and only if ag is a unit and ay, ..., a, are nilpotent.

(3) If f is a zerodivisor, then there is a nonzero b € R with bf = 0; in fact, if
fg = 0 with m minimal, then fb,, =0 (or m = 0).

(4) Then fg is primitive if and only if f and g are primitive.

EXERCISE (3.37). — Generalize (3.36) to the polynomial ring P := R[X1, ..., X,].
For (3), reduce to the case of one variable Y via this standard device: take d suitably
large, and define : P — R[Y] by ¢(X;) := Y.

EXERCISE (3.38). — Let R be a ring, X a variable. Show that
rad(R[X]) = nil(R[X]) = nil(R)R[X].

EXERCISE (3.39). — Let R be a ring, a an ideal, X a variable, R[[X]] the formal
power series ring, 0 C R[[X]] be a maximal ideal, and f := > a, X" € R[[X]]. Set
m:=9MNR and A := { Db X" | by € a}. Prove the following statements:

(1) If f is nilpotent, then a,, is nilpotent for all n. The converse is false.
2) Then f € rad(R[[X]]) if and only if ag € rad(R).

) Assume X € M. Then X and m generate M.

) Assume 90 is maximal. Then X € 9 and m is maximal.

)

(

(3
4
(5) If a is finitely generated, then aR[[X]] = 2. The converse may fail.
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EXAMPLE (3.40). — Let R be a ring, R[[X]] the formal power series ring. Then
every prime p of R is the contraction of a prime of R[[X]]. Indeed, pR[[X]]NR = p.
So by (3.13), there is a prime ¢ of R[[X]] with qN R = p. In fact, a specific choice
for q is the set of series Y a, X" with a,, € p. Indeed, the canonical map R — R/p
induces a surjection R[[X]] — R/p with kernel q; hence, R[[X]]/q = (R/p)[[X]].
Plainly (R/p)[[X]] is a domain. But (3.39)(5) shows q may not be equal to pR[[X]].



4. Modules

In Commutative Algebra, it has proven advantageous to expand the study of rings
to include modules. Thus we obtain a richer theory, which is more flexible and more
useful. We begin the expansion here by discussing residue modules, kernels, and
images. In particular, we identify the UMP of the residue module, and use it to
construct the Noether isomorphisms. We also construct free modules, direct sums,
and direct products, and we describe their UMPs.

(4.1) (Modules). — Let R be a ring. Recall that an R-module M is an abelian
group, written additively, with a scalar multiplication, R x M — M, written
(z,m) — xm, which is

(1) distributive, x(m + n) = am + zn and (x + y)m = zm + zm,

(2) associative, z(ym) = (xy)m, and

(3) unitary, 1-m =m.

For example, if R is a field, then an R-module is a vector space. Moreover, a
Z-module is just an abelian group; multiplication is repeated addition.

Asin (1.1), for any x € R and m € M, we have -0 =0 and 0-m = 0.

A submodule N of M is a subgroup that is closed under multiplication; that
is, zn € N for all € R and n € N. For example, the ring R is itself an R-module,
and the submodules are just the ideals. Given an ideal a, let aN denote the smallest
submodule containing all products an with ¢ € a and n € N. Similar to (1.4),
clearly aN is equal to the set of finite sums > a;n; with a; € a and n; € N.

Given m € M, we call the set of v € R with am = 0 the annihilator of m,
and denote it Ann(m). We call the set of x € R with xm = 0 for all m € M
the annihilator of M, and denote it Ann(M). Clearly, Ann(m) and Ann(M) are
ideals.

(4.2) (Homomorphisms). — Let R be a ring, M and N modules. Recall that a
homomorphism, or R-linear map, is a map a: M — N such that:

a(zm + yn) = z(am) + y(an).
Associated to a homomorphism «: M — N are its kernel and its image
Ker(a) :=a™'(0) c M and Im(a):=a(M) C N.

They are defined as subsets, but are obviously submodules.

A homomorphism « is called an isomorphism if it is bijective. If so, then we
write a: M - N. Then the set-theoretic inverse o~ ': N — M is a homomor-
phism too. So « is an isomorphism if and only if there is a set map f: N — M
such that fa = 1p; and aff = 1N, where 17 and 1y are the identity maps, and
then B = a~!. If there is an unnamed isomorphism between M and N, then we
write M = N when it is canonical (that is, it does not depend on any artificial
choices), and we write M ~ N otherwise.

The set of homomorphisms « is denoted by Hompg (M, N) or simply Hom(M, N).
It is an R-module with addition and scalar multiplication defined by

(a+B)m:=am+ pm and (xa)m :=z(am) = a(zm).
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Homomorphisms «: L — M and §: N — P induce, via composition, a map
Hom(a, 8): Hom(M, N) — Hom(L, P),

which is obviously a homomorphism. When « is the identity map 157, we write
Hom(M, 8) for Hom(1,s, B); similarly, we write Hom(a, N) for Hom(c, 1 ).

EXERCISE (4.3). — Let R be a ring, M a module. Consider the set map
p: Hom(R, M) — M defined by p(0) :=0(1).
Show that p is an isomorphism, and describe its inverse.

(4.4) (Endomorphisms). — Let R be aring, M a module. An endomorphism of
M is a homomorphism a: M — M. The module of endomorphisms Hom(M, M) is
also denoted Endg(M). It is a ring, usually noncommutative, with multiplication
given by composition. Further, Endg(M) is a subring of Endz(M).

Given x € R, let u,: M — M denote the map of multiplication by z, defined
by pz(m) := xzm. It is an endomorphism. Further, = — p, is a ring map

ur: R — Endr(M) C Endz(M).

(Thus we may view upr as representing R as a ring of operators on the abelian
group M.) Note that Ker(yr) = Ann(M).
Conversely, given an abelian group N and a ring map

v: R — Endgz(N),

we obtain a module structure on N by setting zn := (vx)(n). Then up = v.
We call M faithful if up: R — Endg(M) is injective, or Ann(M) = 0. For
example, R is a faithful R-module, as x - 1 = 0 implies z = 0.

(4.5) (Algebras). — Fix two rings R and R'.

Suppose R’ is an R-algebra with structure map . Let M’ be an R’-module.
Then M’ is also an R-module by restriction of scalars: zm := ¢(z)m. In other
words, the R-module structure on M’ corresponds to the composition

R % R 25 Bndg (M),
In particular, R’ is an R-module; further, for all x € R and y,z € R/,

(zy)z = x(yz).
Indeed, R’ is an R’-module, so an R-module by restriction of scalars; further,
(zy)z = x(yz) since (¢(x)y)z = ¢(x)(yz) by associativity in R’.

Conversely, suppose R’ is an R-module such that (zy)z = 2(yz). Then R’ has an
R-algebra structure that is compatible with the given R-module structure. Indeed,
define ¢: R — R’ by ¢(x) := x - 1. Then p(x)z = zz as (z-1)z = x(1 - z). So the
composition pp¢: R — R’ — Endz(R’) is equal to pur. Hence ¢ is a ring map,
because pp is one and pp is injective by (4.4). Thus R’ is an R-algebra, and
restriction of scalars recovers its given R-module structure.

Suppose that R’ = R/a for some ideal a. Then an R-module M has a compatible
R’-module structure if and only if aM = 0; if so, then the R’-structure is unique.
Indeed, the ring map pr: R — Endz (M) factors through R’ if and only if pg(a) = 0
by (1.6), so if and only if aM = 0; as Endz (M) may be noncommutative, we must
apply (1.6) to pr(R), which is commutative.

Again suppose R’ is an arbitrary R-algebra with structure map ¢. A subalgebra
R” of R’ is a subring such that ¢ maps into R”. The subalgebra generated by
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Z1,...,%n € R’ is the smallest R-subalgebra that contains them. We denote it by

Rlz1,...,x,]. It clearly contains all polynomial combinations f(z1,...,x,) with
coefficients in R. In fact, the set R” of these polynomial combinations is itself
clearly an R-subalgebra; hence, R = R[x1,...,%y].

We say R’ is a finitely generated R-algebra or is algebra finite over R if
there exist z1,...,z, € R’ such that R’ = R[z1,...,Z,].

(4.6) (Residue modules). — Let R be a ring, M a module, M’ C M a submodule.
Form the set of cosets, or set of residues,

M/M' :={m+M'|me M}

Recall that M /M’ inherits a module structure, and is called the residue module,
or quotient, of M modulo M’. Form the quotient map

k: M — M/M" by k(m):=m+ M.

Clearly & is surjective, & is linear, and  has kernel M’.
Let a: M — N be linear. Note that Ker(a) D M’ if and only if a(M’') =0.
Recall that, if Ker(a) D M’, then there exists a homomorphism B: M/M' — N
such that Sk = «; that is, the following diagram is commutative:

M " M/M

Conversely, if 8 exists, then Ker(a) D M’, or a(M') =0, as k(M') = 0.

Further, if B exists, then (8 is unique as k is surjective.

Finally, since k is surjective, if 8 exists, then B is surjective if and only if « is
so. In addition, then B is injective if and only if M’ = Ker(a). Hence 8 is an
isomorphism if and only if « is surjective and M’ = Ker(«). In particular, always

M/ Ker(a) = Im(a). (4.6.1)

In practice, it is usually more productive to view M /M’ not as a set of cosets, but
simply another module M" that comes equipped with a surjective homomorphism
a: M — M" whose kernel is the given submodule M’.

Finally, as we have seen, M /M’ has the following UMP: x(M') = 0, and given
a: M — N such that a«(M’) = 0, there is a unique homomorphism : M/M' — N
such that Bra. Formally, the UMP determines M /M’ up to unique isomorphism.

(4.7) (Cyclic modules). — Let R be a ring. A module M is said to be cyclic if
there exists m € M such that M = Rm. If so, form a: R — M by x — xm; then
« induces an isomorphism R/ Ann(m) = M as Ker(o) = Ann(m); see (4.6.1).
Note that Ann(m) = Ann(M). Conversely, given any ideal a, the R-module R/a is
cyclic, generated by the coset of 1, and Ann(R/a) = a.

(4.8) (Noether Isomorphisms). — Let R be a ring, N a module, and L and M
submodules.
First, assume L C M C N. Form the following composition of quotient maps:

a: N = N/L = (N/L)/(M/L).
Clearly « is surjective, and Ker(a) = M. Hence owing to (4.6), « factors through
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the isomorphism (3 in this commutative diagram:
N — N/M

| 8|= (4.8.1)
N/L — (N/L)/(M/L)

Second, let L + M denote the set of all sums £ +m with ¢ € L and m € M.
Clearly L + M is a submodule of N. It is called the sum of L and M.

Form the composition o/ of the inclusion map L — L+ M and the quotient map
L+ M — (L+M)/M. Clearly o is surjective and Ker(a') = LN M. Hence owing
to (4.6), o’ factors through the isomorphism [’ in this commutative diagram:

L —— L/(LNM)

l 5’l: (4.8.2)
L+M — (L+M)/M

The isomorphisms of (4.6.1) and (4.8.1) and (4.8.2) are called Noether’s
First, Second, and Third Isomorphisms.

(4.9) (Cokernels, coimages). — Let R be a ring, a: M — N a linear map. Asso-
ciated to o are its cokernel and its coimage,

Coker(a) :== N/Im(or) and Coim(«) := M/ Ker(a);

they are quotient modules, and their quotient maps are both denoted by k.
Note (4.6) yields the UMP of the cokernel: ko = 0, and given a map B: N — P
with Ba = 0, there is a unique map v: Coker(a) — P with vk = 8 as shown below

M “ >N "5 Coker(a)

B

P

Further, (4.6.1) becomes Coim(a) = Im(a).

(4.10) (Free modules). — Let R be a ring, A a set, M a module. Given elements
my € M for A € A, by the submodule they generate, we mean the smallest
submodule that contains them all. Clearly, any submodule that contains them
all contains any (finite) linear combination ) xymy with zy € R. On the other
hand, consider the set N of all such linear combinations; clearly, N is a submodule
containing the my. Thus N is the submodule generated by the m.

The m) are said to be free or linearly independent if, whenever > xymy = 0,
also ) = 0 for all A\. Finally, the m are said to form a (free) basis of M if they
are free and generate M; if so, then we say M is free on the m.

We say M is finitely generated if it has a finite set of generators.

We say M is free if it has a free basis. If so, then by either (5.32)(2) or (10.5)
below, any two free bases have the same number ¢ of elements, and we say M is
free of rank ¢, and we set rank(M) := £.

For example, form the set of restricted vectors

RPN .= {(x)) | 2» € R with xy = 0 for almost all A}.

It is a module under componentwise addition and scalar multiplication. It has a
standard basis, which consists of the vectors e, whose Ath component is the value
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of the Kronecker delta function; that is,

1, if A=

0, if A # p.

Clearly the standard basis is free. If A has a finite number ¢ of elements, then R®*
is often written R’ and called the direct sum of ¢ copies of R.

The free module R®A has the following UMP: given a module M and elements
mx € M for A € A, there is a unique homomorphism

a: R®Y — M with afey) = my, for each X € A;

e = (0un) where 4,y = {

namely, a((mx)) o (Z .r)\e)\) =Yz my. Note the following obvious statements:

(1) « is surjective if and only if the my generate M.
(2) « is injective if and only if the my are linearly independent.
(3) « is an isomorphism if and only if the my form a free basis.

Thus M is free of rank £ if and only if M ~ R’

EXAMPLE (4.11). — Take R :=Z and M := Q. Then any two z,y in M are not
free; indeed, if z = a/b and y = —c/d, then bex + ady = 0. So M is not free.

Also M is not finitely generated. Indeed, given any mq/nq,...,m,/n, € M, let d
be a common multiple of ny, ..., n,. Then (1/d)Z contains every linear combination
z1(my/n1) + - -+ ze(me/ne), but (1/d)Z # M.

Moreover, Q is not algebra finite over Z. Indeed, let p € Z be any prime not
dividing nq - - - n,. Then 1/p ¢ Zlmyi/nq,...,m,/n,].

EXERCISE (4.12). — Let R be a domain, and € R nonzero. Let M be the
submodule of Frac(R) generated by 1, =1, x72,.... Suppose that M is finitely
generated. Prove that 27! € R, and conclude that M = R.

EXERCISE (4.13). — A finitely generated free module F' has finite rank.

THEOREM (4.14). — Let R be a PID, E a free module, {ex}ren a (free) basis,
and F a submodule. Then F' is free, and has a basis indexed by a subset of A.

Proor: Well order A. For all A, let my: E — R be the Ath projection. For all
n, set By =P, Rex and Fy, := F'N Ey,. Then 7,(F,) = (a,) for some a, € R
as R is a PID. Choose f, € F,, with 7,(f.) = a,. Set Ag :=={p € Aa, #0}.

Say Zﬂer cufu = 0 for some ¢, € R. Set Ay := {pu € Ag | ¢, # 0}. Suppose
A1 # 0. Note Ay is finite. Let pq be the greatest element of Ay. Then m,, (f,) =0
for p < py as fu € Eu. So mu, (O cufu) = cuyapy - So ¢uyau, = 0. But ¢, # 0 and
ay, # 0, a contradiction. Thus {f,},en, is linearly independent.

Note F' = Uyea, Fa- Given A € Ag, set Ay := {pn € Ag | 4 < A}. Suppose A is
least such that {f,}.ca, does not generate Fy. Given f € F, say f = ZMSA cuep
with ¢, € R. Then mx(f) = cx. But mA(F)\) = (ax). So cx = byay for some by € R.
Set g :== f —bafr. Then g € Fy, and 7\(g) = 0. So g € F, for some v € Ay
with v < A. Hence g = 37 1 bufy for some b, € R. So f =37 -\ bufu, a
contradiction. Hence {f,}.ca, generates Fx. Thus {f,}uecn, is a basisof . O

(4.15) (Direct Products, Direct Sums). — Let R be a ring, A a set, M) a module
for A € A. The direct product of the M) is the set of arbitrary vectors:

H]V[)\ = {(m)\) | my € ]\/[)\}.
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Clearly, [ M) is a module under componentwise addition and scalar multiplication.
The direct sum of the M) is the subset of restricted vectors:
@ M)y := {(my) | my = 0 for almost all \} C [ M.

Clearly, @ M) is a submodule of [[ M. Clearly, @ My = [[ M, if A is finite.
If A={\,...,\n}, then @ M, is also denoted by My, @ --- ® M), . Further, if
My = M for all \, then @ M, is also denoted by M*, or by M™ if A has just n
elements.

The direct product comes equipped with projections

i [[ My — M, given by ﬂn((m,\)) = m,.

It is easy to see that [] My has this UMP: given homomorphisms a,: L — M,,
there is a unique homomorphism a: L — [ My satisfying mxa = a,, for all K € A;
namely, a(n) = (ax(n)). Often, a is denoted (ax). In other words, the 7 induce
a bijection of sets,

Hom (L, [T My) == [JHom(L, My). (4.15.1)

Clearly, this bijection is an isomorphism of modules.
Similarly, the direct sum comes equipped with injections

m, if A =k;

w: M, — P M i b, % = hy =
L @ My given by .(m) := (my) where my {07 A

It is easy to see that it has this UMP: given homomorphisms B,.: M, — N, there is
a unique homomorphism B: @ My — N satisfying Bt = B, for all k € A; namely,
B((m,\)) =" Ba(my). Often, 3 is denoted > Bx; often, (By). In other words, the
L, induce this bijection of sets:

Hom (@ My, N) == [[Hom(M,, N). (4.15.2)

Clearly, this bijection is an isomorphism of modules.
For example, if My = R for all \, then @ M) = R® by construction. Further,
if Ny := N for all \, then Hom(R®A, N) = [[ Ny by (4.15.2) and (4.3).

EXERCISE (4.16). — Let A be an infinite set, Ry a nonzero ring for A € A. Endow
[T Rx and € Ry with componentwise addition and multiplication. Show that [] R
has a multiplicative identity (so is a ring), but that € R does not (so is not a ring).

EXERCISE (4.17). — Let R be a ring, M a module, and M’, M" submodules.
Show that M = M’ & M" if and only if M = M’ + M" and M' N M" = 0.

EXERCISE (4.18). — Let L, M, and N be modules. Consider a diagram
L%M%N
where «, 3, p, and o are homomorphisms. Prove that
M=LeN and a=i, f=7N, O=IN, p=TL
if and only if the following relations hold:
Ba=0, fo=1, po =0, pa =1, and ap+of = 1.
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EXERCISE (4.19). — Let L be a module, A a nonempty set, M, a module for
X € A. Prove that the injections ¢, : M,, — € M, induce an injection

@ Hom(L, M) — Hom(L, € M,),
and that it is an isomorphism if L is finitely generated.

EXERCISE (4.20). — Let a be an ideal, A a nonempty set, M a module for A € A.
Prove a(@ My) = @ aM,. Prove a(J[] My) = [JaM, if a is finitely generated.

5. Exact Sequences

In the study of modules, the exact sequence plays a central role. We relate it to
the kernel and image, the direct sum and direct product. We introduce diagram
chasing, and prove the Snake Lemma, which is a fundamental result in homological
algebra. We define projective modules, and characterize them in four ways. Finally,
we prove Schanuel’s Lemma, which relates two arbitrary presentations of a module.

In an appendix, we use deteminants to study free modules.

DEFINITION (5.1). — A (finite or infinite) sequence of module homomorphisms
coe o Mi_q SN M S My — -

is said to be exact at M; if Ker(a;) = Im(a;—1). The sequence is said to be exact

if it is exact at every M;, except an initial source or final target.

EXAMPLE (5.2). — (1) A sequence 0 — L % M is exact if and only if « is
injective. If so, then we often identify L with its image «(L).

Dually —that is, in the analogous situation with all arrows reversed—a se-
quence M SN o 0 is exact if and only if 5 is surjective.

(2) A sequence 0 — L % M B, N is exact if and only if L = Ker(3), where ‘=’
means “canonically isomorphic.” Dually, a sequence L = M By N =5 0 exact if
and only if N = Coker(«) owing to (1) and (4.6.1).

(5.3) (Short exact sequences). — A sequence 0 — L % M Ly N = 0is exact if
and only if « is injective and N = Coker(«), or dually, if and only if 3 is surjective
and L = Ker(8). If so, then the sequence is called short exact, and often we
regard L as a submodule of M, and N as the quotient M/L.
For example, the following sequence is clearly short exact:
0L LN N—0 where
tr,() :==(1,0) and wn(l,n):=n.
Often, we identify L with ¢, L and N with ¢y V.

PROPOSITION (5.4). — For A € A, let M — My — M} be a sequence of module
homomorphisms. If every sequence is exact, then so are the two induced sequences
DM, P M- PM] and T[M{—J]M\—I[M{.

Conversely, if either induced sequence is exact then so is every original one.

PROOF: The assertions are immediate from (5.1) and (4.15). O
EXERCISE (5.5). — Let M’ and M” be modules, N C M’ a submodule. Set
M :=M'"® M". Using (5.2)(1) and (5.3) and (5.4), prove M/N = M'/N & M".
EXERCISE (5.6). — Let 0 - M’ — M — M"” — 0 be a short exact sequence.
Prove that, if M’ and M” are finitely generated, then so is M.

[e3

PROPOSITION (5.7). — Let 0 — M’ — M Zy M 0 be a short ezact sequence,
and N C M a submodule. Set N’ := a~Y(N) and N" := B(N). Then the induced
sequence 0 — N' — N — N” — 0 is short ezact.

24
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PROOF: It is simple and straightforward to verify the asserted exactness. g

(5.8) (Retraction, section, splits). — We call a linear map p: M — M’ a retrac-
tion of another a: M’ — M if paw = 1p;/. Then « is injective and p is surjective.
Dually, we call a linear map o: M"” — M a section of another 3: M — M" if
Bo = 1pn. Then B is surjective and o is injective..
We say that a 3-term exact sequence M’ = M 5 M” splits if there is an iso-
morphism ¢: M = M’ & M" with pa = tp and S = 7.

[e3

PROPOSITION (5.9). — Let M' — M By M" be a 3-term ezact sequence. Then
the following conditions are equivalent:

(1) The sequence splits.

(2) There exists a retraction p: M — M’ of o, and B is surjective.

(3) There exists a section o: M" — M of B, and « is injective.

PROOF: Assume (1). Then there exists ¢: M - M’ @ M" such that pa = tpp
and 8 = . Set p = e and o := @ lip. Then plainly (2) and (3) hold.

Assume (2). Set ¢/ := 1py — ap. Then o’'a = a — apa. But pa =1y as pis a
retraction. So ¢’a = 0. Hence there exists o: M" — M with o8 = ¢’ by (5.2)(2)
and the UMP of (4.9). Thus 1y = ap + 0.

Hence g = Bap + foB. But Sfa = 0 as the sequence is exact. So § = fo5. But
B is surjective. Thus 15,7 = Bo; that is, (3) holds.

Similarly, 0 = apo + ofo. But Bo = 1p~ as (3) holds. So 0 = apo. But « is
injective, as p is a retraction of it. Thus po = 0. Thus (4.18) yields (1).

Assume (3). Then similarly (1) and (2) hold. O

EXAMPLE (5.10). — Let R be aring, R’ an R-algebra, and M an R’-module. Set
H := Hompg(R',M). Define a: M — H by a(m)(z) := xm, and p: H — M by
p(0) := 6(1). Then pis a retraction of a, as p(a(m)) = 1-m. Let B: M — Coker(a)
be the quotient map. Then (5.9) implies that M is a direct summand of H with
a =1ty and p = myy.

EXERCISE (5.11). — Let M’, M" be modules, and set M := M’ ® M". Let N be
a submodule of M containing M’, and set N := NN M". Prove N=M' & N".

EXERCISE (5.12). — Criticize the following misstatement of (5.9): given a 3-term
exact sequence M’ = M LN M", there is an isomorphism M ~ M’ & M" if and
only if there is a section o: M — M of 8 and « is injective.
LEMMA (5.13) (Snake). Consider this commutative diagram with exact rows:
M2 ML Mo
AT
0— N 5N L N
It yields the following exact sequence:
Ker(v') 2 Ker(y) LN Ker(y") 2, Coker(v") £ Coker(y) RN Coker(vy").  (5.13.1)
Moreover, if a is injective, then so is p; dually, if 8 is surjective, then so is |'.
ProOOF: Clearly « restricts to a map ¢, because a(Ker(’y’)) C Ker(y) since
o'y (Ker(’y’)) = 0. By the UMP discussed in (4.9), o’ factors through a unique

map ¢’ because M’ goes to 0 in Coker(vy). Similarly, 8 and 8’ induce corresponding
maps 1 and 1. Thus all the maps in (5.13.1) are defined except for 9.
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To define 9, chase an m” € Ker(y”) through the diagram. Since § is surjective,
there is m € M such that §(m) = m”. By commutativity, v/8(m) = f'v(m). So
B'y(m) = 0. By exactness of the bottom row, there is a unique n’ € N’ such that
a/(n') = y(m). Define 9(m") to be the image of n’ in Coker(v’).

To see 9 is well defined, choose another my € M with 3(m;) = m”. Let nj € N’
be the unique element with o’(n}) = v(m1) as above. Since §(m —mq) = 0, there
is an m’ € M’ with a(m’) = m —m4. But o/ = ya. So &/'+'(m') = &/ (n’ — n}).
Hence v/(m') = n’ —n] since o' is injective. So n’ and n) have the same image in
Coker(v’). Thus 9 is well defined.

Let’s show that (5.13.1) is exact at Ker(y”). Take m” € Ker(vy”). As in the
construction of 9, take m € M such that §(m) = m” and take n’ € N’ such that
o/(n’) = y(m). Suppose m” € Ker(d). Then the image of n’ in Coker(v’) is equal
to 0; so there is m’ € M’ such that 7/(m’) = n’. Clearly ya(m') = o/v'(m'). So
ya(m') = o/ (n') = y(m). Hence m — a(m’) € Ker(v). Since B(m — a(m')) = m”,
clearly m” = ¢(m — a(m')); so m” € Im(z)). Hence Ker(9) C Im(¢).

Conversely, suppose m” € Im(¢)). We may assume m € Ker(y). So vy(m) = 0 and
o/(n’) = 0. Since o is injective, n’ = 0. Thus d(m”) = 0, and so Im(y)) C Ker(9).
Thus Ker(9) is equal to Im(s)); that is, (5.13.1) is exact at Ker(y”).

The other verifications of exactness are similar or easier.

The last two assertions are clearly true. O

EXERCISE (5.14). — Referring to (4.8), give an alternative proof that 3 is an
isomorphism by applying the Snake Lemma to the diagram
0— M N N/M 0
| ’|

0 — M/L — N/L 2 (N/L)/(M/L) — 0

EXERCISE (5.15) (Five Lemma). — Consider this commutative diagram:

My 225 Ms 25 My 22 My 25 M,

74l %l vzl %l */ol
Ny L5 Ny B Ny, 2 Ny 2 N
Assume it has exact rows. Via a chase, prove these two statements:
(1) If v3 and v, are surjective and if 7y is injective, then 7 is surjective.
(2) If 3 and 77 are injective and if 4 is surjective, then 75 is injective.
EXERCISE (5.16) (Nine Lemma). — Consider this commutative diagram:
0 0 0

1]

0 —L —L—L"—0

L]

0—>M —-M—> M —0 (5.16.1)

L]

0N —N-—=N"—0

|1

0 0 0
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Assume all the columns are exact and the middle row is exact. Applying the Snake
Lemma, prove that the first row is exact if and only if the third is.

EXERCISE (5.17). — Consider this commutative diagram with exact rows:
AV VN v
A
N N2 N
Assume o’ and v are surjective. Given n € N and m” € M" with o (m") = ~/(n),
show that there is m € M such that a(m) =n and y(m) = m”.

THEOREM (5.18) (Left exactness of Hom). — (1) Let M — M — M" — 0 be
a sequence of linar maps. Then it is exact if and only if, for all modules N, the
following induced sequence is exact:

0 — Hom(M",N) — Hom(M, N) — Hom(M', N). (5.18.1)

(2) Let 0 - N’ — N — N be a sequence of module homomorphisms. Then it
is exact if and only if, for all modules M, the following induced sequence is exact:
0 — Hom(M, N') — Hom(M, N) — Hom(M, N").

ProOF: By (5.2)(2), the exactness of M’ % M By M" — 0 means simply
that A" = Coker(a). On the other hand, the exactness of (5.18.1) means that a
¢ € Hom(M, N) maps to 0, or equivalently pa = 0, if and only if there is a unique
~v: M" — N such that v8 = ¢. So (5.18.1) is exact if and only if M" has the
UMP of Coker(«), discussed in (4.9); that is, M"” = Coker(c). Thus (1) holds.

The proof of (2) is similar. O

DEFINITION (5.19). — A (free) presentation of a module M is an exact sequence
G—+F—M-=0

with G and F free. If G and F are free of finite rank, then the presentation is called
finite. If M has a finite presentation, then M is said to be finitely presented.

PROPOSITION (5.20). — Let R be a ring, M a module, my for A € A generators.
Then there is an ezact sequence 0 — K — ROAMEM — 0 with a(ey) = my, where
{ex} is the standard basis, and there is a presentation R®® — ROALM — 0.

PROOF: By (4.10)(1), there is a surjection a: R®* —» M with a(ey) = my. Set
K := Ker(a). Then 0 = K — R® — M — 0 is exact by (5.3). Take a set of
generators {k, }oex of K, and repeat the process to obtain a surjection R®* — K.
Then R®® — R®M — M — 0 is a presentation. O

DEFINITION (5.21). — A module P is called projective if, given any surjective
linear map f: M — N, every linear map a: P — N lifts to one v: P — M,
namely, a = (.

EXERCISE (5.22). — Show that a free module R®" is projective.

THEOREM (5.23). — The following conditions on an R-module P are equivalent:

(1) The module P is projective.
(2) Ewvery short exact sequence 0 — K — M — P — 0 splits.
(3) There is a module K such that K & P is free.
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(4) Every exact sequence N' — N — N induces an exact sequence
Hom(P, N') — Hom(P, N) — Hom(P, N"). (5.23.1)
(5) Ewvery surjective homomorphism $: M —» N induces a surjection
Hom(P, 3): Hom(P, M) — Hom(P, N).

PrOOF: Assume (1). In (2), the surjection M —» P and the identity P — P
yield a section P — M. So the sequence splits by (5.9). Thus (2) holds.

Assume (2). By (5.20), there is an exact sequence 0 — K — R®A — P — 0.
Then (2) implies K @ P ~ R®. Thus (3) holds.

Assume (3); say K © P ~ R®A. For each ) € A, take a copy Nj — Ny — N} of
the exact sequence N’ — N — N” of (4). Then the induced sequence

TIN, =TI Nx = [T VY.
is exact by (5.4). But by the end of (4.15), that sequence is equal to this one:
Hom(R®*, N') — Hom(R®*, N) — Hom(R®*, N").
But K @ P ~ RP). So owing to (4.15.2), the latter sequence is also equal to
Hom (K, N') @ Hom(P, N') — Hom(K, N) ® Hom(P, N) — Hom (K, N") @ Hom(P, N").
Hence (5.23.1) is exact by (5.4). Thus (4) holds.

Assume (4). Then every exact sequence M SN 0 induces an exact sequence

Hom(P, M) 2P0, gom(p, N) - 0.
In other words, (5) holds.
Assume (5). Then every a € Hom(P, N) is the image under Hom(P, 3) of some
~v € Hom(P, M). But, by definition, Hom(P, 8)(y) = 7. Thus (1) holds. O

EXERCISE (5.24). — Let R be a ring, P and N finitely generated modules with P
projective. Prove Hom(P, N) is finitely generated, and is finitely presented if N is.

LEMMA (5.25) (Schanuel). — Given two short exact sequences

’
«

0LL5PS M0 and 0L 5P 25 M0
with P and P’ projective, there is an isomorphism of exact sequences — namely,
a commutative diagram with vertical isomorphisms:

0= LapP 22 pap L9 a0

:J{B zl“/ :lll\l
0o Pal 2% pap Ly o

PROOF: First, let’s construct an intermediate isomorphism of exact sequences:

0= LepP 2 pap 2% o

SR

(a o)

00— K — PP — M — 0

Take K := Ker(a /). To form 6, recall that P’ is projective and « is surjective. So
there is a map m: P’ — P such that o/ = ar. Take § := ({ 7).
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Then 0 has ((1) *7{) as inverse. Further, the right-hand square is commutative:
(@0)8=(a0)(§7) =(axar)=(ad).
So 6 induces the desired isomorphism \: K -~ L @ P'.

Symmetrically, form an automorphism 6’ of P@® P’, which induces an isomorphism
N: K == P@® L'. Finally, take v := 6’0~ and 3 := M\~ L O
EXERCISE (5.26). — Let R be a ring, and 0 - L — R™ — M — 0 an exact
sequence. Prove M is finitely presented if and only if L is finitely generated.

EXERCISE (5.27). — Let R be a ring, X1, Xa,... infinitely many variables. Set
P:= R[X;,Xs,...] and M := P/(X1,X2,...). Is M finitely presented? Explain.

PROPOSITION (5.28). — Let 0 — L 5 M B, N = 0 be a short ezact sequence
with L finitely generated and M finitely presented. Then N is finitely presented.

PRrROOF: Let R be the ground ring, u: R™ — M any surjection. Set v := Su, set
K :=Kerv, and set X := p|K. Then the following diagram is commutative:

0K —>R"%L N0

| e o

0—L 5% M5N—=0

The Snake Lemma (5.13) yields an isomorphism Ker A = Ker u. But Ker 1 is
finitely generated by (5.26). So Ker X is finitely generated. Also, the Snake Lemma
implies Coker A = 0 as Cokeru = 0; so 0 — Ker A\ - K = L — 0 is exact. Hence
K is finitely generated by (5.6). Thus N is finitely presented by (5.26). O

EXERCISE (5.29). — Let 0 - L 5 M B, N = 0 be a short exact sequence with
M finitely generated and N finitely presented. Prove L is finitely generated.

PROPOSITION (5.30). — Let 0 — L 5 M L, N = 0 be a short ezact sequence
with L and N finitely presented. Then M is finitely presented too.

PROOF: Let R be the ground ring, A\: R — L and v: R® — N any surjections.
Define v: R® — M by v := a\. Note R" is projective by (5.22), and define
§: R™ — M by lifting v along 3. Define u: R* ® R™ — M by p:= v+ 6. Then the

following diagram is, plainly, commutative, where ¢ := tpe and 7 := wn:
0—R' S5 R@R" 5 R — 0
I

0L —sM-—L3sN 0

Since A and v are surjective, the Snake Lemma (5.13) yields an exact sequence
0— Ker A\ - Kerp — Kerv — 0,

and implies Coker u = 0. Also, Ker A and Kerv are finitely generated by (5.26).
So Ker p is finitely generated by (5.6). Thus M is finitely presented by (5.26). O

5. Appendix: Fitting Ideals

(5.81) (The Ideals of Minors). — Let R be a ring, A := (a;;) an m X n matrix
with a;; € R. Given r € Z, let I,,(A) denote the ideal generated by the r x r minors
of A; by convention, we have

1,(a) = { O ifr > min{m.nj; (5.31.1)
R, ifr<o.

Let B := (b;;) be an 7 x r submatrix of A. Let B;; be the (r — 1) x (r — 1)

submatrix obtained from B by deleting the ith row and the jth column. For any

i, expansion yields det(B) = Z;Zl(fl)iﬂbij det(B;;). So I.(A) C I,_1(A). Thus

R:I()(A) :)Il(A) Doeee (5.31.2)

Let U be an invertible m x m matrix. Then det(U) is a unit, as UV = I yields
det(U)det(V) = 1. So I,,(U) = R. Thus I,(U) = R for all r < m.

PROPOSITION (5.32). — Let R be a nonzero ring, a: R™ — R™ a map. (1) If «
is injective, then n < m. (2) If « is bijective, then n = m.

PrOOF: For (1), assume n > m, and let’s show « is not injective.

Let A be the matrix of a. Note (5.31.1) yields I,(A) = (0) as n > m and
Iy(A) = R. Let r be the largest integer with Ann(Z,(A)) = (0). Then 0 <r < n.

Take any nonzero x € I,41(A). If r =0, set z := (2,0,...,0). Then z # 0 and
a(z) = 0; so «a is not injective. So assume r > 0.

As z # 0, also x ¢ Ann(I.(A)). So there’s an r x r submatrix B of A with
zdet(B) # 0. By renumbering, we may assume that B is the upper left r x r
submatrix of A. Let C be the upper left (r 4+ 1) x (r + 1) submatrix.

Let ¢; be the cofactor of a(,41); in det(C); so det(C) = Z;;rll a(r41)ici- Then
¢ry1 = det(B). So xc,41 # 0. Set z:=x(c1,...,¢r41,0,...,0). Then z # 0.

Let’s show a(z) = 0. Denote by Ay the kth row of A, by D the matrix obtained
by replacing the (r + 1)st row of C with the first (r+ 1) entries of Ay, and by z- Ay,
the dot product. Then z - Ay = zdet(D). If £ < r, then D has two equal rows; so
z-Ap=0.Ifk>r+1, then Disan (r+1) X (r+ 1) submatrix of A;s0 z-Ap =0
as l,11(A) = 0. Thus a(z) = 0. Thus « is not injective. Thus (1) holds.

For (2), apply (1) to a~! too; thus also m < n. Thus (2) holds. O

LEMMA (5.33). — Let R be a ring, A an m X n matriz, B an n x p matriz, U be
an invertible m x m matriz, and V an invertible n x n matriz. Then for all v
(1) I,(AB) Cc I,(A)I,(B) and (2) I,(UAV) =1I.(A).
PROOF: As a matter of notation, given a p X ¢ matrix X := (x;;), denote its jth
column by X7. Given sequences I := (iy,...,i,) with 1 <i; < --- < i, < p and
J = (jlv---vj'r) with 1 <g1 <o <Jr < g, set

Tirjr -+ Tige Tiyl  --+ Tign
Xpg=1 : and Xj:=
Lirjy -+ Lipgr Tinl  ov Tin
For (1), say A = (a;;) and B = (b;;). Set C := AB. Given [ := (i1, ...,%,) with
30
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1<ip < <ip<mand K := (ky,..., k) with 1 <k <--- <k, <p, note
det(Cyk) = det(Cly, ..., Cix)

n n
= det(Z Ajllbjlklv ey Z A‘}"b]'Tkr)

J1=1 Jr=1
n . .
= > det(A},...,AT) bjk, o bjk,
Jisesdr=1
In the last sum, each term corresponds to a sequence J := (J1,---,Jr) with
1 < j; < n. If two j; are equal, then det (A?, .. .,A][) = 0 as two columns are
equal. Suppose no two j; are equal. Then J is a permutation o of H := (hy,..., h;)

with 1 < hy < -+ < hy < ¢; s0 j; = o(h;). Denote the sign of o by (—1)?. Then
det(A},...,A}) = (=1)7 det(Arp).

But det(Bux) = >, (—1)7bo(hy )k, - - - Do (h, )k, - Hence
det(Crr) = >y det(Arg) det(Bruk).

Thus (1) holds.
For (2), note that I.(W) = R for W =U, U™, V, V1 by (5.31). So (1) yields

I.(A) = I,(UT'UAVV ™) C I.(UAV) C I.(A).
Thus (2) holds. O
LEMMA (5.34) (Fitting). — Let R be a ring, M a module, r an integer, and

[e3

R" S R™ S M0 and R' S RP T M -0
presentations. Represent o, § by matrices A, B. Then I,,_.(A) = I,_.(B).

PROOF: First, assume m = p and g = m. Set K := Ker(p). Then Im(o) = K
and Im(B8) = K by exactness; so Im(a) = Im(8). But Im(«) is generated by the
columns of A. Hence each column of B is a linear combination of the columns of
A. So there’s a matrix C such that AC = B. Set s :==m —r.

Given k, denote by I the k x k identity matrix. Denote by 0,,, the m x ¢
zero matrix, and by (A|B) and (A[0,,,) the juxtapositions of A with B and with
0,,4- Then, therefore, there is a block triangular matrix V := (Olq"ﬂ _ch) such that
(AB)V = (A|0,,4). But V is invertible. So I,(A|B) = I;(A|0,,4) by (5.33)(2).
But I,(A]0,,4) = I;(A). Thus I,(A|B) = I;(A). Similarly, I,(A|B) = I,(B).
Thus I;(A) = I,(B), as desired.

Second, assume m = p and that there’s an isomorphism v: R™ — RP with
7y = pi. Represent v by a matrix G. Then R* 2% RP ©y M — 0 is a presentation,
and GA represents ya.. So, by the first paragraph, I,(B) = I,(GA). But G is
invertible. So I,(GA) = I;(A) by (5.33)(2). Thus I;(A) = I,(B), as desired.

Third, assume that ¢ = n+t and p = m++¢ for some ¢ > 1 and that § = a® 1zt
and 7 =+ 0. Then B = (01: Oﬂ”).

Given an s x s submatrix C of A, set D := (Oi Olj" ). Then D is an (s—+t) X (s+t)
submatrix of B, and det(D) = det(C). Thus I,(A) C I,(B).

For the opposite inclusion, given an (s +t) x (s + t) submatrix D of B, assume
det(D) # 0. If D includes part of the (m+¢)th row of B, then D must also include
part of the (n + i)th column, or D would have an all zero row. Similarly, if D
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includes part of the (n + ¢)th column, then D must include part of the (m + i)th
row. So D = (OS;L OI’:) where h := s+t — k for some k < ¢ and for some h x h
submatrix C of A. But det(D) = det(C). So det(D) € I(A). But I(A) C I;(A)
by (5.31.2). So det(D) € I;(A). Thus I,1+(B) C I;(A). Thus I;4;(B) = I,(A),
or I, (A) = 1I,_,(B), as desired.

Finally, in general, Schanuel’s Lemma (5.25) yields the commutative diagram

Rr@ Ry 2 pmog g M0 6 g
~ |7 =|1m
1pm®S 0+

R"@RI —— R"@Rl — M — 0
Thus, by the last two paragraphs, I,—,(A) = I,_,(B), as desired. a

(5.85) (Fitting Ideals). — Let R be a ring, M a finitely presented module, r an

integer. Take any presentation R" < R™ — M — 0, let A be the matrix of a,
and define the rth Fitting ideal of M by

F.(M) := I (A).

It is independent of the choice of presentation by (5.34).
By definition, F,.(M) is finitely generated. Moreover, (5.31.2) yields

0y = F_ (M) C Fo(M)C---C F,,(M) = R. (5.35.1)

EXERCISE (5.36). — Let R be aring, and aq, ..., amy, € R with (a1) D -+ D (am).
Set M := (R/{a1)) @ --- @ (R/{am)). Show that F,.(M) = (a1 -+ @m—r).

EXERCISE (5.37). — In the setup of (5.36), assume a; is a nonunit.

(1) Show that m is the smallest integer such that F,,(M) = R.

(2) Let n be the largest integer such that F, (M) = (0); set k := m — n. Assume
R is a domain. Show (a) that a; # 0 for ¢ < k and a; = 0 for ¢ > k, and (b) that
M determines each a; up to unit multiple.

THEOREM (5.38) (Elementary Divisors). — Let R be a PID, M a free module, N
a submodule. Assume N is free of rank n < co. Then there exists a decomposition
M =M & M" and elements x1,...,x, € M' and ay,...,a, € R such that

M =Rx1®---®Rx,, N=Rax1® - ®Rapzn, {(a1) DD {an) #0.
Moreover, M and N determine M’ and each a; up to unit multiple.

PROOF: Let’s prove existence by induction on n. For n = 0, take M’ := 0; no a;
or z; are needed. So M"” = M, and the displayed conditions are trivially satisfied.

Let {ex} be a free basis of M, and 7wx: M — R the Ath projection.

Assume n > 0. Given any nonzero z € N, write z = > cyey for some ¢y € R.
Then some cy, # 0. But ¢y, = 75, (2). Thus 7y, (V) # 0.

Consider the set 8 of nonzero ideals of the form a(N) where o: M — R is a linear
map. Partially order 8 by inclusion. Given a totally ordered subset {ax(N)}, set
b:=Jax(N). Then b is an ideal. So b = (b) for some b € R as R is a PID. Then
b € ax(N) for some A. So (V) = b. By Zorn’s Lemma, 8 has a maximal element,
say a1 (N). Fix a1 € R with a1 (N) = (a1), and fix y; € N with a1(y1) = a1.

Given any linear map 5: M — R, set b := (y1). Then (a1) + (b) = (c) for some
c € R, as R is a PID. Write ¢ = daj + eb for d,e € R, and set v := day + ef.
Then v(N) D {(y(y1)). But v(y1) = ¢. So {¢) C v(N). But {(a1) C (¢). Hence, by
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maximality, (a1) = (V). But (b) C (¢). Thus B(y1) = b € (a1).

Write y1 = > exen for some ¢y € R. Then 7x(y1) = cn. But ¢\ = aidy for some
dx € R by the above paragraph with 8 := my. Set x1 := Y dxex. Then y1 = aj2;.

So a1(y1) = aroa(z1). But aq(y1) = a1. So ajai(x1) = a1. But R is a domain
and a1 # 0. Thus a;(x1) = 1.

Set My := Ker(ay). As aj(z1) = 1, clearly Rx; N M7 = 0. Also, given z € M,
write = a1 (x)z1 + (z — a1 (z)z1); thus @ € Rxy + M;. Hence (4.17) implies
M = Rzy ® M;. Further, M is free by (4.14). Set Ny := M; N N.

Recall a1x1 = y1 € N. So N D Raix; & Ni1. Conversely, given y € N, write
y = bry +my with b € R and m; € M;. Then a;i(y) = b, so b € (a1). Hence
Yy e Raijxzy + Ni. Thus N = Rai1x1 ® N;.

Define ¢: R — Rajz1 by ¢(a) = aarz1. If p(a) =0, then aa; =0 as ay(z1) =1,
and so a = 0 as a; # 0. Thus ¢ is injective, so a isomorphism.

Note N1 ~ R™ with m < n owing to (4.14) with N for E. Hence N ~ R™*1,
But N ~ R™. So (5.32)(2) yields m+ 1 =n.

By induction on n, there exists a decomposition M; = M| & M" and elements
Zoy..., &y € M{ and ag,...,a, € R such that

M{ =Rxs®---® Rz, N1 = Rasxs® - ® Rayxy,, (a2) D - D {a,) #0.

Then M =M' & M" and M' = Rz; ®---® Rz, and N = Rajx1 ® - @ Rapxy,.
Also (a1) D -+ D (an) # 0. Thus existence is proved.

Finally, consider the projection m: My — R with 7(z;) = da; for j <2 < n and
m|M" = 0. Define p: M — R by p(axi+mq) := a+m(m1). Then p(a1z1) = a1. So
p(N) D {a1) = aq(N). By maximality, p(N) = aq(N). But as = p(azz2) € p(N).
Thus (a2) C (a1), as desired.

Moreover, M' = {m € M | zm € N for some € R}. Thus M’ is determined.
Also, by (5.37)(2) with M’/N for M, each a; is determined up to unit multiple. O

THEOREM (5.39). — Let A be a local ring, M a finitely presented module.
(1) Then M can be generated by m elements if and only if F,(M) = A.
(2) Then M is free of rank m if and only if Fip,(M) = A and Fy,—1(M) = (0).

PROOF: For (1), assume M can be generated by m elements. Then (4.10)(1)
and (5.26) yield a presentation A % A™ — M — 0. So F,,,(M) = A by (5.34).

For the converse, assume also M cannot be generated by m—1 elements. Suppose
Fr(M) = A with k < m. Then F,,_1(M) = A by (5.35.1). Hence one entry of
the matrix (a;;) of a does not belong to the maximal ideal, so is a unit by (8.6).
By (5.33)(2), we may assume a;; = 1 and the other entries in the first row and
first column of A are 0. Thus A = ({ 3) where B is an (m — 1) x (s — 1) matrix.
Then B defines a presentation A°~! — A™~! — M — 0. So M can be generated
by m — 1 elements, a contradiction. Thus Fj(M) # A for k < m. Thus (1) holds.

In (2), if M is free of rank m, then there’s a presentation 0 — A™ — M — 0;
so Fi(M) = A and F,,,—1(M) = (0) by (5.35). Conversely, if F,,(M) = A, then
(1) and (5.26) and (4.10)(1) yield a presentation A5 % A™ — M — 0. If also
F—1(M) = (0), then o = 0 by (5.35). Thus M is free of rank m; so (2) holds. O

PROPOSITION (5.40). Let R be a ring, and M a finitely presented module. Say
M can be generated by m elements. Set a :== Ann(M). Then

(1) aF.(M) C Foo1(M) for allr >0 and (2) o™ C Fy(M) C a.

34 Appendix: Fitting Ideals (5.40)

PROOF: As M can be generated by m elements, (4.10)(1) and (5.26) yield a
presentation A < A™ £ M — 0. Say a has matrix A.

In (1), if > m, then trivially aF,. (M) C F,._1(M) owing to (5.35.1). So assume
r <m and set s :=m —r + 1. Given z € a, form the sequence

R™ By gm By M 0 with 8= o+ 21 pm.

Note that this sequence is a presentation. Also, the matrix of 8 is (A|zI,,), obtained
by juxtaposition, where I,,, is the m x m identity matrix.

Given an (s — 1) x (s — 1) submatrix B of A, enlarge it to an s x s submatrix B’
of (AlzI,,) as follows: say the ith row of A is not involved in B; form the m X s
submatrix B” of (A|zI,,) with the same columns as B plus the ith column of zI,,
at the end; finally, form B’ as the s x s submatrix of B” with the same rows as B
plus the ith row in the appropriate position.

Expanding along the last column yields det(B’) = +xz det(B). By constuction,
det(B’) € I;(A|zl,,). But I;(A|zl,,) = I,(A) by (5.34). Furthermore, z € a is
arbitrary, and I,,(A) is generated by all possible det(B). Thus (1) holds.

For (2), apply (1) repeatedly to get a*F,.(M) C F,_i(M) for all » and k. But
F,, (M) =R by (5.35.1). So a™ C Fy(M).

For the second inclusion, given any m x m submatrix B of A, say B = (b;;). Let
e; be the ith standard basis vector of R™. Set m; := u(e;). Then Y b;ym; =0
for all i. Let C be the matrix of cofactors of B: the (i,7)th entry of C is (—1)+
times the determinant of the matrix obtained by deleting the jth row and the ith
column of B. Then CB = det(B)I,,. Hence det(B)m; = 0 for all i. So det(B) € a.
But I,,,(A) is generated by all such det(B). Thus Fy(M) C a. Thus (2) holds. O



6. Direct Limits

Category theory provides the right abstract setting for certain common concepts,
constructions, and proofs. Here we treat adjoints and direct limits. We elaborate
on two key special cases of direct limits: coproducts (direct sums) and coequalizers
(cokernels). Then we construct arbitrary direct limits of sets and of modules.
Further, we prove direct limits are preserved by left adjoints; whence, direct limits
commute with each other, and in particular, with coproducts and coequalizers.

Although this section is the most abstract of the entire book, all the material
here is elementary, and none of it is very deep. In fact, many statements are just
concise restatements in more expressive language; they can be understood through
a simple translation of terms. Experience shows that it pays to learn this more
abstract language, but that doing so requires determined, yet modest effort.

(6.1) (Categories). — A category C is a collection of elements, called objects.
Each pair of objects A, B is equipped with a set Home(A, B) of elements, called
maps or morphisms. We write a: A — B or A % B to mean o € Home (A, B).
Further, given objects A, B, C, there is a composition law
Home (A, B) x Home(B,C) — Home(A4,C), written (o, ) — Ba,
and there is a distinguished map 15 € Home(B, B), called the identity such that
(1) composition is associative, or v(8a) = (y8)a for v: C' — D, and
(2) 1p is unitary, or 1 = o and Slg = .
We say « is an isomorphism with inverse §: B — A if a8 = 1p and fa = 14.
For example, four common categories are those of sets ((Sets)), of rings ((Rings)),
of R-modules ((R-mod)), and of R-algebras ((R-alg)); the corresponding maps are
the set maps, and the ring, R-module, and R-algebra homomorphisms.
Given categories € and €', their product € x €’ is the category whose objects

are the pairs (A, A’) with A an object of € and A’ an object of €’ and whose maps
are the pairs (o, a’) of maps o in € and o' in €.

(6.2) (Functors). A map of categories is known as a functor. Namely, given
categories € and €', a (covariant) functor F': € — € is a rule that assigns to
each object A of € an object F(A) of €' and to each map a: A — B of € a map
F(a): F(A) — F(B) of € preserving composition and identity; that is,

(1) F(Ba) = F(B)F(«a) for maps a: A — B and 8: B — C of €, and

(2) F(1a) =1p(a) for any object A of C.

We also denote a functor F' by F(e), by A — F(A), or by A Fjy.

Note that a functor F' preserves isomorphisms. Indeed, if o = 1p and fa = 14,
then F(a)F(8) = 1py and F(B)F(a) = F(14).

For example, let R be a ring, M a module. Then clearly Homp (M, e) is a functor
from ((R-mod)) to ((R-mod)). A second example is the forgetful functor from
((R-mod)) to ((Sets)); it sends a module to its underlying set and a homomorphism
to its underlying set map.

A map of functors is known as a natural transformation. Namely, given two func-
tors F, F': € = €', a natural transformation #: F' — F” is a collection of maps
6(A): F(A) — F'(A), one for each object A of €, such that (B)F(a) = F'(a)0(A)
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for every map a: A — B of C; that is, the following diagram is commutative:

FA) 29 By

0(A) 0(B)
F(a) 29 pr(B)

For example, the identity maps 1p(4) trivially form a natural transformation 1
from any functor F' to itself. We call F' and F’ isomorphic if there are natural
transformations §: F — F' and 0': I/ — F with 0’0 = 1r and 06’ = 1.

A contravariant functor G from € to €’ is a rule similar to F, but G reverses the
direction of maps; that is, G(«) carries G(B) to G(A), and G satisfies the analogues

of (1) and (2). For example, fix a module N; then Hom(e, N) is a contravariant
functor from ((R-mod)) to ((R-mod)).

EXERCISE (6.3). — (1) Show that the condition (6.2)(1) is equivalent to the
commutativity of the corresponding diagram:

Home(B,C) — Home: (F(B)7 F(C))

| | ©:3.)

Home(A,C) — Home (F(A),F(C’))

(2) Given v: C — D, show (6.2)(1) yields the commutativity of this diagram:
Home(B,C) — Home (F(B), F(C))

| |

Home(A, D) — Home (F(A), F(D))

(6.4) (Adjoints). — Let F: € — € and F’: €' — C be functors. We call (F, F’)
an adjoint pair, F' the left adjoint of F’, and F”’ the right adjoint of F' if, for
every pair of objects A € € and A’ € €/, there is given a natural bijection

Home/ (F(A), A') ~ Home(A4, F'(A")). (6.4.1)

Here Natural means that maps B — A and A’ — B’ induce a commutative
diagram:

2

Home: (F(A), A') ~ Home(A, F'(A"))

| |

Home/ (F(B), B') ~ Home(B, F'(B'))

Naturality serves to determine an adjoint up to canonical isomorphism. Indeed,
let F' and G be two left adjoints of F’'. Given A € €, define 8(A): G(A) — F(A)
to be the image of 1x(4) under the adjoint bijections

Home (F(A), F(4)) ~ Home(4, F'F(A)) ~ Home/ (G(A), F(A)).

To see that (A) is natural in A, take a map a: A — B. It induces the following
diagram, which is commutative owing to the naturality of the adjoint bijections:
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¢

Home: (F(A), F(A)) ~ Home(A4, F'F(A)) ~ Home (G(A), F(A))

| ! |

Home (F(A), F(B)) ~ Home(A, F/F(B)) ~ Home (G(A), F(B))

| | |

(
Home: (F(B), F(B)) ~ Home(B, F'F(B)) ~ Home/ (G(B), F(B))

R
j

2

Chase after 1p(4) and 1p(p). Both map to F(a) € Home (F(A), F(B)). So
both map to the same image in Home/(G(A), F(B)). But clockwise, 1p(4) maps to
F(a)0(A); counterclockwise, 155y maps to 6(B)G(a). So §(B)G(a) = F(a)f(A).
Thus the 6(A) form a natural transformation 6: G — F.

Similarly, there is a natural transformation 6’: F — G. It remains to show
0’0 = 1¢ and 00’ = 1. But, by naturality, the following diagram is commutative:

Home/ (F(A), F(A)) ~ Home(A, F'F(A)) Home(G(A4), F(A))

l

Home (A, F'G(A))

2
1

Home: (F(A), G(A))

R
R

Home(G(A), G(A))

Chase after 1p(4). Clockwise, its image is 6'(A)0(A) in the lower right corner.
Counterclockwise, its image is 1g(4), owing to the definition of §’. Thus 6’6 = 1¢.
Similarly, 860" = 1, as required.

For example, the “free module” functor is the left adjoint of the forgetful functor
from ((R-mod)) to ((Sets)), since by (4.10),

Hom(r-mody) (R™*, M) = Hom((sets)) (A, M).
Similarly, the “polynomial ring” functor is the left adjoint of the forgetful functor
from ((R-alg)) to ((Sets)), since by (1.3),

Hom((R—alg)) (R[Xl, ey Xn], R/) = Hom((Sets)) ({Xl, ey Xn}7 R/).
EXERCISE (6.5). — Let € and € be categories, F': € — €’ and F': ¢/ — € an
adjoint pair. Let ¢4 a-: Home/ (FA, A’) = Home(A, F'A’) denote the natural
bijection, and set 4 := ¢4, ra(1Fa). Do the following:

(1) Prove n4 is natural in A; that is, given g: A — B, the induced square

A FFA

QJV lF’Fg
B 2 F'FB
is commutative. We call the natural transformation A — 74 the unit of (F, F’).

(2) Given f': FA — A’ prove pa a/(f') = F'f ona.

(3) Prove the natural map na: A — F'FA is universal from A to F’; that is,
given f: A — F'A’, there is a unique map f': FA — A’ with F/f' ons = f.

(4) Conversely, instead of assuming (F, F”) is an adjoint pair, assume given a
natural transformation n: 1¢ — F'F satisfying (1) and (3). Prove the equation in
(2) defines a natural bijection making (F, F’) an adjoint pair, whose unit is 7.

(5) Identify the units in the two examples in (6.4): the “free module” functor
and the “polynomial ring” functor.

(Dually, we can define a counit e: F'F’ — 1e/, and prove analogous statements.)

38 Direct Limits (6.7)

(6.6) (Direct limits). — Let A, € be categories. Assume A is small; that is, its
objects form a set. Given a functor A — M) from A to G, its direct limit or
colimit, denoted lig]VA or @AeA M, is defined to be the object of € universal
among objects P equipped with maps ,: M, — P, called insertions, that are
compatible with the transition maps oj;: M,; — M,,, which are the images of the
maps of A. (Note: given x and u, there may be more than one map x — p, and so
more than one transition map aZ.) In other words, there is a unique map £ such
that all of the following diagrams commute:

a: a, .
My — M, — lim M)

[ e s

plry,p_r . p

To indicate this context, the functor A — M) is often called a direct system.

As usual, universality implies that, once equipped with its insertions a,,, the limit
lim M is determined up to unique isomorphism, assuming it exists. In practice,
there is usually a canonical choice for hgl M, given by a construction. In any case,
let us use lim M) to denote a particular choice.

We say that € has direct limits indexed by A if, for every functor A — M)
from A to C, the direct limit lim M) exists. We say that € has direct limits if it
has direct limits indexed by every small category A.

Given a functor F': € — €', note that a functor A — M, from A to € yields a
functor A\ — F(M)) from A to €’. Furthermore, whenever the corresponding two
direct limits exist, the maps F(a,): F(M,) — F(ling M) induce a canonical map

o: li%mF(M,\) — F(hAq M,y). (6.6.1)
If ¢ is always an isomorphism, we say F preserves direct limits. At times, given
lim My, we construct lim F(M,) by showing F(hgq M) has the requisite UMP.

Assume C has direct limits indexed by A. Then, given a natural transformation

from A — M)y to A — Ny, universality yields unique commutative diagrams
M, — hg M)

Lo

N,,, — li_rr>1N,\

To put it in another way, form the functor category C*: its objects are the
functors A — M) from A to C; its maps are the natural transformations (they form
a set as A is one). Then taking direct limits yields a functor lim from C* to €.

In fact, it is just a restatement of the definitions that the “direct limit” functor
li_ng is the left adjoint of the diagonal functor

A:C—Ch
By definition, A sends each object M to the constant functor AM, which has the
same value M at every A\ € A and has the same value 1, at every map of A; further,

A carries a map v: M — N to the natural transformation Avy: AM — AN, which
has the same value v at every A € A.

(6.7) (Coproducts). — Let C be a category, A a set, and My an object of € for
each A € A. The coproduct [[,., M, or simply [] My, is defined as the object
of € universal among objects P equipped with a map 3,,: M,, — P for each u € A.
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The maps ¢, : M, — [ M) are called the inclusions. Thus, given such a P, there
exists a unique map B: [[ My — P with ¢, = 5, for all p € A.

If A = (), then the coproduct is an object B with a unique map 8 to every other
object P. There are no p in A, so no inclusions ¢,: M, — B, so no equations
Bt = By to restrict 8. Such a B is called an initial object.

For instance, suppose € = ((R-mod)). Then the zero module is an initial object.
For any A, the coproduct [[ M) is just the direct sum € My (a convention if

= ()). Next, suppose € = ((Sets)). Then the empty set is an initial object. For
any A, the coproduct [] M, is the disjoint union | | M) (a convention if A = ().

Note that the coproduct is a special case of the direct limit. Indeed, regard A as
a discrete category: its objects are the A € A, and it has just the required maps,
namely, the 15. Then liquV[ » = [ [ M with the insertions equal to the inclusions.

(6.8) (Coequalizers). — Let o, o/ M = N be two maps in a category €. Their
coequalizer is defined as the object of € universal among objects P equipped with
a map 7n: N — P such that na = na’.

For instance, if € = ((R-mod)), then the coequalizer is Coker(aw — o). In partic-
ular, the coequalizer of o and 0 is just Coker(c).

Suppose € = ((Sets)). Take the smallest equivalence relation ~ on N with
a(m) ~ o'(m) for all m € M; explicitly, n ~ n’ if there are elements my, ..., m,
with a(mq) = n, with o/(m,) = n/, and with a(m;) = &/(mit1) for 1 < i < r.
Clearly, the coequalizer is the quotient N/~ equipped with the quotient map.

Note that the coequalizer is a special case of the direct limit. Indeed, let A be
the category consisting of two objects k, u and two nontrivial maps ¢, ¢': Kk = p.
Define A — M, in the obvious way: set M, := M and M, := N; send ¢ to « and
¢’ to a’. Then the coequalizer is lim M.

EXERCISE (6.9). — Let a: L — M and 8: L — N be two maps in a category C.
Their pushout is defined as the object of € universal among objects P equipped
with a pair of maps v: M — P and §: N — P such that ya = §3. Express the
pushout as a direct limit. Show that, in ((Sets)), the pushout is the disjoint union
M I N modulo the smallest equivalence relation ~ with m ~ n if there is £ € L
with «(f) = m and B(¢) = n. Show that, in ((R-mod)), the pushout is equal to the
direct sum M @ N modulo the image of L under the map (a, —f3).

LEMMA (6.10). — A category C has direct limits if and only if € has coproducts and
coequalizers. If a category C has direct limits, then a functor F: C — € preserves
them if and only if F preserves coproducts and coequalizers.

PROOF: If € has direct limits, then € has coproducts and coequalizers because
they are special cases by (6.7) and (6.8). By the same token, if F: € — ¢
preserves direct limits, then F' preserves coproducts and coequalizers.

Conversely, assume that € has coproducts and coequalizers. Let A be a small
category, and A — M, a functor from A to C. Let X be the set of all transition maps
af;: My — M,,. For each o := a;’\L € %, set My := My. Set M := [ .5, M, and
N = HAeA M. For each o, there are two maps M, := M, — N: the inclusion
¢y and the composition Lua;\r Correspondingly, there are two maps a,o’: M — N.
Let C be their coequalizer, and n: N — C' the insertion.

Given maps By: My — P with ﬂuaf; = [, there is a unique map 5: N — P with
Bix = Bx by the UMP of the coproduct. Clearly Sa = Ba’; so 8 factors uniquely
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through C by the UMP of the coequalizer. Thus C = th A, as desired.
Finally, if F': € — @ preserves coproducts and coequalizers, then F preserves
arbitrary direct limits as F' preserves the above construction. O

THEOREM (6.11). — The categories ((R-mod)) and ((Sets)) have direct limits.

PRrOOF: The assertion follows from (6.10) because ((R-mod)) and ((Sets)) have
coproducts by (6.7) and have coequalizers by (6.8). O

THEOREM (6.12). — Ewvery left adjoint F': € — €' preserves direct limits.

PROOF: Let A be a small category, A — M) a functor from A to € such that
liﬂ]\i ) exists. Given an object P’ of €, consider all possible commutative diagrams

F(ag) F(au
F(M,) —— F(M,) ——= (QM,\)

Jﬁé J,ﬂ lﬁ, (6.12.1)

1 P 1

where o is any transition map and «,, is the corresponding insertion. Given the
/. we must show there is a unique /.
Say F' is the left adjoint of F’: ¢’ — €. Then giving (6.12.1) is equivalent to

giving this corresponding commutative diagram:

M, — M, = lim My

Lo v s

F' (P 5 F(P) 5 F/(P)
However, given the S, there is a unique § by the UMP of hﬂZVI A g

PROPOSITION (6.13). — Let C be a category, A and X small categories. Assume
€ has direct limits indexed by X. Then the functor category C* does too.

PrOOF: Let o +— (A +— M,) be a functor from ¥ to €. Then a map o — 7 in
) yields a natural transformation from A — M,y to A +— M;x. Soamap A — p in
A yields a commutative square

My — My,
| | (6.13.1)

MT)\ — Mru

in a manner compatible with composition in ¥. Hence, with A fixed, the rule
o +— M, is a functor from X to C.

By hypothesis, 1&1 ex M, exists. So A — @062 M,y is a functor from A to
C. Further, as 7 € ¥ varies, there are compatible natural transformations from the
A= M.y to X — h_ng es M. Finally, the latter is the direct limit of the functor
T+ (A = M,)) from ¥ to G, because, given any functor A — Py from A to €
equipped with, for 7 € ¥, compatible natural transformations from the A — M
to A +— Py, there are, for )\ € A, compatible unique maps l_n} es My — Ps. g
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THEOREM (6.14) (Direct limits commute). — Let € be a category with direct limits

indezxed by small categories ¥ and A. Let o — (A — Myx) be a functor from X to
CA. Then

hgloez @AGA Moy = hﬂAeA hﬂnez Mo,z
PROOF: By (6.6), the functor @AGA: CAN — @ is a left adjoint. By (6.13), the
category G has direct limits indexed by . So (6.12) yields the assertion. g

COROLLARY (6.15). — Let A be a small category, R a ring, and C either ((Sets))
or ((R-mod)). Then functor hgi CA — € preserves coproducts and coequalizers.

PROOF: By (6.7) and (6.8), both coproducts and coequalizers are special cases
of direct limits, and € has them. So (6.14) yields the assertion. O

EXERCISE (6.16). — Let C be a category, ¥ and A small categories.
(1) Prove €¥*4 = (€*)® with (0, \) = M, » corresponding to o +— (A — M, ).
(2) Assume C has direct limits indexed by ¥ and by A. Prove that € has direct
limits indexed by ¥ x A and that thA hglaez = hgl(o.)\)erA'

EXERCISE (6.17). — Let A — M) and A — N, be two functors from a small
category A to ((R-mod)), and {0x: My — N,} a natural transformation. Show
liénCoker(H)\) = Coker(lig My — liﬂNA).

Show that the analogous statement for kernels can be false by constructing a
counterexample using the following commutative diagram with exact rows:

77 - 7/(2) =0

ICEE

727 - 7/(2) =0

7. Filtered Direct Limits

Filtered direct limits are direct limits indexed by a filtered category, which is
a more traditional sort of index set. After making the definitions, we study an
instructive example where the limit is Q. Then we develop an alternative construc-
tion of filtered direct limits for modules. We conclude that forming them preserves
exact sequences, and so commutes with forming the module of homomorphisms out
of a fixed finitely presented source.

(7.1) (Filtered categories). — We call a small category A filtered if

(1) given objects k and A, for some p there are maps k — p and A — p,
(2) given two maps o, 7: § =% k with the same source and the same target, for
some p there is a map ¢: kK — p such that o = 7.

Given a category €, we say a functor A — M) from A to C is filtered if A is
filtered. If so, then we say the direct limit lim M) is filtered if it exists.

For example, let A be a partially ordered set. Suppose A is directed; that is,
given k, A € A, there is a p with k < g and A < u. Regard A as a category whose
objects are its elements and whose sets Hom(k, \) consist of a single element if
£ < A, and are empty if not; morphisms can be composed, because the ordering is
transitive. Clearly, the category A is filtered.

EXERCISE (7.2). — Let R be a ring, M a module, A a set, M) a submodule for
each A € A. Assume | J M, = M. Assume, given A, p € A, there is v € A such that
My, M,, ¢ M,. Order A by inclusion: X\ <y if My C M,,. Prove M = @]W)\.

EXERCISE (7.3). — Show that every module M is the filtered direct limit of its
finitely generated submodules.

EXERCISE (7.4). — Show that every direct sum of modules is the filtered direct
limit of its finite direct subsums.

EXAMPLE (7.5). — Let A be the set of all positive integers, and for each n € A,
set M, :={r/n|r €Z} C Q. Then Y M, = Q and M,,, M,, C M,,,,. Then (7.2)
yields Q = h_rr; M,, where A is ordered by inclusion of the M,,.

However, M,, C M, if and only if 1/m = s/n for some s, if and only if m | n.
Thus we may view A as ordered by divisibility of the n € A.

For each n € A, set R,, := Z, and define 8,,: R, — M,, by B,(r) := r/n. Clearly,
Br is a Z-module isomorphism. And if n = ms, then this diagram is commutative:

R, 5 R,

bo|=  pa = (7.5.1)

L

M, <~ M,

where p is the map of multiplication by s and ¢]* is the inclusion. Thus Q = hﬂ R,
where the transition maps are the .

EXERCISE (7.6). — Keep the setup of (7.5). For each n € A, set N,, := Z/(n); if
n = ms, define o' : N, = N,, by af'(z) := s (mod n). Show lim N, = Q/z.

42
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THEOREM (7.7). — Let A be a filtered category, R a ring, and C either ((Sets)) or
((R-mod)) or ((R-alg)). Let A — My be a functor from A to C. Define a relation
~ on the set-theoretic disjoint union | | My as follows: my ~ mg for m; € My, if
there are transition maps a : My, — M, such that oz)‘lml = af‘ mo. Then ~ is
an equivalence relation. Set M (|_| ]Vf,\)/N Then ]VI = hﬂMN and for each pu,

the canonical map «y,: My, — M is equal to the insertion map M, — @MA.

PrOOF: Clearly ~ is reflexive and symmetric. Let’s show it is transitive. Given
m; € My, for i =1,2,3 With my ~ mg and mg ~ mg, there are aﬁ’f fori =1,2
and ap for i = 2,3 with aj'my = oﬂzmz and a)2my = aj*ms. Then (7.1)(1)
yields o and af. F’o&.mbly7 oz“oﬂ? # apa 22 but in any case, (7.1)(2) yields a®
with a2 (aa)?) = af(aba)?). In sum, we have this diagram of indices:

p % p
A1
S
A2 %P > o
17
A3

Hence, (agaf;)o/\lml (aga;)a33m3. Thus m1 ~ ms.

Ife= ((R mod)), define addition in M as follows. Given m; € My, for i = 1,2,
there are a i by (7.1)(1). Set
ax,my + ay,meo = a“(aﬁ my + CM)\2TYL2)
We must check that this addition is well deﬁned.

First, consider ;. Suppose there are ;) too. Then (7.1)(1) yields af and of

Possibly, a“a # a"a , but (7.1)(2) yields o with ozp(oz“a)‘l)a” (a"a)‘l) and
then a2 Wlth aZ(af ozt)‘oz)‘?) = aJ(afabay?). In sum, we have this diagram:

A1 %/J’
P yo T
)\2 éU

Therefore, (aiaga’;)(af;l my +a;>2m2) (aZalal )(a mi + a)?msz). Thus both u
and v yield the same value for ay, mi + ax,mo.

Second, suppose m; ~ mj € M A;- Then a similar, but easier, argument yields
@x, M1+ ax,Maay my + ax,ma. Thus addition is well defined on M.

Define scalar multiplication on M similarly. Then clearly M is an R-module.

If ¢ = ((R-alg)), then we can see similarly that M is canonically an R-algebra.

Finally, let 8x: My — N be maps with 8o} = S, for all af. The S induce

a map | |Myx — N. Suppose m; ~ mg for m; € M),; that is, cv/\lml = a)‘ng

for some ai. Then By, m1 = B, M2 as ﬁua;\/ = [\,. So there is a unique map
B: M — N with Say = By for all A. Further, if € = ((R-mod)) or € = ((R-alg)),
d

then clearly 8 is a homomorphism. The proof is now complete.

COROLLARY (7.8). — Preserve the conditions of (7.7).

(1) Given m € liﬂM)\, there are A and my € M) such that m = axm.

A

i
H such

(2) Given m; € My, for i = 1,2 such that ay,m1 = ax,ma, there are «
that oz;\fml = oz;\Q mo.

(3) Suppose € = ((R— mod)) or C = ((R alg)). Then given A and my € M)y

such that axmy = 0, there is a” such that a my = 0.
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PROOF: The assertions follow directly from (7.7). Specifically, (1) holds, since
lii>nM,\ is a quotient of the disjoint union | | M. Further, (2) holds owing to the
definition of the equivalence relation involved. Finally, (3) is the special case of (2)
where m1 := my and mo = 0. O
EXERCISE (7.9). — Let R :=lim Ry be a filtered direct limit of rings.

(1) Prove that R = 0 if and only if Ry = 0 for some .

(2) Assune that each Ry is a domain. Prove that R is a domain.
(3) Assume that each R) is a field. Prove that R is a field.

EXERCISE (7.10). — Let M := lim M be a filtered direct limit of modules, with
transition maps af;: My — M, and insertions ay: My — M. For each A, let
Ny C M)y be asubmodule, and let N C M be a submodule. Prove that Ny = a;lN
for all X if and only if (a) Ny = (az)_lNH for all a;\L and (b) JaaNy = N.

DEFINITION (7.11). — Let R be a ring. We say an algebra R’ is finitely presented
if R ~ R[X},...,X,]/a for some variables X; and finitely generated ideal a.

PROPOSITION (7.12). — Let A be a filtered category, R a ring, C either ((R-mod))
or ((R-alg)), A — My a functor from A to €. Given N € €, form the map (6.6.1),

0: li_n}Hom(N M) — Hom(N, li_n>1]V[,\).

(1
(2

) If N is finitely generated, then 0 is injective.

) The following conditions are equivalent:

(a) N is finitely presented;

(b) 6 is bijective for all filtered categories A and all functors A — My;
(c) 0 is surjective for all directed sets A and all X — M.

PROOF: Given a transition map aj: My — M, set 3 := Hom(N, a;,). Then
the BA are the transition maps of IHHOIH(N M)). Denote by ay and S, the
insertions of i gl]V[ » and li lﬂHom(N M)y).

For (1), let ny,...,n, generate N. Given ¢ and ¢’ in h_n}Hom(N7 M) with
0(¢) = 0(¢"), note that (7.8)(1) yields A and ¢x: N — My and pand ¢},: N — M,
with Sx(¢x) = ¢ and Bu(g),) = ¢’ Then 6(p) = axpx and 0(¢) = a.y), by
construction of 6. Hence axpy = a“,ap;. So axpa(n;) = a;m;(ni) for all 7. So
(7.8)(2) yields A; and o, and oy such that o} ox(ni) = o} @), (n;) for all i.

Let’s prove, by induction on i, that there are v; and a,i‘i and «of such that
o a(ny) = ok (n;) for 1 < j <. Indeed7 given v;_1 and o), | and ol , by

(7.1)(1), there are p; and ap: ' and a By (7.1)(2), there are v; and afi such that
vie1 X Ai A Xi g\

P — P Pi 1 — oPigNi — oPi
ooy, = abiagiay, and a ’oz,,i tal | =afiapiak . Set ap = afia)iay,
no. Pi yAi M m
and o, = afiayial,. Then o oa(ng) = ok (nj) for 1 <j<i,as desued

Set v := v,.. Then al,gax(nz) = abyl (n;) for all é. Hence appx = aly),. But

¢ = Ba(ex) = BuBo(pr) = Bu(aper).
Similarly, ¢’ = 8, (al¢),). Hence ¢ = ¢’. Thus 6 is injective. Notice that this proof
works equally well for ((R-mod)) and ((R-alg)). Thus (1) holds.

For (2), let’s treat the case € = ((R-mod)) first. Assume (a). Say N ~ F/N’
where F':= R" and N’ is finitely generated, say by nj,...,n}. Let n; be the image
in N of the ith standard basis vector e; of F'. Then there are homogeneous linear
polynomials f; with f;(ei,...,e.) = n/; for all j. So f;(ni,...,n.) =0.
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Given ¢: N — lim My, set m; := p(n;) for 1 < i < r. Repeated use of (7.8)(1)
and (7.1)(1) yields A and my; € My with aymy; = m; for all i. So for all j,

ax(fi(ma,...,mxr)) = fi(ma,....,m;) = o(fj(n1,...,n.)) =0.
Hence repeated use of (7.8)(2) and (7.1)(1), (2) yields p and o), with, for all 7,

an(fi(mar, ..., mar)) =0.

Therefore, there is @, : N — M, with ¢, (n;) := a;(mx;) by (4.10) and (4.6).
Set ¢ := Bu(py). Then 6(y)) = a,p,. Hence 8(¢)(n;) = m; = p(n;) for all i. So
6(v)) = ¢. Thus 0 is surjective. So (1) implies 6 is bijective. Thus (b) holds.

Trivially (b) implies (c).

Finally, assume (c). Take A to be the directed set of finitely generated submodules
Ny, of N. Then N = @NA by (7.2). However, 0 is surjective. So there is
P € li_ngHom(N, Ny) with 6(¢0) = 1n. So (7.8)(1) yields A and ¥» € Hom(N, Ny)
with 8y (1x) = ¥. Hence axthy = (). So axthy = 1n. So ay is surjective. But
ax: Ny — N is the inclusion. So Ny = N. Thus N is finitely generated. Say
ni,...,Nn, generate N. Set F':= R" and let e; be the ith standard basis vector.

Define k: F — N by r(e;) :=n; for all . Set N’ := Ker(x). Then F/N’ = N.
Let’s show N’ is finitely generated.

Take A to be the directed set of finitely generated submodules N} of N’. Then
N' = hﬂN; by (7.2). Set Ny := F/N{. Then N = lim N by (6.17). Here the o),
and the ) are the quotient maps. Since 6 is surjective, there is ¢ € Hom(N, Ny)
with 6(¢)) = 1n. So (7.8)(1) yields A and ¢, € Hom(N, Ny) with 8x(¢x) = 9.
Hence axyn = (). So axtpy = 1In. Set ¢, = aﬁw)\ for all p; note 1, is well
defined as A is directed. Then a1, = axty = 1y for all . Let’s show there is
with ¢,0, = 1n,.

For all p and i, let n,; be the image in N, of e;. Then axny; = ax(Praany;)
as axt = ly. Hence repeated use of (7.8)(2) and (7.1)(1) yields p such that
a;)n,\i = aﬁ(wxakn,\i) for all . Hence nyu; = (y,au)nu;. But the ny,; generate N,
for all 4. So 1n, = ¥y, as desired.

So et Ny — N is an isomorphism. So N;, = N’. Thus N’ is finitely generated.
Thus (a) holds for ((R-mod)).

In the case € = ((R-alg)), replace F by a polynomial ring R[Xq,...,X,], the
submodule N’ by the appropriate ideal a, and the f; by polynomials that generate
a. With these replacements, the above proof shows (a) implies (b). As to (¢) implies
(a), first take the N to be the finitely generated subalgebras; then the above proof
of finite generation works equally well as is. The rest of the proof works after we
replace F' by a polynomial ring, the e; by the variables, N’ by the appropriate ideal,
and the N{ by the finitely generated subideals. O

(7.13) (Finite presentations). Let R be a ring, R’ a finitely presented algebra.
The proof of (7.12)(2) shows that, for any presentation R[Xi,...,X,]/a of R/,
where R[X7, ..., X,] is a polynomial ring and a is an ideal, necessarily a is finitely
generated. Similarly, for a finitely presented module M, that proof gives another
solution to (5.26), one not requiring Schanuel’s Lemma.

THEOREM (7.14) (Exactness of Filtered Direct Limits). Let R be a ring, A a
filtered category. Let C be the category of 3-term exact sequences of R-modules: its
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objects are the 3-term exact sequences, and its maps are the commutative diagrams
L— M —N
L' —- M — N
Then, for any functor X\ — (L LN My 2 Ny) from A to @, the induced sequence
@LA ﬁ) lig]\h N liglN)\ is exact.
Proor: Abusing notation, in all three cases denote by o the transition maps

and by a) the insertions. Then given ¢ € li_n}LA, there is £, € Ly with a)fy =/
by (7.8)(1). By hypothesis, yAB8x€x = 0; so v8¢ = 0. In sum, we have this figure:

Oy | >0
e e e A
e ve re lim
A > 0

Thus Im(5) C Ker(7y).

For the opposite inclusion, take m € lim My with ym = 0. By (7.8)(1), there is
my € My with aymy = m. Now, axyamy = 0 by commutativity. So by (7.8)(3),
there is aﬁ with a;\ﬂAmA =0. So vuaﬁmA = 0 by commutativity. Hence there is
4, € L, with 8,4, = aﬁmA by exactness. Apply a, to get

Boy by = ol = auaz\th =m.
In sum, we have this figure:
mx 1> nx

— —

) > e > e A

~ ~
Ly vy My >0
< N x
° > e > e
v “~L ~
L1 >»mi1 >0
A A .
. s ® s ® hg
Thus Ker(y) C Im(8). So Ker(y) = Im(3) as asserted. O

EXERCISE (7.15). — Let R := lim Ry be a filtered direct limit of rings, ax C Rx
an ideal for each A. Assume ozf;a)\ C a, for each transition map a;). Set a :=limay.
If each ay is prime, show a is prime. If each a) is maximal, show a is maximal.

EXERCISE (7.16). — Let M := lim My be a filtered direct limit of modules, with
transition maps a;}: My — M, and insertions ayx: My — M. Let Ny C M) be a
be a submodule for all A. Assume aﬁNA C N, for all az. Prove li_n>1NA =JaxNy.

EXERCISE (7.17). — Let R := lim 12y be a filtered direct limit of rings. Prove that
liglnil(RA) = nil(R).
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EXERCISE (7.18). — Let R := lim Ry be a filtered direct limit of rings. Assume
each ring R} is local, say with maximal ideal my, and assume each transition map
a;}: Ry — R, is local. Set m := limmy. Prove that R is local with maximal ideal
m and that each insertion o : Ry — R is local.

(7.19) (Hom and direct limits again). — Let A a filtered category, R a ring, N a
module, and A — M) a functor from A to ((R-mod)). Here is an alternative proof
that the map 0(N) of (6.6.1) is injective if NV is finitely generated and bijective if
N is finitely presented.

If N := R, then 0(N) is bijective by (4.3). Assume N is finitely generated, and
take a presentation R®* — R™ — N — 0 with ¥ finite if N is finitely presented.
It induces the following commutative diagram:

0— li_n}Hom(N7 My) — liﬂHom(R", My) — @Hom(ReaE, My)

H(N)l G(R")l: G(Réﬁz)l
0 — Hom(N, hg’lM,\) — Hom(R", hénM)\) — Hom(R®>, h%mM)\)
The rows are exact owing to (5.18), the left exactness of Hom, and to (7.14), the
exactness of filtered direct limits. Now, Hom preserves finite direct sums by (4.15),

and direct limit does so by (6.15) and (6.7); hence, §(R") is bijective, and §( R®*)
is bijective if ¥ is finite. A diagram chase yields the assertion.

EXERCISE (7.20). — Let A and A’ be small categories, C: A’ — A a functor.
Assume A’ is filtered. Assume C is cofinal; that is,
(1) given A € A, there is a map A — C)\ for some X € A/, and
(2) given ¢, p: A = CN, there is x: X — M| with (Cx)y = (Cx)e.
Let A — M) be a functor from A to € whose direct limit exists. Show that
lim, Moy =lig, My
more precisely, show that the right side has the UMP characterizing the left.

EXERCISE (7.21). — Show that every R-module M is the filtered direct limit over
a directed set of finitely presented modules.

8. Tensor Products

Given two modules, their tensor product is the target of the universal bilinear
map. We construct the product, and establish various properties: bifunctoriality,
commutativity, associativity, cancellation, and most importantly, adjoint associa-
tivity; the latter relates the product to the module of homomorphisms. With one
factor fixed, the product becomes a linear functor. We prove Watt’s Theorem; it
characterizes “tensor-product” functors as those linear functors that commute with
direct sums and cokernels. Lastly, we discuss the tensor product of algebras.

(8.1) (Bilinear maps). — Let R a ring, and M, N, P modules. We call a map
a:MxN—P
bilinear if it is linear in each variable; that is, given m € M and n € N, the maps
m' — a(m’,n) and 7' — a(m,n’)

are R-linear. Denote the set of all these maps by Bilg(M, N; P). It is clearly an
R-module, with sum and scalar multiplication performed valuewise.

(8.2) (Tensor product). Let R be a ring, and M, N modules. Their tensor
product, denoted M ® g N or simply M ® N, is constructed as the quotient of the
free module R®M*N) modulo the submodule generated by the following elements,
where (m,n) stands for the standard basis element e, »):

(m+m/,n) —(m,n)— (m',n) and (m, n+n')—(m,n)— (m,n’), (8.2.1)

(xm, n) —x(m,n) and (m, zn) —x(m,n) -

for all m,m’ € M and n,n’ € N and z € R.

The above construction yields a canonical bilinear map

B:MxN— Mo N.
Set m ®@n = B(m,n).

THEOREM (8.3) (UMP of tensor product). Let R be a ring, M, N modules.
Then B: M x N — M ® N is the universal bilinear map with source M x N; in
fact, B induces, not simply a bijection, but a module isomorphism,

6: Homp(M @g N, P) = Bilg(M, N; P). (8.3.1)

PROOF: Note that, if we follow any bilinear map with any linear map, then the
result is bilinear; hence, € is well defined. Clearly, 6 is a module homomorphism.
Further, 0 is injective since M ®pg N is generated by the image of 5. Finally, given
any bilinear map a: M x N — P, by (4.10) it extends to a map o/ : R®(M*N) _ p,
and o carries all the elements in (8.2.1) to 0; hence, o factors through 3. Thus
0 is also surjective, so an isomorphism, as asserted. O

EXERCISE (8.4). — Let R be a ring, R’ an R- algebra, and M an R’-module.
Set M’ := R’ ®g M. Define a: M — M’ by am := 1 ® m, and p: M’ — M by
p(x @ m) := xzm. Prove M is a direct summand of M’ with o = ¢ps and p = mpy.

48
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(8.5) (Bifunctoriality). — Let R be a ring, a: M — M’ and o/: N — N’ module
homomorphisms. Then there is a canonical commutative diagram:

’
aXo

Mx N —=— M'x N’
s |#
MoN 229 Mo N

Indeed, 8o (a x ) is clearly bilinear; so the UMP (8.3) yields a®a’. Thus e@ N
and M ®e are commuting linear functors — that is, linear on maps, compare (9.2).

PROPOSITION (8.6). — Let R be a ring, M and N modules.
(1) Then the switch map (m,n) — (n,m) induces an isomorphism

M®rN=N®®prM.
(2) Then multiplication of R on M induces an isomorphism

R@r M =M. (unitary law)

(commutative law)

PROOF: The switch map induces an isomorphism REMXN) oy REWNXM) g1
it preserves the elements of (8.2.1). Thus (1) holds.

Define 8: R x M — M by B(z,m) := xm. Clearly (3 is bilinear. Let’s check 3
has the requisite UMP. Given a bilinear map o: R x M — P, define v: M — P by
v(m) := a(1,m). Then ~ is linear as « is bilinear. Also, a = (3 as

a(z,m) = za(l,m) = a(l,zm) = y(zm) = yB(z,m).
Further, v is unique as 3 is surjective. Thus b has the UMP, so (2) holds. g

EXERCISE (8.7). — Let R be a domain, a a nonzero ideal. Set K := Frac(R).
Show that a ®@gr K = K.

(8.8) (Bimodules). — Let R and R’ be rings. An abelian group N is an (R, R')-
bimodule if it is both an R-module and an R’-module and if z(z'n) = 2/(xn)
for all z € R, all 2’ € R, and all n € N. At times, we think of N as a left R-
module, with multiplication zn, and as a right R’-module, with multiplication nz’.
Then the compatibility condition becomes the associative law: z(nz') = (zn)z’. A
(R, R')-homomorphism of bimodules is a map that is both R-linear and R'-linear.

Let M be an R-module, and let N be an (R, R’)-bimodule. Then M ®r N
is an (R, R')-bimodule with R-structure as usual and with R’-structure defined
by z'(m ®n) := m® (¢'n) for all 2’ € R, all m € M, and all n € N. The
latter multiplication is well defined and the two multiplications commute because
of bifunctoriality (8.5) with « := p, and o 1= .

For instance, suppose R’ is an R-algebra. Then R’ is an (R, R)-bimodule. So
M ®pr R’ is an R’-module. It is said to be obtained by extension of scalars.

In full generality, it is easy to check that Homp(M, N) is an (R, R')-bimodule
under valuewise multiplication by elements of R’. Further, given an R’-module
P, it is easy to check that Hompg: (N, P) is an (R, R’)-bimodule under sourcewise
multiplication by elements of R.

EXERCISE (8.9). — Let R be a ring, R’ an R-algebra, M, N two R’-modules.
Show there is a canonical R-linear map 7: M g N - M ®pr' N.

Let K C M ®gr N denote the R-submodule generated by all the differences
(@'m)®n —m® (z'n) for 2’ € R’ and m € M and n € N. Show K is equal to
Ker(7), and 7 is surjective. Show 7 is an isomorphism if R’ is a quotient of R.
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THEOREM (8.10). — Let R and R’ be rings, M an R-module, P an R'-module,
N an (R, R)-bimodule. Then there are two canonical (R, R)-isomorphisms:

M @r (N ®@r P)= (M ®r N) Qg P,
Homp (M ®r N, P) = Hompg (M7 Hompg (N, P)) (adjoint associativity)

(associative law)

PRrROOF: Note that M @ (N @' P) and (M @ g N) @ g P are (R, R’)-bimodules.
For each (R, R')-bimodule @, call a map 7: M x N x P — @ trilinear if it is
R-bilinear in M x N and R’-bilinear in N x P. Denote the set of all these T by
Tril(M, N, P; Q). It is, clearly, an (R, R')-bimodule.

A trilinear map 7 yields an R-bilinear map M x (N @' P) — @, whence a map
M ®g (N ®gr P) = @, which is both R-linear and R’-linear, and vice versa. Thus
Tril g,y (M, N, P; Q) = Hom(M ®@g (N ®@r P), Q).

Similarly, there is a canonical isomorphism of (R, R')-bimodules

Tril g,y (M, N, P; Q) = Hom((M ®r N) @' P, Q).

Hence each of M ®p (N ®p P) and (M ®p N) ®p P is the universal target of a
trilinear map with source M x N x P. Thus they are equal, as asserted.
To establish the isomorphism of adjoint associativity, define a map

[N HomR/(M®RN,P)—>H0mR(]V[, HomRr(N,P)) by
(a(n)(m)) (m) = 7(m @ n).
Let’s check « is well defined. First, a(y)(m) is R’-linear, because given 2’ € R/,
Y(m & (2'n)) = y(a'(m @n)) = 2'y(m @ n)
since « is R’-linear. Further, a(7) is R-linear, because given x € R,
(zm)®@n=m® (zn) andso (a(y)(zm))(n)= (a(y)(m))(zn).

Thus a(y) € Homg (M, Hompg (N, P)). Clearly, a is an (R, R')-homomorphism.

To obtain an inverse to «, given n € Homp (M7 Hompg/ (N, P))7 define a map
(: M x N — P by ((m,n) := (n(m))(n). Clearly, ¢ is Z-bilinear, so ¢ induces a
Z-linear map §: M ®z N — P. Given z € R, clearly (n(zm))(n) = (n(m))(zn); so
0((xm) @ n) = §(m ® (zn)). Hence, ¢ induces a Z-linear map B(n): M g N — P

owing to (8.9) with Z for R and with R for R’. Clearly, 8(n) is R'-linear as n(m)
is so. Finally, it is easy to verify that a(8(n)) = n and B(a(y)) = 7, as desired. O

COROLLARY (8.11). Let R be a ring, and R’ an algebra. First, let M be an
R-module, and P an R'-module. Then there are two canonical R'-isomorphisms:

(M ®grR)®r P=M ®g P,
HOH]R/(]\/[ QR R,, P) = I‘IOI?[]R(]\47 P) (left adjoint)

(cancellation law)

Instead, let M be an R'-module, and P an R-module. Then there is a canonical
R'-isomorphism:

Hompg (M, P) = Hompg/ (M, Homg(R', P)). (right adjoint)
In other words, @ @ R’ is the left adjoint of restriction of scalars from R’ to R,
and Homp(R', ®) is its right adjoint.

PROOF: The cancellation law results from the associative and unitary laws; the
adjoint isomorphisms, from adjoint associativity, (4.3) and the unitary law. O
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EXERCISE (8.12). — In the setup of (8.11), find the unit 7; of each adjunction.

COROLLARY (8.13). — Let R, R’ be rings, N a bimodule. Then the functor e g N
preserves direct limits, or equivalently, direct sums and cokernels.

PRrROOF: By adjoint associativity, e®pr N is the left adjoint of Hompg/ (N, e). Thus
the assertion results from (6.12) and (6.10). O

EXAMPLE (8.14). — Tensor product does not preserve kernels, nor even injections.
Indeed, consider the injection pg: Z — Z. Tensor it with N := Z/(2), obtaining
po: N — N. This map is zero, but not injective as NV # 0.

EXERCISE (8.15). — Let M and N be nonzero k-vector spaces. Prove M @ N # 0.

EXERCISE (8.16). Let R be a ring, a and b ideals, and M a module.
(1) Use (8.13) to show that (R/a) @ M = M/alM.
(2) Use (1) to show that (R/a) ® (R/b) = R/(a+b).

EXERCISE (8.17). — Show Z/(m) ®z Z/{n) = 0 if m and n are relatively prime.

THEOREM (8.18) (Watts). — Let F': ((R-mod)) — ((R-mod)) be a linear functor.
Then there is a natural transformation 0(e): e QF(R) — F(e) with §(R) =1, and
O(e) is an isomorphism if and only if F' preserves direct sums and cokernels.

PROOF: As F is a linear functor, there is, by definition, a natural R-linear map
0(M): Hom(R, M) — Hom(F(R), F(M)). But Hom(R, M) = M by (4.3). Set
N := F(R). Then, with P := F(M), adjoint associativity yields the desired map

6(M) € Hom (M, Hom(N, F(M))) = Hom(M ® N, F(M)).
Explicitly, 8(M)(m ® n) = F(p)(n) where p: R — M is defined by p(1) = m.
Alternatively, this formula can be used to construct (M), as (m,n) — F(p)(n) is

clearly bilinear. Either way, it’s not hard to see 8(M) is natural in M and 0(R) = 1.
If 6(e) is an isomorphism, then F preserves direct sums and cokernels by (8.13).

To prove the converse, take a presentation R®> LNy LN VN 0; one exists
by (5.20). Applying 6, we get this commutative diagram:
R¥®@N — R®**@N - M®N — 0
Je(nez) la(REBA) 10<M) (8.18.1)
F(R%®¥) — F(R®) — F(M) — 0
By construction, §(R) = 1y. If F preserves direct sums, then (R®") = 1yea
and §(R®%) = lyes; in fact, given any natural transformation §: T — U, let’s
show that, if T and U preserve direct sums, then so does 6.

Given a collection of modules My, each inclusion ¢y : My — € M, yields, because
of naturality, the following commutative diagram:
T(My) = @T(M,)
001,) |o@any)
U(M) s @U(M)

Hence 0(@ M))T(tx) = @ O(Mx)T(¢x). But the UMP of direct sum says that,
given any N, a map €@ T(M,) — N is determined by its compositions with the
inclusions T'(¢y). Thus 0(@ M) = @ 0(M)), as desired.
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Suppose F' preserves cokernels. Since ¢ @ N does too, the rows of (8.18.1) are
exact by (5.2). Therefore, §(M) is an isomorphism. O

EXERCISE (8.19). — Let F': ((R-mod)) — ((R-mod)) be a linear functor. Show
that F' always preserves finite direct sums. Show that 6(M): M ® F(R) — F(M)
is surjective if F' preserves surjections and M is finitely generated, and that 6(M)
is an isomorphism if F' preserves cokernels and M is finitely presented.

(8.20) (Additive functors). — Let R be a ring, M a module, and form the diagram
M2 Mo M 2 M

where 61\/[ = (11\47 1M) and OMN = lM + 1]»[.

Let a, 8: M — N be two maps of modules. Then

on (@ B)on = a+ B, (8.20.1)

because, for any m € M, we have

(on (@ ® B)on)(m) = on(a @ B)(m,m) = on(a(m), B(m)) = a(m) + B(m).

Let F: ((R-mod)) — ((R-mod)) be a functor that preserves finite direct sums.
Then F(a @ 5) = F(a) D F(,B) Also, F((S]u) = (sF(A[) and F(O’]\,{) = Op(M)
as F(1y) = lpay). Hence F(a + B) = F(a) + F(B8) by (8.20.1). Thus F is
additive, that is, Z-linear.

Conversely, every additive functor preserves finite direct sums owing to (8.19).

However, not every additive functor is R-linear. For example, take R := C.

Define F(M) to be M, but with the scalar product of z € C and m € M to be Tm
where T is the conjugate. Define F'(a) to be . Then F is additive, but not linear.

LEMMA (8.21) (Equational Criterion for Vanishing). — Let R be a ring, M and
N modules, and {nx}xea a set of generators of N. Then anyt € M ® N can be
written as a finite sum t =Y my ® ny with my € M. Further, t = 0 if and only if
there are my € M and xx, € R for o € X for some ¥ such that

Yoo TacMe =my for all X and Y-, xaony =0 for all o.

PROOF: By (8.2), M ® N is generated by elements of the form m ® n with
mée M andn € N, and if n =) zxny with xy € R, then m®@n =Y (zam) @ ny.
It follows that ¢t can be written as a finite sum t = > my ® ny with my € M.

Assume the m, and the z), exist. Then

Sma@ny =3, (X, Tremo) @nx =3, (Mo ® Y., zronr) = 0.

Conversely, by (5.20), there is a presentation R®* B, R®A 2 N L 0 with
aley) = ny for all A where {ey} is the standard basis of R®*. Then by (8.13) the
following sequence is exact:

M@ R®™ 228 pr o REA 199 Mo N 0.

Further, (1 ® «) (Z my ® e,\) = 0. So the exactness implies there is an element
s € M ® R®® such that (1® 8)(s) = > my ®ex. Let {e,} be the standard basis
of R®%, and write s = Y. m, ® e, with m, € M. Write 8(e,) = > x Zacex. Then
clearly 0 = aff(es) = Y, Tronn, and

0=>\m\®ex—> , Ms® (EA m)\ge,\) = Z)\(mA -3 mea) ® ex.
Since the ey are independent, m) = ZU TroMy, as asserted. O
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(8.22) (Algebras). — Let R be a ring, S and T algebras with structure maps
c:R— Sand 7: R — T. Set U := S ®r T, it is an R-module. Now, define
SXT xSxT—Uby (s,t,s,t)+— ss’ @tt’. This map is clearly linear in each
factor. So it induces a bilinear map

pw:UxU—=U with u(s®t, s @t)(ss' @tt').

It is easy to check that U is a ring with p as product. In fact, U is an R-algebra
with structure map w given by w(r) := o(r) ® 1 = 1 ® 7(r), called the tensor
product of S and T over R.

Define t5: S — S®gr T by ts(s) ;== s® 1. Clearly ts is an R-algebra homomor-
phism. Define vp: T'— S ® T similarly. Given an R-algebra V, define a map

v: Hom((roalg)) (S ®r T, V) — Hom((r-alg)) (S, V) x Hom(r-aig))(T, V).

by v(¢) := (Yts, Yer). Conversely, given R-algebra homomorphisms 6: S — V
and (: T — V, define n: S x T — V by n(s,t) := 6(s) - ¢(t). Then n is clearly
bilinear, so it defines a linear map ¢: S ®r T — V. It is easy to see that the map
(0,¢) — 1 is an inverse to . Thus v is bijective.
In other words, S ®g T is the coproduct of S and T in ((R-alg)):
S
-
o ts n
R SorT ¥ 3V
T LT I

A
T

[4

¢

EXAMPLE (8.23). — Let R be a ring, S an algebra, and Xj,..., X, variables.
Then there is a canonical S-algebra isomorphism

S®rRIX1,..., X, = S[X1,..., X,
Indeed, given an S-algebra homomorphism S — T and elements x1,...,x, of T,
there is an R-algebra homomorphism R[X1,...,X,] — T by (1.3). So by (8.22),
there is a unique S-algebra homomorphism S ® g R[X1,...,X,] — T. Thus both
S®gr R[X1,...,X,] — T and S[Xq,...X,] possess the same UMP.
In particular, for variables Y7, ...,Y,,, we obtain

R[X1,...,Xn|®r RV1,... Y] = RIX1, ..., Xp Y1, ..., V.

EXERCISE (8.24). — Let R be a ring, M a module, X a variable. Let M[X] be
the set of polynomials in X with coefficients in M, that is, expressions of the form
S omi X' with m; € M. Prove M ®g R[X] = M[X] as R[X]|-modules.

EXERCISE (8.25). — Let R be aring, (R])sex a family of algebras. For each finite
subset J of X, let R/, be the tensor product of the R, for o € J. Prove that the
assignment J — R’ extends to a filtered direct system and that hgiR’J exists and
is the coproduct of the family (R ),ex.

EXERCISE (8.26). — Let X be a variable, w a complex cubic root of 1, and /2
the real cube root of 2. Set k := Q(w) and K := k[¥/2]. Show K = k[X]/(X® —2)
and then K @, K = K x K x K.

9. Flatness

A module is called flat if tensor product with it is an exact functor. First, we
study exact functors in general. Then we prove various properties of flat modules.
Notably, we prove Lazard’s Theorem, which characterizes the flat modules as the
filtered direct limits of free modules of finite rank. Lazard’s Theorem yields the
Ideal Criterion for Flatness, which characterizes the flat modules as those whose
tensor product with any finitely generated ideal is equal to the ordinary product.

LEMMA (9.1). — Let R be a ring, o: M — N a homomorphism of modules. Then
there is a commutative diagram with two short exact sequences involving N’

[e3

0 M P M , , N > N > 0

’ (9.1.1)
0 > N’ >0
if and only if M’ = Ker(a) and N’ = Im(a) and N” = Coker(a).

PROOF: If the equations hold, then the second short sequence is exact owing to
the definitions, and the first is exact since Coim(a) = Im(a) by (4.9).

Conversely, given the commutative diagram with two short exact sequences, o/
is injective. So Ker(a) = Ker(a/). So M’ = Ker(a). So N’ = Coim(a) as o/ is
surjective. So N’ = Im(«). Hence N” = Coker(a). Thus the equations hold. O

(9.2) (Ezact Functors). — Let R be a ring, R’ an algebra, F' a functor from
((R-mod)) to ((R'-mod)). Assume F' is R-linear; that is, the associated map

Homp(M, N) — Homp (FM, FN) (9.2.1)

is R-linear. Then, if a map a: M — N is 0, so is Fa: FM — FN. But M =0 if
and only if 13y = 0. Further, F(1p7) = 1pp. Thus if M =0, then FM = 0.

Call F faithful if (9.2.1) is injective, or equivalently, if Fao = 0 implies o = 0.

Call F exact if it preserves exact sequences. For example, Hom(P, e) is exact if
and only if P is projective by (5.23).

Call F left exact if it preserves kernels. When F' is contravariant, call F' left
exact if it takes cokernels to kernels. For example, Hom(N, e¢) and Hom(e, N) are
left exact covariant and contravariant functors.

Call F right exact if it preserves cokernels. For example, M ® e is right exact.

PROPOSITION (9.3). — Let R be a ring, R’ an algebra, F an R-linear functor from
((R-mod)) to ((R'-mod)). Then the following conditions are equivalent:

(1) F preserves exact sequences; that is, F is exact.

(2) F preserves short exact sequences.

(3) F preserves kernels and surjections.

(4) F preserves cokernels and injections.

(5) F preserves kernels and images.

PROOF: Trivially, (1) implies (2). In view of (5.2), clearly (1) yields (3) and (4).
Assume (3). Let 0 > M’ — M — M"” — 0 be a short exact sequence. Since F

preserves kernels, 0 — FM' — FM — FM" is exact; since F' preserves surjections,
FM — FM" — 0 is also exact. Thus (2) holds. Similarly, (4) implies (2).

54
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Assume (2). Given a: M — N, form the diagram (9.1.1). Applying F to it and
using (2), we obtain a similar diagram for F'(«). Hence (9.1) yields (5).

«

Finally, assume (5). Let M’ — M By M” be exact; that is, Ker(8) = Im(«).
Now, (5) yields Ker(F(53)) = F(Ker(3)) and Im(F(a)) = F(Im(a)). Therefore,
Ker(F(B)) = Im(F(«)). Thus (1) holds. O

EXERCISE (9.4). — Let R be a ring, R’ an algebra, F' an R-linear functor from
((R-mod)) to ((R'-mod)). Assume F' is exact. Prove the following equivalent:

(1) F is faithful.

(2) An R-module M vanishes if FM does.

(3) F(R/m) # 0 for every maximal ideal m of R.

(4) A sequence M’ % M 2y M is exact it FM' £ FM £25 P is.

(9.5) (Flatness). — We say an R-module M is flat over R or R-flat if the functor
M ®p o is exact. It is equivalent by (9.3) that M ®p e preserve injections since it
preserves cokernels by (8.13).

We say M is faithfully flat if M ®p e is exact and faithful.

We say an R-algebra is flat or faithfully flat if it is so as an R-module.

LEMMA (9.6). — A direct sum M := @ M) is flat if and only if every My is flat.
Further, M s faithfully flat if every My is flat and at least one is faithfully flat.

PROOF: Let B: N’ — N be an injective map. Then (8.13) yields

(M) @B =EBM @ pB);
see the end of the proof of (8.18), taking T'(M):=M @ N’ and U(M) := M ® N.
But the map @ (M, ® ) is injective if and only if each summand M) ® S is injective
by (5.4). The first assertion follows.
Further, M @ N = @(Mx ® N) by (8.13). So if M @ N =0, then My ® N =0
for all A. If also at least one M, is faithfully flat, then N = 0, as desired. [

PROPOSITION (9.7). — A nonzero free module is faithfully flat. Every projective
module is flat.

PROOF: It’s easy to extend the unitary law to maps; in other words, R ® e = 1.
So R is faithfully flat over R. Thus a nonzero free module is faithfully flat by (9.6).
Every projective module is a direct summand of a free module by (5.23), and so
is flat by (9.6). O

EXERCISE (9.8). — Show that a ring of polynomials P is faithfully flat.

EXAMPLE (9.9). — In (9.6), consider the second assertion. Its converse needn’t
hold. For example, take a product ring R := Ry x Ry with R; # 0. By (9.7), R is
faithfully flat over R. But neither R; is so, as Ri® Ry = R1®(R/R1) = R1/R? = 0.

EXERCISE (9.10). — Let R be a ring, M and N flat modules. Show that M @ g N
is flat. What if “flat” is replaced everywhere by “faithfully flat”?

EXERCISE (9.11). — Let R be aring, M a flat module, R’ an algebra. Show that
M ®r R’ is flat over R’. What if “flat” is replaced everywhere by “faithfully flat”?

EXERCISE (9.12). — Let R be a ring, R a flat algebra, M a flat R-module. Show
that M is flat over R. What if “flat” is replaced everywhere by “faithfully flat”?
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EXERCISE (9.13). — Let R be a ring, R’ an algebra, R” an R’-algebra, and M an
R”-module. Assume that M is flat over R and faithfully flat over R’. Prove that
R’ is flat over R.

EXERCISE (9.14). — Let R be aring, a an ideal. Assume R/a is flat. Show a = a2.

EXERCISE (9.15). — Let R be a ring, R’ a flat algebra. Prove equivalent:

(1) R’ is faithfully flat over R.
(2) For every R-module M, the map M < M @z R’ by am = m®1 is injective.
(3) Every ideal a of R is the contraction of its extension, or a = ¢~ (aR’).
(4) Every prime p of R is the contraction of some prime q of R/, or p = ¢~ !q .
(5) Every maximal ideal m of R extends to a proper ideal, or mR’ # R'.
(6) Every nonzero R-module M extends to a nonzero module, or M @ g R’ # 0.
PROPOSITION (9.16). — Let R be a ring, 0 = M' — M — M"” — 0 an ezact
sequence of modules. Assume M" is flat.
(1) Then 0 - M' @ N - M @ N — M"” ® N — 0 is exact for any module N.
(2) Then M is flat if and only if M’ is flat.

PRrOOF: By (5.20), there is an exact sequence 0 — K — R®» — N — 0. Tensor
it with the given sequence to obtain the following commutative diagram:

0

l

M@K — MK — M'"®K — 0

| | [

0 — M @R 2 Mo RN 5 M @ ROD

| |

M&N -5 MoN

| |

0 0

Here a and j are injective by Definition (9.5), as M" and R®* are flat by hypothesis
and by (9.7). So the rows and columns are exact, as tensor product is right exact.
Finally, the Snake Lemma, (5.13), implies v is injective. Thus (1) holds.

To prove (2), take an injection N’ — N, and form this commutative diagram:

0 > M@N - MN — M'"@N — 0

o

0 —M®N — MN — M"@N — 0

Its rows are exact by (1).
Assume M is flat. Then « is injective. Hence o is too. Thus M’ is flat.
Conversely, assume M’ is flat. Then o' is injective. But o’ is injective as M" is
flat. Hence « is injective by the Snake lemma. Thus M is flat. Thus (2) holds. O

EXERCISE (9.17). — Let R be aring, 0 — M’ 2 M — M” — 0 an exact sequence
with M flat. Assume N @ M’ Y% N @ M is injective for all N. Prove M" is flat.
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EXERCISE (9.18). — Prove that an R-algebra R’ is faithfully flat if and only if the
structure map ¢: R — R’ is injective and the quotient R'/pR is flat over R.

PROPOSITION (9.19). — A filtered direct limit of flat modules ligMA is flat.

ProOF: Let B: N’ — N be injective. Then M), ® 8 is injective for each A since
M, is flat. So hgq(M A ® B) is injective by the exactness of filtered direct limits,
(7.14). So (hgl My) ® S is injective by (8.13). Thus lim M) is flat. O

PROPOSITION (9.20). — Let R and R’ be rings, M an R-module, N an (R, R')-
bimodule, and P an R'-module. Then there is a canonical homomorphism

0: HOIHR(]\/I, N) Qpr P — HOIIIR(]\f7 N Qg P) (9.20.1)

Assume P is flat. If M is finitely generated, then 0 is injective; if M is finitely
presented, then 0 is an isomorphism.

PROOF: The map 6 exists by Watts’s Theorem, (8.18), with R’ for R, applied
to Homp(M, N ®p o). Explicitly, 0(¢ ® p)(m) = ¢(m) ® p.

Clearly, 0 is bijective if M = R. So 0 is bijective if M = R™ for any n, as
Hompg(e, Q) preserves finite direct sums for any @ by (4.15).

Assume that M is finitely generated. Then from (5.20), we obtain a presentation
R®Y 5 R —» M — 0, with ¥ finite if P is finitely presented. Since @ is natural, it
yields this commutative diagram:

0 — Hompg(M,N)®p P — Homg(R",N) g P — Hompg(R®>,N) ®x P

| =| |

0 — Hompg(M,N ®@g P) — Homg(R",N ®@g P) — Homgr(R®®, N ®p/ P)

Its rows are exact owing to the left exactness of Hom and to the flatness of P. The
right-hand vertical map is bijective if X is finite. The assertion follows. g

EXERCISE (9.21). — Let R be a ring, R’ an algebra, M and N modules. Show
that there is a canonical map

o: Homg(M, N) ®g R — Hompr (M ®g R', N ®g R').

Assume R’ is flat over R. Show that if M is finitely generated, then o is injective,
and that if M is finitely presented, then ¢ is an isomorphism.

DEFINITION (9.22). — Let R be a ring, M a module. Let Ap be the category
whose objects are the pairs (R™, «) where a: R™ — M is a homomorphism, and
whose maps (R™, o) — (R™, 8) are the homomorphisms ¢: R™ — R" with 8¢ = a.

PROPOSITION (9.23). — Let R be a ring, M a module, and (R™,a) — R™ the
forgetful functor from Ay to ((R-mod)). Then M = lig(Rm o)A R™

ProoOF: By the UMP, the a: R™ — M induce a map (: ligRm — M. Let’s
show ( is bijective. First, ( is surjective, because each x € M is in the image of
(R, ay) where ay(r) :=ra.

For injectivity, let y € Ker(¢). By construction, @( Ry BT = liﬂRm is surjec-
tive; see the proof of (6.10). So y is in the image of some finite sum @(Rm! L BT
Set m := ) m;. Then @ R™ = R™. Set o := > ;. Then y is the image of some
y’ € R™ under the insertion iy, : R™ — lim ™. But y € Ker(¢). So a(y’) = 0.

Let 6,¢: R = R™ be the homomorphisms with 6(1) := 3’ and ¢(1) := 0. They
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yield maps in Aps. So, by definition of direct limit, they have the same compositions
with the insertion ¢y,. Hence y = ¢, (y') = 0. Thus ¢ is injective, so bijective. O

THEOREM (9.24) (Lazard). — Let R be a ring, M a module. Then the following
conditions are equivalent:

(1) M is flat.

(2) Given a finitely presented module P, this version of (9.20.1) is surjective:

Hompg(P,R) ® g M — Hompg (P, M).

(3) Given a finitely presented module P and a map 8: P — M, there exists a
factorization 5: P X R & M;

(4) Given an a: R™ — M and a k € Ker(w), there exists a factorization
a: R™ % R™ — M such that p(k) = 0.

(5) Given an a: R™ — M and ki, ..., k, € Ker(a) there ezists a factorization
a: R™ %y R" — M such that ¢(k;) =0 fori=1,...,r.

(6) Given R™ £ R™ 2 M such that ap = 0, there exists a factorization
a: R™ %y R — M such that op = 0.

(7) Aps is filtered.

(8) M is a filtered direct limit of free modules of finite rank.

PROOF: Assume (1). Then (9.20) yields (2).

Assume (2). Consider (3). There are y1,...,7, € Hom(P, R) and z1,...,z, € M
with B(p) = > vi(p)x; by (2). Let v: P — R™ be (v1,...,%n), and let o R™ — M
be given by a(r1,...,m,) =Y. 7x;. Then 8= o, just as (3) requires.

Assume (3), and consider (4). Set P := R™/Rk, and let k: R™ — P denote
the quotient map. Then P is finitely presented, and there is 3: P — M such that
Br = a. By (3), there is a factorization 3: P 2, R™ — M. Set ¢ := k. Then
B: R™ % R™ — M is a factorization of 8 and ¢(k) = 0.

Assume (4), and consider (5). Set mg := m and oy = a. Inductively, (4) yields

oi_1: R™t 25 R™ S5 M for i=1,...,r

such that ¢; ---1(k;) = 0. Set ¢ := ¢, -+ -1 and n := m,. Then (5) holds.

Assume (5), and consider (6). Let ey, ..., e, be the standard basis of R", and set
ki := p(e;). Then a(k;) = 0. So (5) yields a factorization a: R™ % R" — M such
that p(k;) = 0. Then pp = 0, as required by (6).

Assume (6). Given (R™!',aq) and (R™2,a3) in Apr, set m := my + mg and
« := a1 + as. Then the inclusions R™ — R™ induce maps in Ap;. Thus the first
condition of (7.1) is satisfied.

Given o, 7: (R",w) = (R™,«) in Ay, set p := 0 — 7. Then ap = 0. So (6)
yields a factorization a: R™ %> R® — M with ¢p = 0. Then ¢ is a map of Ay,
and @o = ¢7. Hence the second condition of (7.1) is satisfied. Thus (7) holds.

If (7) holds, then (8) does too, since M = @(Rmr,a)eAM R™ by (9.23).

Assume (8). Say M = lim M with the My free. Each M) is flat by (9.5), and
a filtered direct limit of flat modules is flat by (9.19). Thus M is flat O

EXERCISE (9.25) (Equational Criterion for Flatness). — Prove that the Condition
(9.24)(4) can be reformulated as follows: Given any relation Y, z;y; = 0 with
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z; € R and y; € M, there are x;; € R and yj; € M such that
> xijy; =y; for all i and 32, a;7; = 0 for all j. (9.25.1)

LEMMA (9.26) (Ideal Criterion for Flatness). — A module N is flat if and only if,
given any finitely generated ideal a, the inclusion a — R induces an isomorphism:

a® N == aN.

PROOF: In any case, (8.6)(2) implies RQ N = N with a®z — az. If N is flat,
then the inclusion a < R yields an injection a@ N < RQ N, and so a@ N == aN.
To prove the converse, let’s check the criterion (9.25). Given Y ;. z;y; = 0 with
zi € Rand y; € N, set a:= (21,...,2p). f a®@ N =% aN, then >, z; ® y; = 0; so
the Equational Criterion for Vanishing (8.21) yields (9.25.1). Thus N is flat. O

EXAMPLE (9.27). — Let R be a domain, and set K := Frac(R). Then K is flat,
but K is not projective unless R = K. Indeed, (8.7) says a ®p K = K, with
a® r = ax, for any ideal a of R. So K is flat by (9.26).

Suppose K is projective. Then K < R” for some A by (5.23). So there is a
nonzero map «: K — R. So there is an € K with a(z) # 0. Set a := «a(z).
Take any nonzero b € R. Then ab- a(z/ab) = a(z) = a. Since R is a domain,
b-a(z/ab) = 1. Hence b € R*. Thus R is a field. So (2.3) yields R = K.

EXERCISE (9.28). — Let R be a ring, M a module. Prove (1) if M is flat, then for
z € R and m € M with zm = 0, necessarily m € Ann(z)M, and (2) the converse
holds if R is a Principal Ideal Ring (PIR); that is, every ideal a is principal.

10. Cayley—Hamilton Theorem

The Cayley—Hamilton Theorem says that a matrix satisfies its own characteristic
polynomial. We prove it via a useful equivalent form, known as the “Determinant
Trick.” Using the Trick, we obtain various results, including the uniqueness of the
rank of a finitely generated free module. We also obtain Nakayama’s Lemma, and
use it to study finitely generated modules further. Then we turn to the important
notions of integral dependence and module finiteness for an algebra. Using the
Trick, we relate these notions to each other, and study their properties. We end
with a discussion of integral extensions and normal rings.

(10.1) (Cayley-Hamilton Theorem). — Let R be a ring, and M := (a;;) an n X n
matrix with a;; € R. Let I, be the n x n identity matrix, and T" a variable. The
characteristic polynomial of M is the following polynomial:

pm(T) :=T" +a;T" 4 -+ + ay, := det(TL, — M).

Let a be an ideal. If a;; € a for all 4, j, then clearly a;, € a® for all k.
The Cayley—Hamilton Theorem asserts that, in the ring of matrices,

pM(M) =0.

It is a special case of (10.2) below; indeed, take M : R™, take my,...,m, to be
the standard basis, and take ¢ to be the endomorphism defined by M.
Conversely, given the setup of (10.2), form the surjection a: R"® — M taking
the ith standard basis element e; to m;, and form the map ¢: R™ — R"™ associated
to the matrix M. Then ¢a = a®. Hence, given any polynomial p(7), we have
p(p)a = ap(®). Hence, if p(®) = 0, then p(p) = 0 as « is surjective. Thus the
Cayley-Hamilton Theorem and the Determinant Trick (10.2) are equivalent.

THEOREM (10.2) (Determinant Trick). Let M be an R-module generated by
Mi,...,My, and o: M — M an endomorphism. Say o(m;) =: Z?Zl a;;m; with
a;j € R, and form the matriz M := (a;;). Then pm(p) =0 in End(M).

PRrROOF: Let d;; be the Kronecker delta function, pi,,; the multiplication map.
Let A stand for the matrix (0;j¢ — ta,;) with entries in the commutative subring
R[] of End(M), and X for the column vector (m;). Clearly AX = 0. Multiply
on the left by the matrix of cofactors T of A: the (i,)th entry of T' is (—1)+
times the determinant of the matrix obtained by deleting the jth row and the ith
column of A. Then TAX = 0. But ’'A = det(A)I,. So det(A)m; = 0 for all j.
Hence det(A) = 0. But det(A) = pm(p). Thus pm(e) = 0. O

PROPOSITION (10.3). — Let M be a finitely generated module, a an ideal. Then
M = aM if and only if there exists a € a such that (1 +a)M = 0.

n

PROOF: Assume M = aM. Say mq,...,m, generate M, and m; = ijl ai;m;
with a;; € a. Set M := (a;;). Say pm(T) = T™ + 1T ' + .-+ + a,. Set
a:=ay+ -+ ap €a. Then (14 a)M =0 by (10.2) with ¢ := 1.

Conversely, if there exists a € a such that (1 +a)M = 0, then m = —am for all
meM. SoM CaM C M. Thus M = alM. g
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COROLLARY (10.4). — Let R be a ring, M a finitely generated module, and ¢ an
endomorphism of M. If ¢ is surjective, then @ is an isomorphism.

PROOF: Let P := R[X] be the polynomial ring in one variable. By the UMP of
P, there is an R-algebra homomorphism p: P — End(M) with u(X) = ¢. So M is
a P-module such that p(X)M = p(¢)M for any p(X) € P by (4.4). Set a := (X).
Since ¢ is surjective, M = aM. By (10.3), there is a € a with (1 4+ a)M = 0. Say
a = Xq(X) for some polynomial ¢(X). Then 1y + ¢q(p) = 0. Set v = —q(y).

Then @1 =1 and ¢ = 1. Thus ¢ is an isomorphism. g
COROLLARY (10.5). — Let R be a nonzero ring, m and n positive integers.
(1) Then any n generators vi,...,v, of the free module R™ form a free basis.

(2) If R™ ~ R", then m = n.

PROOF: Form the surjection ¢: R™ — R"™ taking the ith standard basis element
to v;. Then ¢ is an isomorphism by (10.4). So the v; form a free basis by (4.10)(3).
To prove (2), say m < n. Then R™ has m generators. Add to them n —m zeros.
The result is a free basis by (1); so it can contain no zeros. Thus n —m =0. O

EXERCISE (10.6). — Let R be a nonzero ring, a.: R™ — R™ a map of free modules.
Assume « is surjective. Show that m > n.

EXERCISE (10.7). — Let R be a ring, a an ideal. Assume a is finitely generated
and idempotent (or a = a2). Prove there is a unique idempotent e with (e) = a.

EXERCISE (10.8). — Let R be a ring, a an ideal. Prove the following conditions
are equivalent:

1) R/ais projective over R.

2) R/ais flat over R, and a is finitely generated.

3) ais finitely generated and idempotent.

4) a is generated by an idempotent.

(5) ais a direct summand of R.

(
(
(
(

EXERCISE (10.9). — Prove the following conditions on a ring R are equivalent:
(1) R is absolutely flat; that is, every module is flat.
(2) Every finitely generated ideal is a direct summand of R.
(3) Every finitely generated ideal is idempotent.
(4) Every principal ideal is idempotent.

EXERCISE (10.10). — Let R be a ring.

(1) Assume R is Boolean. Prove R is absolutely flat.

(2) Assume R is absolutely flat. Prove any quotient ring R’ is absolutely flat.
(3) Assume R is absolutely flat. Prove every nonunit z is a zerodivisor.

(4) Assume R is absolutely flat and local. Prove R is a field.

LEMMA (10.11) (Nakayama). Let R be a ring, m C rad(R) an ideal, M a
finitely generated module. Assume M = mM. Then M = 0.

PROOF: By (10.3), there is a € m with (1+a)M = 0. By (3.2), 1 +a is a unit.
Thus M = (1+a)~Y(1 +a)M = 0.

Alternatively, suppose M # 0. Say maq,...,m, generate M with n minimal.
Then n > 1 and m; = aymy + -+ + apm, with a; € m. By (3.2), we may set
x; := (1 —a1)"ta;. Then my = xama + - - - + x,m,,, contradicting minimality of n.
Thus n =0 and so M = 0. O
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EXAMPLE (10.12). — Nakayama’s Lemma (10.11) may fail if the module is not
finitely generated. For example, let A be a local domain, m the maximal ideal, and
K the fraction field. Assume A is not a field, so that there’s a nonzero x € m. Then
any z € K can be written in the form z = z(z/z). Thus K = mK, but K # 0.

PROPOSITION (10.13). — Let R be a ring, m C rad(R) an ideal, N C M modules.
(1) If M/N is finitely generated and if N +mM = M, then N = M.
(2) Assume M is finitely generated. Then elements my,...,m, generate M if
and only if their images m, ..., m), generate M' := M/mM.

PRrROOF: In (1), the second hypothesis holds if and only if m(M/N) = M/N.
Hence (1) holds by (10.11) applied with M /N for M.

In (2), let N be the submodule generated by my,...,my. Since M is finitely
generated, so is M/N. Hence N = M if the m} generate M/mM by (1). The
converse is obvious. g

EXERCISE (10.14). Let R be a ring, a an ideal, and o: M — N a map of
modules. Assume that a C rad(R), that N is finitely generated, and that the
induced map a: M/aM — N/aN is surjective. Show that « is surjective.

EXERCISE (10.15). — Let R be a ring, m C rad(R) an ideal. Let o, 3: M = N
be two maps of finitely generated modules. Assume that « is an isomorphism and
that S(M) C mN. Set v := o+ 3. Show that 7 is an isomorphism.

EXERCISE (10.16). — Let A be a local ring, m the maximal ideal, M a finitely
generated A-module, and my,...,m, € M. Set k:= A/m and M’ := M/mM, and
write m/ for the image of m; in M’. Prove that m/,...,m) € M’ form a basis
of the k-vector space M’ if and only if m1,..., m, form a minimal generating
set of M (that is, no proper subset generates M), and prove that every minimal
generating set of M has the same number of elements.

EXERCISE (10.17). — Let A be a local ring, k its residue field, M and N finitely
generated modules. (1) Show that M = 0 if and only if M ®4 k = 0. (2) Show
that M @4 N #0if M #0 and N # 0.

(10.18) (Local Homomorphisms). Let ¢: A — B be a map of local rings, m
and n their maximal ideals. Then the following three conditions are equivalent:

(1) o 'n=m; (2) 1¢mB; (3) mBCn (10.18.1)

Indeed, if (1) holds, then mB = (¢~ 1n)B C n; so (2) holds. If (2) holds, then mB
lies is some maximal ideal, but n is the only one; thus (3) holds. If (3) holds, then
m C o~} (mB) C ¢~ !n; whence, (1) holds as m is maximal.

If the above conditions hold, then we say ¢: A — B is a local homomorphism.

EXERCISE (10.19). — Let A — B be a local homomorphism, M a finitely gener-
ated B-module. Prove that M is faithfully flat over A if and only if M is flat over
A and nonzero. Conclude that, if B is flat over A, then B is faithfully flat over A.

PROPOSITION (10.20). — Consider these conditions on an R-module P:

(1) P is free and of finite rank;
(2) P is projective and finitely generated;
(3) P is flat and finitely presented.

Then (1) implies (2), and (2) implies (3); all three are equivalent if R is local.



Cayley—Hamilton Theorem (10.25) 63

PROOF: A free module is always projective by (5.22), and a projective module is
always flat by (9.7). Further, each of the three conditions requires P to be finitely
generated; so assume it is. Thus (1) implies (2).

Let p1,...,pn € P generate, and let 0 - L — R™ — P — 0 be the short exact
sequence defined by sending the ith standard basis element to p;. Set F' := R™.

Assume P is projective. Then the sequence splits by (5.23). So (5.9) yields a
surjection p: F — L. Hence L is finitely generated. Thus (2) implies (3).

Assume P is flat and R is local. Denote the residue field of R by k. Then,
by (9.16)(1), the sequence 0 - L®k - F®k — P®k — 0 is exact. Now,
F®k=(R®k)"=k" by (8.13) and the unitary law; so dimy F ® k = n. Finally,
rechoose the p; so that n is minimal. Then dimg P ® k = n, because the p; ® 1 form
a basis by (10.16). Therefore, dimy L ® k = 0; so L ® k = 0.

Assume P is finitely presented. Then L is finitely generated by (5.26). Hence
L =0 by (10.17)(1). So F = P. Thus (3) implies (1). O

DEFINITION (10.21). — Let R be a ring, R’ an R-algebra. Then R’ is said to be
module finite over R if R’ is a finitely generated R-module.

An element 2z € R’ is said to be integral over R or integrally dependent on
R if there exist a positive integer n and elements a; € R such that

2" +az" '+ +a, =0 (10.21.1)

Such an equation is called an equation of integral dependence of degree n.
If every x € R’ is integral over R, then R’ is said to be integral over R.

EXERCISE (10.22). — Let G be a finite group of automorphisms of a ring R.
Form the subring R® of invariants. Show that every = € R is integral over R, in
fact, over the subring R’ generated by the elementary symmetric functions in the
conjugates gz for g € G.

PROPOSITION (10.23). — Let R be a ring, R’ an R-algebra, n a positive integer,
and € R'. Then the following conditions are equivalent:

(1) z satisfies an equation of integral dependence of degree n;

(2) R[z] is generated as an R-module by 1,x, ... " L;

(3) x lies in a subalgebra R generated as an R-module by n elements;
(4) there is a faithful R[z]-module M generated over R by n elements.

PROOF: Assume (1) holds. Say p(X) is a monic polynomial of degree n with
p(z) = 0. For any m, let M,, C R[z] be the R-submodule generated by 1,...,z™.
For m > n, clearly ™ — 2™ "p(z) is in M,,—1. But p(z) = 0. So also 2™ € M,,_1.
So by induction, M,, = M,_1. Hence M,,_1; = R[z]. Thus (2) holds.

If (2) holds, then trivially (3) holds with R” := Rlx].

If (3) holds, then (4) holds with M := R”, as tM = 0 implies z =z -1 = 0.

Assume (4) holds. In (10.2), take ¢ := p,. We obtain a monic polynomial p of
degree n with p(z)M = 0. Since M is faithful, p(z) = 0. Thus (1) holds. O

EXERCISE (10.24). — Let k be a field, P := k[X] the polynomial ring in one
variable, f € P. Set R := k[X?] C P. Using the free basis 1, X of P over R, find
an explicit equation of integral dependence of degree 2 on R for f.

COROLLARY (10.25). — Let R be a ring, P = R[X] the polynomial ring in one
variable, and a an ideal of P. Set R' := P/a, and let = be the image of X in R'.
Let n be a positive integer. Then the following conditions are equivalent:
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(1) a= (p) where p is a monic polynomial of degree n;
(2) 1,2,...,2"" form a free basis of R' over R;
(3) R is a free R-module of rank n.

PRrROOF: Assume (1) holds. Then p(z) = 0 is an equation of integral dependence
of degree n. So 1,x,...,2"" ! generate R’ by (1)=-(2) of (10.23). Suppose

bia" t 4+ b, =0

with the b; € R. Set ¢(X) :=b; X" 1 + ... +b,. Then g(z) = 0. So ¢ € a. Hence
q = fp for some f € P. But p is monic of degree n. Hence ¢ = 0. Thus (2) holds.
Trivially, (2) implies (3).
Finally, assume (3) holds. Then (3)=-(1) of (10.23) yields a monic polynomial
p € aof degree n. Form the induced homomorphism ¢: P/(p) — R’. It is obviously
surjective. Since (1) implies (3), the quotient P/(p) is free of rank n. So # is an
isomorphism by (10.4). Hence (p) = a. Thus (1) holds. a

LEMMA (10.26). — Let R be a ring, R’ a module-finite R-algebra, and M a finitely
generated R'-module. Then M is a finitely generated R-module.

PROOF: Say elements z; generate R’ as a module over R, and say elements m;
generate M over R’. Then clearly the products z;m; generate M over R. O

THEOREM (10.27) (Tower Law for Integrality). Let R be a ring, R’ an algebra,
and R" an R'-algebra. If v € R" is integral over R’ and if R’ is integral over R,
then x s integral over R.

Proor: Say " + az" '+ ---+a, = 0 with a; € R'. For m = 1,...,n, set
R,, := Rlas,...,an] C R”. Then R,, is module finite over R,,_1 by (1)=(2) of
(10.23). So Ry, is module finite over R by (10.26) and induction on m.

Moreover, z is integral over R,,. So Ry[z] is module finite over R,, by (1)=(2)
of (10.23). Hence R, [z] is module finite over R by (10.26). So z is integral over
R by (3)=(1) of (10.23), as desired. O

THEOREM (10.28). — Let R be a ring, R’ an R-algebra. Then the following
conditions are equivalent:

(1) R’ is finitely generated as an R-algebra and is integral over R;
(2) R' = R[z1,...,2xn] with all x; integral over R;
(3) R’ is module finite over R.

PRrROOF: Trivially, (1) implies (2).

Assume (2) holds. To prove (3), set R” := R[z1] C R’. Then R” is module finite
over R by (1)=(2) of (10.23). We may assume R’ is module finite over R” by
induction on n. So (10.26) yields (3).

If (3) holds, then R’ is integral over R by (3)=-(1) of (10.23); so (1) holds. O

EXERCISE (10.29). — Let Ry,..., R, be R-algebras, integral over R. Show that
their product [] R; is a integral over R.

DEFINITION (10.30). — Let R be a ring, R’ an algebra. The integral closure or
normalization of R in R’ is the subset R of elements that are integral over R. If
R C R and R =R, then R is said to be integrally closed in R’.

If R is a domain, then its integral closure R in its fraction field Frac(R) is called

simply its normalization, and R is said to be normal if R = R.
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EXERCISE (10.31). — For 1 <i <, let R; be a ring, R, an extension of R;, and
x; € R;. Set R:=[[R;, set R’ :=[[ R}, and set  := (x1,...,x,). Prove

(1) z is integral over R if and only if x; is integral over R; for each i;

(2) R is integrally closed in R’ if and only if each R; is integrally closed in R;.

THEOREM (10.32). — Let R be a ring, R’ an R-algebra, R the integral closure of
R in R'. Then R is an R-algebra, and is integrally closed in R'.

PROOF: Take a € R and z,y € R. Then the ring R[z,y] is integral over R by
(2)=(1) of (10.28). So az and z +y and zy are integral over R. Thus R is an
R-algebra. Finally, R is integrally closed in R’ owing to (10.27). O

THEOREM (10.33) (Gauss). — A UFD is normal.

PROOF: Let R be the UFD. Given z € Frac(R), say * = r/s with r,s € R
relatively prime. Suppose z satisfies (10.21.1). Then

= (" A ans™ s
So any prime element dividing s also divides r. Hence s is a unit. Thusx € R. O

EXAMPLE (10.34). — (1) A polynomial ring in n variables over a field is a UFD,
so normal by (10.33).

(2) The ring R := Z[/5] is not a UFD, since

(1+V5)(1—V5)=—4=-2-2,

and 1+ /5, and 1 — /5 and 2 are irreducible, but not associates. However, set
7 := (1 4+ +/5)/2, the “golden ratio.” The ring Z[7] is known to be a PID; see
[12, p.292]. Hence, Z[7] is a UFD, so normal by (10.33); hence, Z[r] contains the
normalization R of R. On the other hand, 72 — 7 — 1 = 0; hence, Z[r] C R. Thus
Z[r] = R.

(3) Let d € Z be square-free. In the field K := Q(v/d), form R := Z + Z§ where

5. JA V2, ifd=1 (mod4);
- \/Ev if not.

Then R is the normalization Z of Z in K; see [2, pp.412-3].

(4) Let k be a field, k[t] the polynomial ring in one variable. Set R := k[t?,¢?].
Then Frac(R) = k(t). Further, ¢ is integral over R as t satisfies X2 —¢2 = 0; hence,
k[t] ¢ R. However, k[t] is normal by (1); hence, k[t] > R. Thus k[t] = R.

Let k[X,Y] be the polynomial ring in two variables, and ¢: k[X,Y] — R the
k-algebra homomorphism defined by ¢(X) := t2 and ¢(Y) := t3. Clearly ¢ is
surjective. Set p := Kerp. Since R is a domain, but not a field, p is prime by
(2.9), but not maximal by (2.17). Clearly p D (Y2 — X3). Since Y2 — X? is
irreducible, (2.28) implies that p = (Y2 — X3). So k[X,Y]/(Y? — X3) == R,
which provides us with another description of R.

EXERCISE (10.35). — Let k be a field, X and Y variables. Set
R:=k[X,Y]/(Y? - X? - X?),

and let =,y € R be the residues of X, Y. Prove that R is a domain, but not a field.
Set t := y/z € Frac(R). Prove that k[t] is the integral closure of R in Frac(R).

11. Localization of Rings

Localization generalizes construction of the fraction field of a domain. We localize
an arbitrary ring using as denominators the elements of any given multiplicative
subset. The result is universal among algebras rendering all these elements units.
When the multiplicative subset is the complement of a prime ideal, we obtain a
local ring. We relate the ideals in the original ring to those in the localized ring.
We finish by localizing algebras and then varying the set of denominators.

(11.1) (Localization). — Let R be a ring, and S a multiplicative subset. Define a
relation on R x S by (z,s) ~ (y,t) if there is u € S such that ztu = ysu.

This relation is an equivalence relation. Indeed, it is reflexive as 1 € S and is
trivially symmetric. As to transitivity, let (y,t) ~ (z,7). Say yrv = ztv withv € S.
Then zturv = ysurv = ztvsu. Thus (z,s) ~ (z,7).

Denote by S™!R the set of equivalence classes, and by z/s the class of (z, s).

Define z/s - y/t := zy/st. This product is well defined. Indeed, say y/t = z/r.
Then there is v € S such that yrv = ztv. So xsyrv = xsztv. Thus xy/st = xz/sr.

Define z/s + y/t := (tx + sy)/(st). Then, similarly, this sum is well defined.

It is easy to check that S™!R is a ring, with 0/1 for 0 and 1/1 for 1. It is called
the ring of fractions with respect to S or the localization at S.

Let ps: R — SR be the map given by pg(z) := x/1. Then g is a ring map,
and it carries elements of S to units in ST1R as s/1-1/s = 1.

EXERCISE (11.2). — Let R be a ring, S a multiplicative subset. Prove ST!R =0
if and only if S contains a nilpotent element.

(11.3) (Total quotient ring). — Let R be a ring, and Sy the set of nonzerodivi-
sors. Then Sy is a saturated multiplicative subset, as noted in (3.15). The map
ws,: R — Sy 'R is injective, because if pg,x = 0, then sz = 0 for some s € S, and
so x = 0. We call SalR the total quotient ring of R, and view R as a subring.

Let S C Sy be a multiplicative subset. Clearly, R C S™'R C SalR.

Suppose R is a domain. Then Sy = R — {0}; so the total quotient ring is just
the fraction field Frac(R), and ¢g, is just the natural inclusion of R into Frac(R).
Further, S™'R is a domain by (2.3) as S™'R C S; 'R = Frac(R).

EXERCISE (11.4). — Find all intermediate rings Z C R C Q, and describe each R
as a localization of Z. As a starter, prove Z[2/3] = S™!Z where S = {3° | i > 0}.

THEOREM (11.5) (UMP). — Let R be a ring, S a multiplicative subset. Then
SR is the R-algebra universal among algebras rendering all the s € S units. In
fact, given a ring map : R — R, then ¥(S) C R’™ if and only if there is a ring
map p: ST'R = R’ with pps = 1; that is, this diagram commutes:

¥s

R > SR

Further, there is at most one p. Moreover, R’ may be noncommutative.
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PROOF: First, suppose that p exists. Let s € S. Then t(s) = p(s/1). Hence
P(s)p(1/s) = p(s/1-1/s) = 1. Thus (S) C R'*.
Next, note that p is determined by ¢ as follows:
p(z/s) = p(z/1)p(1/s) = P(a)p(s) .
Conversely, suppose 1¥(S) C R'*. Set p(z/s) := 1(s) 19 (z). Let’s check that p
is well defined. Say x/s = y/t. Then there is u € S such that ztu = ysu. Hence
(@)Y (6)P(u) = (Y)Y (s)ib(u).
(t) = ¥(y)¥(s). Now, st =ts, so
() (s) ™ = w(s) " Mo(t)
Hence 9 (2)¢(s) ™! = 9(y)y(t)~L. Thus p is well defined. Clearly, p is a ring map.
Clearly, ¥ = pps. d

Since 9 (u) is a unit, ¥(x)y
(]

COROLLARY (11.6). — Let R be a ring, and S a multiplicative subset. Then the
canonical map pgs: R — ST'R is an isomorphism if and only if S consists of units.

PROOF: If g is an isomorphism, then S consists of units, because ¢g(S) does
so. Conversely, if S consists of units, then the identity map R — R has the UMP
that characterizes pg; whence, ¢g is an isomorphism. O

EXERCISE (11.7). — Let R’ and R” be rings. Consider R := R’ x R” and set
S:={(1,1), (1,0) }. Prove R' = S7'R.
EXERCISE (11.8). — Take R and S as in (11.7). On R x S, impose this relation:
(z,8) ~ (y,t) if at=ys.

Show that it is not an equivalence relation.
EXERCISE (11.9). — Let R be a ring, S C T a multiplicative subsets, S and T
their saturations; see (3.17). Set U := (S~'R)*. Show the following:

(1) U={z/s|zr€Sandse S} (2) 5'U=S.

(3) ST'R=T"'Rifandonlyif S=7. (4) § R=S"'R.

EXERCISE (11.10). — Let R be aring, S C T C U and W multiplicative subsets.
(1) Show there’s a unique R-algebra map 99%: S™'R - T 'R and a,a{,cp% = gpls,.
(2) Given a map ¢: ST'R — W™'R, show SC S C W and ¢ = (pSW.

(3) Let A be a set, Sx C S a multiplicative subset for all A € A. Assume

JS) = S. Assume given A, p € A, there is v such that Sy, S, C S,. Order A by

inclusion: A <y if Sy C S,. Using (1), show ligS;lR =S7!R.

EXERCISE (11.11). — Let R be a ring, Sy the set of nonzerodivisors.
(1) Show Sy is the largest multiplicative subset S with ps: R — S~!R injective.
(2) Show every element x/s of Sy 'R is either a zerodivisor or a unit.
(3) Suppose every element of R is either a zerodivisor or a unit. Show R = SalR.

DEFINITION (11.12). — Let R be a ring, f € R. Set S := {f™ | n > 0}. We call
the ring S™1R the localization of R at f, and set Ry := S™'R and ¢y := pg.

PROPOSITION (11.13). — Let R be a ring, f € R, and X a variable. Then
Ry = RIX]/(1- fX).
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PROOF: Set R’ := R[X]/(1 — fX), and let ¢: R — R’ be the canonical map.
Let’s show that R’ has the UMP characterizing localization (11.5).

First, let © € R’ be the residue of X. Then 1 — z¢(f) = 0. So ¢(f) is a unit. So
©(f™) is a unit for n > 0.

Second, let ¢»: R — R” be a homomorphism carrying f to a unit. Define
0: R[X] — R" by 9|R = ¢ and 6X = v(f)~1. Then §(1 — fX) = 0. So @ factors
via a homomorphism p: R’ — R”, and ¢ = pp. Further, p is unique, since every
element of R’ is a polynomial in z and since pxr = 1 (f) ™! as 1— (px)(ppf) =0. O

PROPOSITION (11.14). — Let R be a ring, S a multiplicative subset, a an ideal.

(1) Then aS™'R={a/s€ ST'R|a € aand s € S}.

(2) Then anS # O if and only if aS™'R = SR if and only ifapgl(aS_lR) =R.

PROOF: Let a,b € a and z/s, y/t € ST'R. Then az/s + by/t = (axt + bys)/st;
further, azt + bys € a and st € S. So aS™'R C {a/s | a € a and s € S}. But the
opposite inclusion is trivial. Thus (1) holds.

As to (2),if anS > s, then aS7'R 3 s/s = 1, so aS™'R = S~!R; whence,
¢5'(@ST'R) = R. Finally, suppose ¢g'(aS™'R) = R. Then aS™'R > 1. So (1)
yields a € a and s € S such that a/s = 1. So there exists a t € S such that at = st.
But at € a and st € S. So an S # (. Thus (2) holds. O

DEFINITION (11.15). — Let R be a ring, S a multiplicative subset, a a subset of
R. The saturation of a with respect to S is the set denoted by a® and defined by

a® :={a € R | there is s € S with as € a}.
If a = a®, then we say a is saturated.

PROPOSITION (11.16). Let R be a ring, S a multiplicative subset, a an ideal.
(1) Then Ker(pg) = (0)%. (2) Then a Ca®. (3) Then a® is an ideal.

PROOF: Clearly, (1) holds, for a/1 = 0 if and only if there is s € S with as = 0.
Clearly, (2) holds as 1 € S. Clearly, (3) holds, for if as, bt € a, then (a + b)st € a,
and if z € R, then zas € a. O

EXERCISE (11.17). — Let R be a ring, S a multiplicative subset, a and b ideals.
Show (1) if a € b, then a® C b%; (2) (¢®)° =a%; and (3) (a®b%)% = (ab)”.

EXERCISE (11.18). — Let R be a ring, S a multiplicative subset. Prove that
nil(R)(S7'R) = nil(ST'R).

PROPOSITION (11.19). Let R be a ring, S a multiplicative subset.
(1) Let b be an ideal of ST'R. Then

(a) ©5'0 = (¢5'0)° and (b) b= (p5'b)(S7'R).

(2) Let a be an ideal of R. Then gogl(aS_lR) =a¥.
(3) Let p be a prime ideal of R, and assume pN S =10. Then

(a) p= p¥  and (b) pSTIR is prime.
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PrOOF: To prove (1)(a), take a € R and s € S with as € pg'b. Then as/1 € b;
0 a/1 € b because 1/s € S™'R. Hence a € ¢g'b. Therefore, (p5'b)% C ¢g'b.
The opposite inclusion holds as 1 € S. Thus (1)(a) holds.

To prove (1)(b), take a/s € b. Then a/1 € b. So a € pg'b. Hence a/1-1/s is in
(p5'b)(ST'R). Thus b C (p5'b)(S~'R). Now, take a € pg'b. Then a/1 € b. So
b D (5'6)(ST'R). Thus (1)(b) holds too.

To prove (2), take a € a¥. Then there is s € S with as € a. But a/1 = as/1-1/s.
So a/1 € aS™'R. Thus 5 (aS™'R) D a%. Now, take = € ¢5'(aS™'R). Then
z/1 = a/s with a € a and s € S by (11.14)(1). Hence there is ¢t € S such that
zst=at € a. So x € a¥. Thus ¢g'(aS™*R) C a¥. Thus (2) holds.

To prove (3), note p C p% as 1 € S. Conversely, if sa € p with s € S C R — p,
then a € p as p is prime. Thus (a) holds.

As for (b), first note pS™ R # ST'R as pg5' (pSTIR) = p = p by (2) and (3)(a)
and as 1 ¢ p. Second, say a/s-b/t € pS~'R. Then ab € gogl(pS*R), and the
latter is equal to p° by (2), so to p by (a). Hence ab € p, so either a € p or b € p.
So either a/s € pS~'R or b/t € pS~'R. Thus pS~!R is prime. Thus (3) holds. O

COROLLARY (11.20). — Let R be a ring, S a multiplicative subset.
(1) Then a+— aS™LR is an inclusion-preserving bijection from the set of all ideals
a of R with a = a® to the set of all ideals b of S™'R. The inverse is b — goglb.
(2) Then p — pSTIR is an inclusion-preserving bijection from the set of all
primes of R with pNS = 0 to the set of all primes q of ST'R. The inverse is
a5

PROOF: In (1), the maps are inverses by (11.19)(1), (2); clearly, they preserve
inclusions. Further, (1) implies (2) by (11.19)(3), by (2.8), and by (11.14)(2). O

DEFINITION (11.21). — Let R be a ring, p a prime ideal. Set S := R —p. We call
the ring ST R the localization of R at p, and set R, := SR and ¢, := ¢g.

PROPOSITION (11.22). — Let R be a ring, p a prime ideal. Then R, is local with
mazimal ideal pRy,.

PROOF: Let b be a proper ideal of R,. Then ¢, 'b C p owing to (11.14)(2).
Hence (11.20)(1) yields b C pR,. Thus pR,, is a maximal ideal, and the only one.

Alternatively, let z/s € R,. Suppose x/s is a unit. Then there is a y/t with
zy/st = 1. So there is a u ¢ p with zyu = stu. But stu ¢ p. Hence = ¢ p.

Conversely, let ¢ p. Then s/ € R,. So x/s is a unit in R, if and only if = ¢ p,
so if and only if /s ¢ pR,. Thus by (11.14)(1), the nonunits of R, form pR,,
which is an ideal. Hence (3.6) yields the assertion. O

(11.23) (Algebras). — Let R be a ring, S a multiplicative subset, R’ an R-algebra.
It is easy to generalize (11.1) as follows. Define a relation on R’ xS by (z, s) ~ (y,t)
if there is u € S with ztu = ysu. It is easy to check, as in (11.1), that this relation
is an equivalence relation.

Denote by S~'R’ the set of equivalence classes, and by /s the class of (z, s).
Clearly, S~'R’ is an S~!R-algebra with addition and multiplication given by

x/s+y/t:= (zt+ys)/(st) and z/s-y/t:=zy/st.

We call S~ R’ the localization of R’ with respect to S.
Let ¢ls: R — ST!R’ be the map given by ¢/s(z) := /1. Then o5 makes S~ R’
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into an R’-algebra, so also into an R-algebra, and ¢ is an R-algebra map.

Note that elements of S become units in S™!'R’. Moreover, it is easy to check, as
in (11.5), that ST1R’ has the following UMP: s is an algebra map, and elements
of S become units in ST'R'; further, given an algebra map : R’ — R" such that
elements of S become units in R", there is a unique R-algebra map p: S~'R' — R"
such that pp's = 1p; that is, the following diagram is commutative:

R <ps> SR
P A pv
R"

In other words, S™' R’ is universal among R’-algebras rendering the s € S units.
Let 7: R' — R” be an R-algebra map. Then there is a commutative diagram of
R-algebra maps

T

R/ R//

vSl lw's
S—IR/ 57 S—IR/I
Further, S~17 is an S~!R-algebra map.
Let T C R’ be the image of S C R. Then T is multiplicative. Further,

STIR' =T7'R, (11.23.1)

even though R’ xS and R’ xT are rarely equal, because the two UMPs are essentially
the same; indeed, any ring map R’ — R” may be viewed as an R-algebra map, and
trivially the elements of S become units in R” if and only if the elements of T' do.

EXERCISE (11.24). — Let R’/R be a integral extension of rings, S a multiplicative
subset of R. Show that S™1R’ is integral over S™!R.

EXERCISE_(11.25). — Let R be a domain, K its fraction ﬁﬁld, L a finite extension
field, and R the integral closure of R in L. Show L = Frac(R). Show every element
of L can, in fact, be expressed as a fraction b/a with b € R and a € R.

EXERCISE (11.26). Let R C R’ be domains, K and L their fraction fields.
Assume that R’ is a finitely generated R-algebra, and that L is a finite dimensional
K-vector space. Find an f € R such that R} is module finite over Ry.

PROPOSITION (11.27). — Let R be a ring, S a multiplicative subset. Let T' be a
multiplicative subset of ST'R, and set T := pg* (T"). Assume S C T. Then

(T"Yy"Y(S7'R) =T"'R.

PROOF: Let’s check (T')~1(S™'R) has the UMP characterizing T~'R. Clearly
pr1s carries T into ((T’)*l(SflR)) . Next, let ¢»: R — R’ be a map carrying T
into R’*. We must show 1) factors uniquely through (T")~1(S™'R).

First, 1 carries S into R’* since S C T. So 1 factors through a unique map
p: ST'R — R'. Now, given r € T, write r = x/s. Then z/1 = s/1-r € T’ since
S CT. Sox e€T. Hence p(r) = ¥(z) - p(1/s) € (R')*. So p factors through a
unique map p': (T")"1(S™'R) — R'. Hence ¢ = p'orps, and p’ is clearly unique,
as required. O
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COROLLARY (11.28). — Let R be a ring, p C q prime ideals. Then R, is the
localization of Rq at the prime ideal pRy.

PROOF: Set S := R—qand T’ := Ry —pRy. Set T := o' (T"). Then T = R—p
by (11.20)(2). So S C T, and (11.27) yields the assertion. |

EXERCISE (11.29). — Let R be a ring, S and T multiplicative subsets.
(1) Set T" := ps(T) and assume S C T. Prove

T'R=T"YS"'R)=T"(S7'R).
(2)Set U:={ste R|s€ SandteT}. Prove
T YS7'R)=S"Y(T"'R)=U"'R.
PROPOSITION (11.30). — Let R be a ring, S a multiplicative subset, X a variable.
Then (S'R)[X] = S~!(R[X]).

PROOF: In spirit, the proof is like that of (1.7): the two rings are equal, as each
is universal among R-algebras with a distinguished element and where the s € S
become units. O

COROLLARY (11.31). — Let R be a ring, S a multiplicative subset, X a variable, p
an ideal of R[X]. Set R' := S™IR, and let ¢: R[X] — R'[X] be the canonical map.
Then p is prime and p NS = 0 if and only if pR'[X] is prime and pe~' (pR'[X]).

PROOF: The assertion results directly from (11.30) and (11.20)(2). O

EXERCISE (11.32) (Localization and normalization commute). — Given a domain
R and a multiplicative subset S with 0 ¢ S. Show that the localization of the
normalization S™'R is equal to the normalization of the localization S—1R.

12. Localization of Modules

Formally, we localize a module just as we do a ring. The result is a module
over the localized ring, and comes equipped with a linear map from the original
module; in fact, the result is universal among modules with those two properties.
Consequently, Localization is a functor; in fact, it is the left adjoint of Restriction
of Scalars from the localized ring to the base ring. So Localization preserves direct
limits, or equivalently, direct sums and cokernels. Further, by uniqueness of left
adjoints or by Watts’s Theorem, Localization is naturally isomorphic to Tensor
Product with the localized ring. Moreover, Localization is exact; so the localized
ring is flat. We end the section by discussing various compatibilities and examples.

PROPOSITION (12.1). — Let R be a ring, S a multiplicative subset. Then a module
M has a compatible S~ R-module structure if and only if, for all s € S, the multi-
plication map ps: M — M is bijective; if so, then the S™'R-structure is unique.

PROOF: Assume M has a compatible S~!R-structure, and take s € S. Then
Ms = fs/1- SO s fl1/s = fi(s/1)(1/s) = 1. Similarly, p1/s - prs = 1. So pus is bijective.
Conversely, assume pus is bijective for all s € S. Then pur: R — Endz(M)
sends S into the units of Endy(M). Hence ug factors through a unique ring map
ps-1g: STIR — Endz(M) by (11.5). Thus M has a unique compatible S~!R-
structure by (4.5). O

(12.2) (Localization of modules). — Let R be a ring, S a multiplicative subset, M
a module. Define a relation on M X S by (m, s) ~ (n,t) if there is u € S such that
utm = usn. As in (11.1), this relation is an equivalence relation.

Denote by S~'M the set of equivalence classes, and by m/s the class of (m, s).
Then S~!M is an S~! R-module with addition given by m/s+n/t := (tm +sn)/st
and scalar multiplication by a/s - m/t := am/st similar to (11.1). We call S™1M
the localization of M at S.

For example, let a be an ideal. Then S~'a = aS~!R by (11.14)(1). Similarly,
S~(aM) = S71aS™'M = aS~'M. Further, given an R-algebra R', the S™!R-
module ST R’ constructed here underlies the S~!R-algebra S~ R’ of (11.23).

Define @g: M — S~*M by ¢s(m) := m/1. Clearly, pg is R-linear.

Note that pus: S™'M — S~1M is bijective for all s € S by (12.1).

If S = {f"|n > 0} for some f € R, then we call S~!M the localization of M
at f, and set My := S7'M and ¢y := pg.

Similarly, if S = R—p for some prime ideal p, then we call S~' M the localization
of M at p, and set M, := S™'M and ¢, := s.

THEOREM (12.3) (UMP). Let R be a ring, S a multiplicative subset, and M a
module. Then S™'M is universal among S~ R-modules equipped with an R-linear
map from M.

PRrROOF: The proof is like that of (11.5): given an R-linear map ¢v: M — N
where N is an S™!R-module, it is easy to prove that 1) factors uniquely via the
S71R-linear map p: SM — N well defined by p(m/s) :=1/s - (m). O

EXERCISE (12.4). Let R be a ring, S a multiplicative subset, and M a module.
Show that M = S~!M if and only if M is an S~ R-module.
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EXERCISE (12.5). — Let R be a ring, S C T multiplicative subsets, M a module.
Set Ty := ¢5(T) C S™'R. Show T-'M = T-Y(S~'M) = T, (S~ M).

EXERCISE (12.6). — Let R be a ring, S a multiplicative subset. Show that S
becomes a filtered category when equipped as follows: given s,t € S, set

Hom(s,t) := {z € R | zs =t}.
Given a module M, define a functor S — ((R-mod)) as follows: for s € S, set

M, := M; to each x € Hom(s, t), associate yz: My — M;. Define B,: My — S™1M
by Bs(m) :=m/s. Show the 85 induce an isomorphism li_n}]%S -~y STIM.

EXERCISE (12.7). — Let R be a ring, S a multiplicative subset, M a module.
Prove S™'M = 0if Ann(M)N S # 0. Prove the converse if M is finitely generated.

EXERCISE (12.8). — Let R be a ring, M a finitely generated module, a an ideal.
(1) Set S := 1+ a. Show that S~'a lies in the radical of S™!R.
(2) Use (1), Nakayama’s Lemma (10.11), and (12.7), but not the determinant
trick (10.2), to prove this part of (10.3): if M = aM, then sM =0 for an s € S.

(12.9) (Functoriality). — Let R be a ring, S a multiplicative subset, a: M — N
an R-linear map. Then ¢sa carries M to the S~! R-module S™!N. So (12.3) yields
a unique S~!'R-linear map S~ 'a making the following diagram commutative:

M 25 57iM
[ e
N £ S7IN
The construction in the proof of (12.3) yields
(S7ra)(m/s) = a(m)/s. (12.9.1)
Thus, canonically, we obtain the following map, and clearly, it is R-linear:
Homp(M, N) — Homg 15(S™'M, STIN). (12.9.2)

Any R-linear map 3: N — P yields S™1(Ba) = (S718)(S~'a) owing to uniqueness
or to (12.9.1). Thus S~1(e) is a linear functor from ((R-mod)) to ((S~!R-mod)).

THEOREM (12.10). — Let R be a ring, S a multiplicative subset. Then the functor
S~1(e) is the left adjoint of the functor of restriction of scalars.

PROOF: Let N be an S~!R-module. Then N = S~!N by (12.4), and the map
(12.9.2) is bijective with inverse taking 8: S™'M — N to Bps: M — N. And
(12.9.2) is natural in M and N by (6.3). Thus the assertion holds. O

COROLLARY (12.11). — Let R be a ring, S a multiplicative subset. Then the
functor S~1(e) preserves direct limits, or equivalently, direct sums and cokernels.

PROOF: By (12.10), the functor is a left adjoint. Hence it preserves direct limits
by (6.12); equivalently, it preserves direct sums and cokernels by (6.10). a

EXERCISE (12.12). — Let R be a ring, S a multiplicative subset, P a projective
module. Then S™!P is a projective S~! R-module.

COROLLARY (12.13). — Let R be a ring, S a multiplicative subset. Then the
functors S™!(e) and ST'R @g e are canonically isomorphic.
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PRrROOF: As S~!(e) preserves direct sums and cokernels by (12.11), the assertion
is an immediate consequence of Watts Theorem (8.18).

Alternatively, both functors are left adjoints of the same functor by (12.10) and
by (8.11). So they are canonically isomorphic by (6.4). O

EXERCISE (12.14). — Let R be a ring, S a multiplicative subset, M and N mod-
ules. Show S~ (M®prN) = S ' M@&zN = S~ ' M®g-17S"'N = S~ MorS~'N.

EXERCISE (12.15). — Let R be a ring, R’ an algebra, S a multiplicative subset,
M a finitely presented module, and r an integer. Show

F.(M®pR)=F.(M)R and F.(S"'M)=F.(M)S™'R=S"1F.(M).

DEFINITION (12.16). — Let R be a ring, S a multiplicative subset, M a module.
Given a submodule N, its saturation N° is defined by

N%:={me M |thereis s € S with sm € N}.
If N = N%, then we say N is saturated.

PROPOSITION (12.17). Let R be a ring, M a module, N and P submodules.
Let S be a multiplicative subset, and K an S™!'R-submodule of S™'M.

(1) Then (a) N5 is a submodule of M, and (b) S™'N is a submodule of S™'M.

(2) Then (a) ¢5'K = (p5' K)* and (b) K = $~}(¢5'K).

(3) Then pg'(STIN) = N¥; in particular, Ker(pg) = 07.

(4) Then (a) (N%)5 = N5 and (b) S~1(S™'N) = S~IN.

(5) If N C P, then (a) N C PS and (b) ST'!N c S~'P.

(6) Then (a) (NN P)S =N3NP% and (b) STH(NNP)=S"NNnS'P.

(7) Then (a) (N + P)® > NS+ P and (b) S™Y(N+ P)=S™'!N + S~'P.

PROOF: Assertion (1)(b) holds because N xS is a subset of M x.S and is equipped
with the induced equivalence relation. Assertion (5)(b) follows by taking M := P.
Assertion (4)(b) follows from (12.4) with M := S~1M.

Assertions (1)(a), (2), (3) can be proved as in (11.16)(3) and (11.19)(1), (2).
Assertions (4)(a) and (5)(a) can be proved as in (11.16)(1) and (2).

As to (6)(a), clearly (N N P)S ¢ NN PS. Conversely, given n € N° N P9,
there are s,t € S with sn € N and tn € P. Then stn € NN P and st € S. So
n € (NN P)%. Thus (a) holds. Alternatively, (6)(b) and (3) yield (6)(a).

As to (6)(b), since NN P C N, P, using (1) yields STY{(NNP) Cc STINNS~LP.
But, given n/s = p/t € STIN N S™1P, there is a u € S with utn = usp € NN P.
Hence utn/uts = usp/uts € S™H(N N P). Thus (b) holds.

As to (7)(a), given n € N° and p € P9, there are s,t € S with sn € N and
tp € P. Then st € S and st(n+ p) € N + P. Thus (7)(a) holds.

As to (7)(b), note N, P C N+ P. So (1)(b) yields STY(N+P) D> STIN+S~1P.
But the opposite inclusion holds as (n + p)/s =n/s +p/s. Thus (7)(b) holds. O

EXERCISE (12.18). — Let R be a ring, S a multiplicative subset.

(1) Let M, 2y M, be a map of modules, which restricts to a map Ny — Ny of
submodules. Show a(N7) C N3'; that is, there is an induced map N{¥ — N5

(2) Let 0 — M1 & Mo LN M3 be a left exact sequence, which resticts to a left
exact sequence 0 — N1 — No — N3 of submodules. Show there is an induced left
exact sequence of saturations: 0 — N — N§ — Ng.
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EXERCISE (12.19). — Let R be aring, M a module, and S a multiplicative subset.
Set TS M := (0)°. We call it the S-torsion submodule of M. Prove the following:
(1) T (M/T5M) = 0. (2) T9M = Ker(ps).
(3) Let o: M — N be a map. Then o(T*M) C TSN.
(4) Let 0 — M’ — M — M" be exact. Thensois 0 — TM' — TSM — TSM".
(5) Let S; C S be a multiplicative subset. Then T5(S; M) = S;7H(T°M).

THEOREM (12.20) (Exactness of Localization). — Let R be a ring, and S a mul-
tiplicative subset. Then the functor S™'(e) is ezact.

PROOF: As S~1(e) preserves injections by (12.17)(1) and cokernels by (12.11),
it is exact by (9.3).

Alternatively, given an exact sequence M’ = M LNV , for each s € S, take a
copy M| — My — M. Using (12.6), make S into a filtered category, and make
these copies into a functor from S to the category of 3-term exact sequences; its
limit is the following sequence, which is exact by (7.14), as desired:

STIM SToy gy S8 gty

The latter argument can be made more direct as follows. Since fa = 0, we
have (S718)(S7!a) = S7(Ba) = 0. Hence Ker(S™13) D Im(S~'a). Conversely,
given m/s € Ker(S~™!3), there is t € S with t3(m) = 0. So B(tm) = 0. So
exactness yields m’ € M’ with a(m') = tm. So (S~'a)(m’/ts) = m/s. Hence
Ker(S718) c Im(S~'a). Thus Ker(S~13) = Im(S~'a), as desired. O

COROLLARY (12.21). — Let R be a ring, S a multiplicative subset. Then SR
is flat over R.

PRrOOF: The functor S~1(e) is exact by (12.20), and is isomorphic to S R®re
by (12.13). Thus S~!R is flat.

Alternatively, using (12.6), write ST'R as a filtered direct limit of copies of R.
But R is flat by (9.7). Thus S~ R is flat by (9.19). O

COROLLARY (12.22). — Let R be a ring, S a multiplicative subset, a an ideal, and
M a module. Then S™*(M/aM)=S"'M /S~ (aM)=S"'M/aS™'M.

PROOF: The assertion results from (12.20) and (12.2). O
COROLLARY (12.23). — Let R be a ring, p a prime. Then Frac(R/p) = R, /pR,.
PRrROOF: We have Frac(R/p) = (R/p), = Rp/pR, by (11.23) and (12.22). O

PROPOSITION (12.24). — Let R be a ring, M a module, S a multiplicative subset.
(1) Let my,...,mn € M. If M is finitely generated and if the m;/1 € S™1M
generate over STIR, then there’s f € S so that the m;/1 € My generate over Ry.
(2) Assume M is finitely presented and S~ M is a free S~'R-module of rank n.
Then there is h € S such that My, is a free Rp-module of rank n.

PRrOOF: To prove (1), define a: R™ — M by a(e;) := m; with e; the ith standard
basis vector. Set C' := Coker(a). Then S71C = Coker(S~1a) by (12.11). Assume
the m;/1 € S™'M generate over ST'R. Then S~ is surjective by (4.10)(1) as
S~HR™) = (STIR)" by (12.11). Hence S~'C = 0.

In addition, assume M is finitely generated. Then so is C. Hence, (12.7) yields
f € S such that Cy = 0. Hence ay is surjective. So the m;/1 generate My over Ry
again by (4.10)(1). Thus (1) holds.
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For (2), let m1/s1,...,mn/s, be a free basis of S71M over S™'R. Then so is
my/1,...,my,/1 as the 1/s; are units. Form « and C as above, and set K := Ker(«).
Then (12.20) yields S71K = Ker(S~!a) and S71C = Coker(S~'a). But S~ta is
bijective. Hence S™'K =0 and S~'C = 0.

Since M is finitely generated, C is too. Hence, as above, there is f € S such
that Cy = 0. Then 0 — K; — R} <5 My — 0 is exact by (12.20). Take a
finite presentation R? — R? — M — 0. By (12.20), it yields a finite presentation
Ri — R} — My — 0. Hence K} is a finitely generated Ry-module by (5.26).

Let S; C Ry be the image of S. Then (12.5) yields S;'(K;) = ST'K. But
S71K = 0. Hence there is g/1 € S7 such that (Kf)g/1 = 0. Set h := fg. Let’s show
Kjp = 0. Let € K. Then there is a such that (¢*z)/1 = 0 in K. Hence there
is b such that f’¢% = 0 in K. Take ¢ > a, b. Then h¢xr = 0. Thus K} = 0. But
Cy = 0 implies C = 0. Hence ay,: R} — M), is an isomorphism, as desired. O

PROPOSITION (12.25). — Let R be a ring, S a multiplicative subset, M and N
modules. Then there is a canonical homomorphism

o: S~ Homp(M, N) — Homg 1(S™'M,S™IN).

Further, o is injective if M is finitely generated, and o is an isomorphism if M is
finitely presented.

PROOF: The assertions result from (9.21) with R’ := S™1R, since S™!R is flat
by (12.21) and since ST'R® P = S~!P for every R-module P by (12.13). O

EXAMPLE (12.26). — Set R:=Z and S := Z — (0) and M := Q/Z. Then M is
faithful since z € S implies z - (1/2z) = 1/2 # 0; thus, pr: R — Hompg(M, M) is
injective. But S™1R = Q. So (12.20) yields S~! Homg(M, M) # 0. On the other
hand, ST'M =0as s-7/s=0 for any r/s € M. So the map o(M, M) of (12.25)
is not injective. Thus (12.25)(2) can fail if M is not finitely generated.

EXAMPLE (12.27). — Take R:=Z and S :=Z — 0 and M,, := Z/(n) for n > 2.
Then S~'M,, = 0 for all n as nm = 0 (mod n) for all m. On the other hand,
(1,1,...)/1 is nonzero in S~*([]My,) as the kth component of m - (1,1,...) is
nonzero in [T M, for k > m if m is nonzero. Thus S~ (J] M,) # [1(S™' M,).
Also S71Z = Q. So (12.13) yields Q ® ([ M») # [1(Q ® M,), whereas (8.13)
yields Q ® (D M,) = B(Q® M,).
EXERCISE (12.28). — Set R:=Z and S =Z — (0). Set M := P,,~,Z/(n) and
N := M. Show that the map o of (12.25) is not injective. B



13. Support

The spectrum of a ring is the following topological space: its points are the
prime ideals, and each closed set consists of those primes containing a given ideal.
The support of a module is the following subset: its points are the primes at
which the localized module is nonzero. We relate the support to the closed set of
the annihilator. We prove that a sequence is exact if and only if it is exact after
localizing at every maximal ideal. We end this section by proving that the following
conditions on a module ar equivalent: it is finitely generated and projective; it is
finitely presented and flat; and it is locally free of finite rank.

(13.1) (Spectrum of a ring). — Let R be a ring. Its set of prime ideals is denoted
Spec(R), and is called the (prime) spectrum of R.

Let a be an ideal. Let V(a) denote the subset of Spec(R) consisting of those
primes that contain a. We call V(a) the variety of a.

Let b be a second ideal. Obviously, if a C b, then V(b) C V(a). Conversely, if
V(b) € V(a), then a C Vb, owing to the Scheinnullstellensatz (3.29). Therefore,
V(a) = V(b) if and only if \/a = v/b. Further, (2.2) yields

V(a) UV(b) =V(anb)=V(ab).

A prime ideal p contains the ideals ay in an arbitrary collection if and only if p

contains their sum Y ay; hence,
ﬂV(u)\) = V(Z u)\).
Finally, V(R) = 0, and V({0)) = Spec(R). Thus the subsets V(a) of Spec(R) are

the closed sets of a topology; it is called the Zariski topology.
Given an element f € R, we call the open set

D(f) := Spec(R) = V((f))
a principal open set. These sets form a basis for the topology of Spec(R); indeed,
given any prime p 2 a, there is an f € a — p, and so p € D(f) C Spec(R) — V(a).
Further, f,g ¢ p if and only if fg ¢ p, for any f, g € R and prime p; in other words,

D(f) nD(g) = D(fg). (13.1.1)
A ring map ¢: R — R’ induces a set map
Spec(is): Spec(R') — Spec(R) by Spec(p)(®) = ¢ (p).  (13.1.2)

Notice ¢~ 1(p’) D a if and only if p’ D aR’; so Spec(p)~! V(a) = V(aR'). Hence
Spec(¢p) is continuous. Thus Spec(e) is a contravariant functor from ((Rings)) to
((Top spaces)).

For example, the quotient map R — R/a induces a topological embedding

Spec(R/a) — Spec(R), (13.1.3)

whose image is V(a), owing to (1.9) and (2.8). Furthermore, the localization map
R — Ry induces a topological embedding

Spec(Ry) < Spec(R), (13.1.4)
whose image is D(f), owing to (11.20).
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EXERCISE (13.2). — Let R be a ring, p € Spec(R). Show that p is a closed
point —that is, {p} is a closed set —if and only if p is a maximal ideal.

EXERCISE (13.3). — Let R be a ring, and set X := Spec(R). Let X7, X5 C X be
closed subsets. Show that the following three conditions are equivalent:

(1) X1UX2 =X and leXQ :w

(2) There are complementary idempotents e, es € R with V({e;)) = X;.

(3) There are comaximal ideals a1, as C R with a;a; =0 and V(a;) = X.

(4) There are ideals a1, ag C R with a3 ® az = R and V(a;) = X,.
Finally, given any e; and a; satisfying (2) and either (3) or (4), necessarily e; € a;.

EXERCISE (13.4). — Let ¢: R — R’ be a map of rings, a an ideal of R, and b an
ideal of R'. Set ¢* := Spec(yp). Prove these two statements:
(1) Every prime of R is a contraction of a prime if and only if ¢* is surjective.
(2) If every prime of R’ is an extension of a prime, then ¢* is injective.
Is the converse of (2) true?

EXERCISE (13.5). — Let R be a ring, S a multiplicative subset. Set X := Spec(R)
and Y := Spec(ST'R). Set ¢% := Spec(ps) and S7!X = Im¢p} C X. Show
(1) that S™1X consists of the primes p of R with p NS = @ and (2) that ¢% is a
homeomorphism of ¥ onto S~1X.

EXERCISE (13.6). — Let §: R — R’ be a ring map, S C R a multiplicative subset.
Set X := Spec(R) and Y := Spec(R’) and 6* := Spec(d). Via (13.5)(2) and
(11.23), identify Spec(S~!R) and Spec(S~!'R') with their images S™!X C X and
S=1Y C Y. Show (1) S~V = 6" 1(S~'X) and (2) Spec(S~10) = 6%[S~1Y.

EXERCISE (13.7). — Let 8: R — R’ be a ring map, a C R an ideal. Set b := aR'.
Let 6: R/a — R'/b be the induced map. Set X := Spec(R) and Y := Spec(R’). Set
0* := Spec(f) and 0 := Spec(f). Via (13.1), identify Spec(R/a) and Spec(R’/b)
with V(a) € X and V(b) C Y. Show (1) V(b) = 6*~1(V(a)) and (2) 6 = 0*| V(b).

EXERCISE (13.8). — Let 6: R — R’ be a ring map, p C R a prime, k the residue
field of R,. Set 0* := Spec(d). Show (1) that 6*~!(p) is canonically homeomorphic
to Spec(R’' ®@g k) and (2) that p € Im6* if and only if R’ Qg k # 0.

EXERCISE (13.9). — Let R be a ring, p a prime ideal. Show that the image of
Spec(Ry) in Spec(R) is the intersection of all open neighborhoods of p in Spec(R).

EXERCISE (13.10). — Let ¢: R — R’ and ¢: R — R’ be ring maps, and define
0: R— R ®r R" by 0(z) := p(z) @ ¥(z). Show

Im Spec(#) = Im Spec(p) () Im Spec(¢)).
EXERCISE (13.11). — Let R be a filtered direct limit of rings Ry with transition

maps al’\L and insertions «. For each A, let ¢): R’ — R, be a ring map with

P = aﬁgm\ for all a;}, so that ¢ := apy is independent of A. Show
Im Spec(¢) = (1, Im Spec(py).

EXERCISE (13.12). — Let A be a domain with just one nonzero prime p. Set
K :=TFrac(A) and R := (A/p) x K. Define ¢: A — R by ¢(z) := (2, z) with 2’ the
residue of z. Set ¢* := Spec(p). Show ¢* is bijective, but not a homeomorphism.
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EXERCISE (13.13). — Let ¢: R — R’ be a ring map, and b an ideal of R’. Set
©* := Spec(p). Show (1) that the closure ¢*(V (b)) in Spec(R) is equal to V(¢ ~1b)
and (2) that ¢*(Spec(R’)) is dense in Spec(R) if and only if Ker(y) C nil(R).
EXERCISE (13.14). — Let R be a ring, R’ a flat algebra with structure map .
Show that R’ is faithfully flat if and only if Spec(y) is surjective.

EXERCISE (13.15). — Let ¢: R — R’ be a flat map of rings, ¢ a prime of R’, and
p = » 1(q). Show that the induced map Spec(R;) — Spec(Ry) is surjective.

EXERCISE (13.16). — Let R be a ring. Given f € R, set Sy := {f" | n > 0}, and
let S denote its saturation; see (3.17). Given f, g € R, show that the following
conditions are equivalent:

(1) D(g) € D(f). (2) V((g) D V(). 3) Vg € V()
(4) Sy C Sy, 5) g€ V{f). ()f€S

(7) there is a unique R algebra map ¢/ : S, 'R S, 'R.

(8) there is an R-algebra map Ry — R,.

Show that, if these conditions hold, then the map in (8) is equal to gag.

EXERCISE (13.17). — Let R be aring. (1) Show that D(f) — Ry is a well-defined
contravariant functor from the category of principal open sets and inclusions to ((R-
alg)). (2) Given p € Spec(R), show ligD(f>3p Ry =R,.

EXERCISE (13.18). — A topological space is called irreducible if it’s nonempty
and if every pair of nonempty open subsets meet. Let R be aring. Set X := Spec(R)
and n := nil(R). Show that X is irreducible if and only if n is prime.

EXERCISE (13.19). Let X be a topological space, Y an irreducible subspace.
(1) Show that the closure Y of Y is also irreducible.
(2) Show that Y is contained in a maximal irreducible subspace.
(3) Show that the maximal irreducible subspaces of X are closed, and cover X.
They are called its irreducible components. What are they if X is Hausdorftf?
(4) Let R be aring, and take X := Spec(R). Show that its irreducible components
are the closed sets V(p) where p is a minimal prime.

PROPOSITION (13.20). — Let R be a ring, X := Spec(R). Then X is quasi-
compact: if X =), Ux with Uy open, then X = J}_, Uy, for some \; € A.

PROOF: Say Uy = X*V(u)\). As X = U)\EA Uy, then 0= ﬂV(a,\) = V(Z a)\).
So > ay lies in no prime ideal. Hence there are A1,..., A, € A and fy, € ay, with
1= Zf,\i. So R = Za,\i. So @ = ﬂV(Cl)\I) = V(Za)\i). Thus X = UU)\I. O

EXERCISE (13.21). — Let R be a ring, X := Spec(R), and U an open subset.
Show U is quasi-compact if and only if X —U = V(a) where a is finitely generated.

EXERCISE (13.22). — Let R be a ring, M a module, m € M. Set X := Spec(R).
Assume X = (JD(fy) for some fy, and m/1 =0 in My, for all \. Show m = 0.

EXERCISE (13.23). — Let R be a ring; set X := Spec(R). Prove that the four
following conditions are equivalent:

(1) R/nil(R) is absolutely flat.

(2) X is Hausdorff.
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(3) X is Ty; that is, every point is closed.

(4) Every prime p of R is maximal.
Assume (1) holds. Prove that X is totally disconnected; namely, no two distinct
points lie in the same connected component.

EXERCISE (13.24). — Let B be a Boolean ring, and set X := Spec(B). Show a
subset U C X is both open and closed if and only if U = D(f) for some f € B.
Further, show X is a compact Hausdorff space. (Following Bourbaki, we shorten
“quasi-compact” to “compact” when the space is Hausdorff.)

EXERCISE (13.25) (Stone’s Theorem). — Show every Boolean ring B is isomorphic
to the ring of continuous functions from a compact Hausdorff space X to Fo with
the discrete topology. Equivalently, show B is isomorphic to the ring R of open and
closed subsets of X; in fact, X := Spec(B), and B = R is given by f +— D(f).

DEFINITION (13.26). — Let R be a ring, M a module. Its support is the set
Supp(M) := {p € Spec(R) | M, #0}.

PROPOSITION (13.27). — Let R be a ring, M a module.
(1) Let 0 - L - M — N — 0 be exact. Then Supp(L)|JSupp(N) = Supp(M).
(2) Let My be submodules with Y My = M. Then |JSupp(M),) = Supp(M).
(3) Then Supp(M) C V(Ann(M)), with equality if M is finitely generated.

ProoF: Consider (1). For every prime p, the sequence 0 — L, = M, — N, — 0
is exact by (12.20). So M, # 0 if and only if L, # 0 or N, # 0. Thus (1) holds.

In (2), My C M. So (1) yields | Supp(My) C Supp(M). To prove the opposite
inclusion, take p ¢ |JSupp(My). Then (M)), = 0 for all A. By hypothesis,
the natural map @ My — M is surjective. So @ (M), — M, is surjective by
(12.11). Hence M, = 0. Alternatively, given m/s € M, express m as a finite sum
m = > my with my € M. For each such )\, there is ¢ty € R — p with ¢ymy = 0.
Set t :=[]tx. Then tm =0 and t ¢ p. So m/s = 0 in M,. Hence again, M, = 0.
Thus p ¢ Supp(M), and so (2) holds.

Consider (3). Let p be a prime. By (12.7), M, = 0 if Ann(M) N (R —p) # 0,
and the converse holds if M is finitely generated. But Ann(M) (R —p) # 0 if and
only if Ann(M) ¢ p. Thus (3) holds. O

DEFINITION (13.28). — Let R be a ring, z € R. We say z is nilpotent on a
module M if there is n > 1 with ™m = 0 for all m € M; that is, x € /Ann(M).
We denote the set of nilpotents on M by nil(M); that is, nil(M) := /Ann(M).

PROPOSITION (13.29). — Let R be a ring, M a finitely generated module. Then
l’lll(M) = ﬂpESupp(AI) p.
PrOOF: First, nil(M) = (5 apn(ar) P by the Scheinnullstellensatz (3.29). But

p D Ann(M) if and only if p € Supp(M) by (13.27)(3). O
PROPOSITION (13.30). — Let R be a ring, M and N modules. Then
Supp(M ®g N) C Supp(M) N Supp(N), (13.30.1)

with equality if M and N are finitely generated.

ProoF: First, (M ®g N), = M, ®g, N, by (12.14); whence, (13.30.1) holds.
The opposite inclusion follows from (10.17) if M and N are finitely generated. [
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EXERCISE (13.31). — Let R be a ring, a an ideal, M a module. Prove that
Supp(M/aM) C Supp(M) NV (a),
with equality if M is finitely generated.
EXERCISE (13.32). — Let ¢: R — R’ be a map of rings, M an R-module. Prove
Supp(M ®g R') C Spec(yp) ™" (Supp(M)),
with equality if M is finitely generated.
EXERCISE (13.33). — Let R be a ring, M a module, p € Supp(M). Prove

V(p) C Supp(M).

EXERCISE (13.34). — Let Z be the integers, Q the rational numbers, and set
M = Q/Z. Find Supp(M), and show that it is not Zariski closed.

PROPOSITION (13.35). — Let R be a ring, M a module. These conditions are
equivalent: (1) M = 0; (2) Supp(M) = 0; (3) Mm =0 for every mazimal ideal m.
PROOF: Trivially, if (1) holds, then S~'M = 0 for any multiplicative subset S.
In particular, (2) holds. Trivially, (2) implies (3).
Finally, assume M # 0, and take a nonzero m € M, and set a := Ann(m). Then

1 ¢ a, so a lies in some maximal ideal m. Then, for all f € R —m, we have fm # 0.
Hence m/1 # 0 in My,. Thus (3) implies (1). O

EXERCISE (13.36). — Let R be a domain, and M a module. Set S := R — 0 and
T(M) :=T%(M). We call T(M) the torsion submodule of M, and we say M is
torsionfree if T'(M) = 0.

Prove M is torsionfree if and only if My, is torsionfree for all maximal ideals m.

EXERCISE (13.37). — Let R be a ring, P a module, M, N submodules. Assume
My, = Ny, for every maximal ideal m. Show M = N. First assume M C N.

EXERCISE (13.38). — Let R be a ring, M a module, and a an ideal. Suppose
My = 0 for all maximal ideals m D a. Show that M = aM.

EXERCISE (13.39). — Let R be a ring, P a module, M a submodule, and p € P
an element. Assume p/1 € M, for every maximal ideal m. Show p € M.

EXERCISE (13.40). — Let R be a domain, a an ideal. Show a =, aRy where
m runs through the maximal ideals and the intersection takes place in Frac(R).

EXERCISE (13.41). — Prove these three conditions on a ring R are equivalent:

(1) R is reduced.
(2) S7LR is reduced for all multiplicative subsets S.
(3) R is reduced for all maximal ideals m.

If Ry is a domain for all maximal ideals m, is R necessarily a domain?

EXERCISE (13.42). — Let R be a ring, ¥ the set of minimal primes. Prove this:
(1) If Ry is a domain for any prime p, then the p € ¥ are pairwise comaximal.
(2) R = [[_, R:; where R; is a domain if and only if R, is a domain for any

prime p and ¥ is finite. If so, then R; = R/p; with {p1,...,pn} = 2.

PROPOSITION (13.43). — A sequence of modules L = M 2, N is exact if and
only if its localization Ly, Gm, My == Ny is exact at each mazimal ideal m.
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PROOF: If the sequence is exact, then so is its localization by (12.20).

Consider the converse. First Im(fmam) = 0. But Im(fmawm) = (Im(Ba)) by
(12.20) and (9.3). Hence Im(Ba) = 0 by (13.35). So Sa = 0. Thus Im(a) C
Ker(B).

Set H := Ker()/Im(a). Then Hy = Ker(Bm)/Im(am) by (12.20) and (9.3).
So Hy = 0 owing to the hypothesis. Hence H = 0 by (13.35), as required. a

EXERCISE (13.44). — Let R be a ring, M a module. Prove elements my € M
generate M if and only if, at every maximal ideal m, their images m) generate My,.

PROPOSITION (13.45). — Let A be a semilocal ring, my, . .., my, its mazimal ideals,
M, N finitely presented modules. Assume My, ~ Ny, for each i. Then M ~ N.

PROOF: For each i, take an isomorphism ;: My, — Ny,. Then (12.25)
yields s; € A —m; and ¢;: M — N with (p;)m, = sitp;. However, (2.2) implies
ﬂ#i m; ¢ m;; so there’s x; € ﬂ#i m; with @; ¢ m;. Set v:=>", z;s:9;.

For each j, set aj := x;5;9;. Then am; : My, == Ny, as x; and s; are units. Set
Bj =221z . Then B;(Mn;) C mjNum; as x; € m; for i # j. Further, v = o + ;.
S0 Vm, is an isomorphism by (10.15). Hence (13.43) implies yv: M —= N. a

PROPOSITION (13.46). — Let R be a ring, M a module. Then M is flat over R
if and only if, at every mazimal ideal m, the localization My, is flat over Ry.

ProoF: If M is flat over R, then M ®p Ry is flat over Ry by (9.11). But
M ®p Ry = My by (12.13). Thus M, is flat over Ry,.

Conversely, assume My, is flat over R, for every m. Let a: N’ — N be an
injection of R-modules. Then o, is injective by (13.43). Hence My ®p,, am is
injective. But that map is equal to (M ® a)w by (12.14). So (M ® a)w is injective.
Hence M ® « is injective by (13.43). Thus M is flat over R. a

EXERCISE (13.47). — Let R be a ring, R’ a flat algebra, p’ a prime in R’, and p
its contraction in R. Prove that R;, is a faithfully flat Ry-algebra.

EXERCISE (13.48). — Let R be a ring, S a multiplicative subset.
(1) Assume R is absolutely flat. Show S™1R is absolutely flat.
(2) Show R is absolutely flat if and only if Ry, is a field for each maximal m.

DEFINITION (13.49). — Let R be a ring, M a module. We say M is locally
finitely generated if each p € Spec(R) has a neighborhood on which M becomes
finitely generated; more precisely, there exists f € R — p such that M is finitely
generated over Ry. It is enough that an f exist for each maximal ideal m as every
p lies in some m by (2.30). Similarly, we define the properties locally finitely
presented, locally free of finite rank, and locally free of rank n.

PROPOSITION (13.50). — Let R be a ring, M a module.
(1) If M is locally finitely generated, then it is finitely generated.
(2) If M is locally finitely presented, then it is finitely presented.

PRrROOF: By (13.20), there are f1,...,f, € R with UD(f;) = Spec(R) and
finitely many m; ; € M such that, for some n;; > 0, the m; j/f;"’ generate My,.
Clearly, for each ¢, the m; ;/1 also generate My, .

Given any maximal ideal m, there is ¢ such that f; ¢ m. Let S; be the image of
R —m in Ry,. Then (12.5) yields My = S; '(My,). Hence the m; j/1 generate
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My. Thus (13.44) yields (1).

Assume M is locally finitely presented. Then M is finitely generated by (1). So
there is a surjection R¥ — M. Let K be its kernel. Then K is locally finitely
generated owing to (5.26). Hence K too is finitely generated by (1). So there is a
surjection R® — K. It yields the desired finite presentation R — R¥ — M — 0.
Thus (2) holds. O

THEOREM (13.51). — These conditions on an R-module P are equivalent:

(1) P is finitely generated and projective.

) P is finitely presented and flat.

) P is finitely presented, and Pn is free over Ry at each mazimal ideal m.
) P is locally free of finite rank.
)

that p € D(f) and Py is free of rank n over Ry at each q € D(f).

PRrooF: Condition (1) implies (2) by (10.20).

Let m be a maximal ideal. Then Ry, is local by (11.22). If P is finitely pre-
sented, then Py, is finitely presented, because localization preserves direct sums and
cokernels by (12.11).

Assume (2). Then P, is flat by (13.46), so free by (10.20). Thus (3) holds.

Assume (3). Fix a surjective map a: M — N. Then apm: My — Ny is surjective.
So Hom(Py, am): Hom(Py, My) — Hom(Py, Ny) is surjective by (5.23) and
(5.22). But Hom(Pp, o) = Hom(P, a)m by (12.25) as P is finitely presented.
Further, m is arbitrary. Hence Hom(P, «) is surjective by (13.43). Therefore, P
is projective by (5.23). Thus (1) holds.

Again assume (3). Given any prime p, take a maximal ideal m containing it. By
hypothesis, Py, is free; its rank is finite as Py, is finitely generated. By (12.24)(2),
there is f € R —m such that Pj is free of finite rank over Ry. Thus (4) holds.

Assume (4). Then P is locally finitely presented. So P is finitely presented by
(13.50)(2). Further, given p € Spec(R), there are f € R —p and n such that Py is
free of rank n over Ry. Given q € D(f), let S be the image of R — q in Ry. Then
(12.5) yields Py = S~1(Pf). Hence P, is free of rank n over Rq. Thus (5) holds.
Further, (3) results from taking p := m and q := m.

Finally, assume (5), and let’s prove (4). Given p € Spec(R), let f and n be
provided by (5). Take a free basis p1/f*,...,pn/f* of P, over R,. The p; define
amap a: R" — P, and ap: Ry — P is bijective, in particular, surjective.

As P is finitely generated, (12.24)(1) provides g € R—p such that ay: Ry — P,
is surjective. Tt follows that aq: Ry — Py is surjective for every q € D(g). If also
q € D(f), then by hypothesis P; ~ Rf. So a4 is bijective by (10.4).

Set h := fg. Clearly, D(f) N D(g9) = D(h). By (13.1), D(h) = Spec(R},).
Clearly, ag = (o) (qr,) for all ¢ € D(h). Hence ay: Rj — P} is bijective owing to
(13.43) with Ry, for R. Thus (4) holds. O
EXERCISE (13.52). — Given n, prove an R-module P is locally free of rank n if
and only if P is finitely generated and Py ~ R}, holds at each maximal ideal m.
EXERCISE (13.53). — Let A be a semilocal ring, P a locally free module of rank
n. Show that P is free of rank n.

EXERCISE (13.54). — Let R be aring, M a finitely presented module, n > 0. Show
that M is locally free of rank n if and only if F,,_1(M) = (0) and F,,(M) = R.

14. Krull-Cohen—Seidenberg Theory

Krull-Cohen—Seidenberg Theory relates the prime ideals in a ring to those in
an integral extension. We prove each prime has at least one prime lying over it —
that is, contracting to it. The overprime can be taken to contain any ideal that
contracts to an ideal contained in the given prime; this stronger statement is known
as the Going-up Theorem. Further, one prime is maximal if and only if the other
is, and two overprimes cannot be nested. On the other hand, the Going-down
Theorem asserts that, given nested primes in the subring and a prime lying over
the larger, there is a subprime lying over the smaller, either if the subring is normal
and the overring is a domain or if the extension is flat even if it’s not integral.

LEMMA (14.1). — Let R C R’ be an integral extension of domains. Then R’ is a
field if and only if R is.

PROOF: First, suppose R’ is a field. Let # € R be nonzero. Then 1/z € R’, so
satisfies an equation of integral dependence:
A/z)" +a; (/)" '+ 4a, =0

n—1

with n > 1 and a; € R. Multiplying the equation by ™", we obtain

1/z=—(a1 + an_ox + -+ anz" ') € R.
Conversely, suppose R is a field. Let y € R’ be nonzero. Then y satisfies an
equation of integral dependence
YUt ay" e any an =0
with n > 1 and a; € R. Rewriting the equation, we obtain
y(y" Tt an) = —an.
Take n minimal. Then a,, # 0 as R’ is a domain. So dividing by —a,y, we obtain
y=(-1/a) 4" '+ +an1) €R. O
DEFINITION (14.2). — Let R be a ring, R’ an R-algebra, p a prime of R, and p’

a prime of R'. We say p’ lies over p if p’ contracts to p.

THEOREM (14.3). — Let R C R’ be an integral extension of rings, and p a prime
of R. Letp’ C q' be nested primes of R', and a' an arbitrary ideal of R'.

(1) (Maximality) Suppose p’ lies over p. Then p' is mazimal if and only if p is.

(2) (Incomparability) Suppose both p’ and q' lie over p. Then p' =¢q’.

(3) (Lying over) Then there is a prime v of R lying over p.

(4) (Going up) Suppose &’ "R C p. Then in (3) we can take v’ to contain a'.

PROOF: Assertion (1) follows from (14.1) applied to the extension R/p C R'/p’,
which is integral as R C R’ is, since, if y € R’ satisfies 4™ + a19™ 1 + -+ +a, = 0,
then reduction modulo p’ yields an equation of integral dependence over R/p.

To prove (2), localize at R — p, and form this commutative diagram:

R — R,

[

R — R,
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Here R, — Ry, is injective by (12.17)(1), and the extension is integral by (11.24).

Here p'R), and q'R,, are nested primes of Ry, by (11.20)(2). By the same token,
both lie over pR;, because both their contractions in R, contract to p in R. Thus
we may replace R by R, and R’ by Ry, and so assume R is local with p as maximal
ideal by (11.22). Then p’ is maximal by (1); whence, p’ = ¢'.

To prove (3), again we may replace R by R, and R’ by Ry: if t” is a prime ideal
of Ry lying over pRy, then the contraction ¢ of ¢ in R’ lies over p. So we may
assume R is local with p as unique maximal ideal. Now, R’ has a maximal ideal v/
by 2.30; further, v/ contracts to a maximal ideal v of R by (1). Thus v = p.

Finally, (4) follows from (3) applied to the extension R/(a’ N R) C R'/d’. O

EXERCISE (14.4). — Let R C R’ be an integral extension of rings, and p a prime
of R. Suppose R’ has just one prime p’ over p. Show (a) that p'R), is the only
maximal ideal of R}, (b) that R}, = Ry, and (c) that Rj, is integral over .

EXERCISE (14.5). — Let R C R’ be an integral extension of domains, and p a
prime of R. Suppose R’ has at least two distinct primes p’ and ¢’ lying over p.
Show that R;, is not integral over R,. Show that, in fact, if y lies in ¢’, but not in
p’, then 1/y € Ry, is not integral over Rj.

EXERCISE (14.6). — Let k be a field, and X an indeterminate. Set R’ := k[X],
and Y := X? and R := k[Y]. Set p := (Y —1)R and p' := (X - 1)R. Is Ry,
integral over R,? Explain.

LEMMA (14.7). — Let R C R’ be a ring extension, X a variable, f € R[X] a
monic polynomial. Suppose f = gh with g, h € R'[X] monic. Then the coefficients
of g and h are integral over R.

PROOF: Set Ry := R'[X]/{g). Let x1 be the residue of X. Then 1, x1, 22,...
form a free basis of Ry over R’ by (10.25) as g is monic; hence, R’ C R;. Now,
g(z1) = 0; so g factors as (X — z1)g1 with g1 € R;[X] monic of degree 1 less
than g. Repeat this process, extending R;. Continuing, obtain g(X) = [[(X — ;)
and h(X) = [[(X — y;) with all z; and y; in an extension of R’. The z; and
y; are integral over R as they are roots of f. But the coeflicients of g and h are
polynomials in the z; and y;; so they too are integral over R. O

PROPOSITION (14.8). — Let R be a normal domain, K := Frac(R), and L/K a
field extension. Let y € L be integral over R, and p € K[X] its monic minimal
polynomial. Then p € R[X], and so p(y) = 0 is an equation of integral dependence.

PROOF: Since y is integral, there is a monic polynomial f € R[X] with f(y) = 0.
Write f = pg with ¢ € K[X]. Then by (14.7) the coefficients of p are integral over
R, so in R since R is normal. O

THEOREM (14.9) (Going down for integral extensions). — Let R C R’ be an
integral extension of domains with R normal, p ; q nested primes of R, and q' a
prime of R’ lying over q. Then there is a prime p’ lying over p and contained in q'.

PROOF: First, let us show pRy, N R =p. Given y € pRy, N R, say y = x/s with
z € pR and s € R —q'. Say . = > " y;x; with y; € p and 2; € R', and set
R"” := Rlx1,...,Zm]. Then R” is module finite by (10.28) and zR"” C pR". Let
f(X)=X"+a; X" ! +...+a, be the characteristic polynomial of u1,: R” — R".
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Then a; € p¢ C p by (10.1), and f(z) = 0 by the Determinant Trick (10.2).

Set K := Frac(R). Suppose f = gh with g, h € K[X]| monic. By (14.7)
the coefficients of g, h lie in R as R is normal. Further, f = X™ (mod p). So
g = X" (mod p) and h = X" " (mod p) for some r by unique factorization in
Frac(R/p)[X]. Hence g and h have all nonleading coefficients in p. Replace f by a
monic factor of minimal degree. Then f is the minimal polynomial of x over K.

Recall s = z/y. So s satisfies the equation

"4 bys" kb, =0 with b= ai/y’ € K. (14.9.1)

Conversely, any such equation yields one of the same degree for x as y € R C K.
So (14.9.1) is the minimal polynomial of s over K. So all b; are in R by (14.8).

Suppose y & p. Then b; € p as a; = b;y* €p. So s" € pR' CqR' Cq'. Sos € ¢,
a contradiction. Hence y € p. Thus pR’q, N R C p. But the opposite inclusion holds
trivially. Thus pR’q, NR=p.

Hence, there is a prime p” of Ry, with p” N R = p by (3.13). Then p” lies in
q'Ry, as it is the only maximal ideal. Set p’ := p” N R’. Then p'N R = p, and
p’ C q' by (11.20)(2), as desired. O

LEMMA (14.10). — Always, a minimal prime consists entirely of zerodivisors.

PRrooF: Let R be the ring, p the minimal prime. Then R, has only one prime pR,
by (11.20)(2). So by the Scheinnullstellensatz, pR, consists entirely of nilpotents.
Hence, given = € p, there is s € R — p with sz™ = 0 for some n > 1. Take n
minimal. Then sz™~! # 0, but (sz™ 1)z = 0. Thus z is a zerodivisor. O

THEOREM (14.11) (Going down for Flat Algebras). — Let R be a ring, R’ a flat
algebra, p g q nested primes of R, and q' a prime of R’ lying over q. Then there
is a prime p’ lying over p and contained in q'.

Proor: The canonical map g — Ry, is faithfully flat by (13.47). Therefore,
Spec(R’q,) — Spec(Ryq) is surjective by (13.14). Thus (11.20) yields the desired
P
Alternatively, R’ ®r (R/p) is flat over R/p by (9.11). Also, R'/pR' = R'®grR/p
by (8.16)(1). Hence, owing to (1.9), we may replace R by R/p and R’ by R'/pR/,
and thus assume R is a domain and p = 0.

By (3.14), q’ contains a minimal prime p’ of R’. Let’s show that p’ lies over (0).
Let z € R be nonzero. Then the multiplication map pu,: R — R is injective. Since
R’ is flat, p,: R — R’ is also injective. Hence, (14.10) implies that z does not
belong to the contraction of p’, as desired. 0

EXERCISE (14.12). — Let R be a reduced ring, ¥ the set of minimal primes. Prove
that z.div(R) = UpeE p and that R, = Frac(R/p) for any p € X.

EXERCISE (14.13). — Let R be a ring, ¥ the set of minimal primes, and K the
total quotient ring. Assume X is finite. Prove these three conditions are equivalent:

(1) R is reduced.
(2) z.div(R) = Upexn b, and Ry Frac(R/p) for each p € X.

(3) K/pK = Frac(R/p) for each p € X, and K = [, 5, K/pK.
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EXERCISE (14.14). — Let A be a reduced local ring with residue field &k and finite
set 3 of minimal primes. For each p € X, set K (p) := Frac(A/p). Let P be a finitely
generated module. Show that P is free of rank r if and only if dim,(P ®4 k) =7
and dimg () (P ®4 K(p)) = for each p € X.

EXERCISE (14.15). — Let A be a reduced local ring with residue field £ and a
finite set of minimal primes. Let P be a finitely generated module, B an A-algebra
with Spec(B) — Spec(A) surjective. Show that P is a free A-module of rank r if
and only if P ® B is a free B-module of rank r.

(14.16) (Arbitrary normal rings). — An arbitrary ring R is said to be normal
if Ry is a normal domain for every prime p. If R is a domain, then this definition
recovers that in (10.30), owing to (11.32).

EXERCISE (14.17). Let R be a ring, p;...,p, all its minimal primes, and K
the total quotient ring. Prove that these three conditions are equivalent:

(1) R is normal.

(2) R is reduced and integrally closed in K.

(3) R is a finite product of normal domains R;.
Assume the conditions hold. Prove the R; are equal to the R/p; in some order.

15. Noether Normalization

The Noether Normalization Lemma describes the basic structure of a finitely
generated algebra over a field; namely, given a chain of ideals, there is a polynomial
subring over which the algebra is module finite, and the ideals contract to ideals
generated by initial segments of variables. After proving this lemma, we derive
several versions of the Nullstellensatz. The most famous is Hilbert’s; namely, the
radical of any ideal is the intersection of all the maximal ideals containing it.

Then we study the (Krull) dimension: the maximal length of any chain of primes.
We prove our algebra is catenary; that is, if two chains have the same ends and
maximal lengths, then the lengths are the same. Further, if the algebra is a domain,
then its dimension is equal to the transcendence degree of its fraction field.

In an appendix, we give a simple direct proof of the Hilbert Nullstellensatz. At
the same time, we prove it in significantly greater generality: for Jacobson rings.

LEMMA (15.1) (Noether Normalization). — Let k be a field, R := k[z1,...,2,] a
finitely generated k-algebra, and a; C --- C a, a chain of proper ideals of R. Then
there are algebraically independent elements t1,...,t, € R such that

(1) R is module finite over P := k[t1,...t,] and

(2) fori=1,---,r, there is an h; such that a; NP = (t1,...,tp,).
If k is infinite, then we may choose the t; to be k-linear combinations of the x;.

ProOOF: Let R’ := k[X1,...,X,] be the polynomial ring, and ¢: R’ — R the
k-algebra map with ¢X; := z;. Set aj) := Kerp and a := p~tqa; fori=1,--- 7.
It suffices to prove the lemma for R and aj C --- C aj.: if ¢; € R’ and h} work
here, then t; := Apt;Jrh{) and h; := h} — h{, work for R and the qa;, because the ¢; are
algebraically independent by (1.10), and clearly (1) and (2) hold. Thus we may
assume the x; are algebraically independent.

The proof proceeds by induction on r (and shows v := n works now).

First, assume r = 1 and a; = ¢ R for some nonzero t;. Then t; ¢ k because
a; is proper. Suppose we have found to,...,t, € R so that z; is integral over
P :=k[ty,12,...,t,] and so that P[z1] = R. Then (10.28) yields (1).

Further, by the theory of transcendence bases [2, (8.3), p.526], [10, Thm.1.1,
p- 356], the elements ty, ..., t, are algebraically independent. Now, take x € a; N P.
Then x = t12' where 2’ € RN Frac(P). Also, RN Frac(P) = P, for P is normal by
(10.34) as P is a polynomial algebra. Hence a; N P = ¢ P. Thus (2) holds too.

To find to,...,t,, we are going to choose ¢; and set t; := x; — xf". Then clearly
P[z1] = R. Now, say t; = Za(j):cgl <o xdn with (§) = (j1,...,Jn) and a) € k.
Recall t1 ¢ k, and note that z; satisfies this equation:

S agyed (b + 2R (Y = .
Set e(j) := j1 + lajo + -+ + Lnjn. Take £ > max{j;} and ¢; := £’. Then the e(5)
are distinct. Let e(j’) be largest among the e(j) with a(;) # 0. Then e(j) > 0, and
the above equation may be rewritten as follows:
a(i')‘rio ) + Ze<e(j’)pexi =0
where p, € P. Thus z; is integral over P, as desired.

88



Noether Normalization (15.3) 89

Suppose k is infinite. We are going to reorder the z;, choose a; € k, and set
t; == x; — a;x1. Then Plx1] = R. Now, say t; = Hq+ -+ + Ho where Hy # 0
and where H; is homogeneous of degree 7 in z1,...,x,; that is, H; is a linear
combination of monomials of degree i. Then d > 0 as ¢; ¢ k. As k is infinite, (3.20)
yields a; € k with Hy(a1,aq,...,a,) # 0. Since Hy is homogeneous, a; # 0 for
some i; reordering the x;, we may assume a; # 0. Again since Hy is homogeneous,
we may replace a; by a;/a;. Then Hg(1,az,...,a,) # 0. But Hy(1,as9,...,a,) is
the coefficient of 2§ in Hy(z1,t2 + agx1,...,tn + anz1). So after we collect like
powers of z1, the equation

Hg(x1,t2 + aswy, ...ty + anw1) + -+ Ho(z1,t2 + agx1, ..., bty +apz1) +11 =0

becomes an equation of integral dependence for x; over P, as desired.

Second, assume r = 1 and a; is arbitrary. We may assume a; # 0. The proof
proceeds by induction on n. The case n = 1 follows from the first case (but is
simpler) because k[z1] is a PID. Let ¢; € a; be nonzero. By the first case, there
exist elements ug, ..., u, such that t1,us,...u, are algebraically independent and
satisfy (1) and (2) with respect to R and ¢;R. By induction, there are ¢, ..., ¢,
satisfying (1) and (2) with respect to k[uz, ..., u,] and a3 Nkfug, ..., uy].

Set P := k[t1,...,t,]. Since R is module finite over k[t1, ua, ..., u,| and the
latter is module finite over P, the former is module finite over P by (10.27). Thus
(1) holds, and so t1,...,t, are algebraically independent. Further, by assumption,

ap ﬂk[tz,“.,tn] = <t2,4.4,th>
for some h. But t; € a3. Soay NP D (t1,...,th).

Conversely, given z € a; N P, say © = Z?:o fitt with f; € k[ta,...,t,]. Since
t1 € a1, we have fo € a1 Nk[ta,...,tn]; so fo € (ta,...,tn). Hence x € (t1,...,tn).
Thus a; N P = (t1,...,ts). Thus (2) holds for r = 1.

Finally, assume the lemma holds for » — 1. Let uj,...,u, € R be algebraically
independent elements satisfying (1) and (2) for the sequence a; C --- C a,_1, and
set h := h,_1. By the second case, there exist elements tp41,...,t, satisfying (1)
and (2) for k[upt1,...,u,] and a, NEk[upy1, ..., uy]. Then, for some h,.,

a,. N k[t/hq, RN tn} = <th+1, . ,th,,,>.
Set t; := u; for 1 <4 < h. Set P := k[t1,...,t,]. Then, by assumption, R is
module finite over k[u,...,uy], and k[u1, ..., uy] is module finite over P; hence, R
is module finite over P by (10.27). Thus (1) holds, and ¢4, ...,t, are algebraically
independent over k.

Fix i with 1 < ¢ <r. Set m := h;. Then t1,...,t, € a;. Given = € a; N P, say
x =3 f)ty -ty with (v) = (vi,...,vm) and f) € k[tma1,...,ta]. Then f(
lies in a; N k[tm41,---,tn]. We are going to see the latter intersection is equal to
(0). It is so if i < r — 1 because it lies in a; N kw11, ..., uy,], which is equal to (0).
Further, if ¢ = r, then, by assumption, a; N kltm11,---,tn] = Emtts---tm) = 0.
Thus fo) = 0. Hence z € (t1,...,tx,). Thus a; NP C (t1,...,tn,). So the two are
equal. Thus (2) holds, and the proof is complete. a

EXERCISE (15.2). — Let k := [, be the finite field with ¢ elements, and k[X,Y]
the polynomial ring. Set f := XY — XY? and R := k[X, Y]/(f} Let 2,y € R
be the residues of X, Y. For every a € k, show that R is not module finite over
P := k[ly—az]. (Thus, in (15.1), no k-linear combination works.) First, take a = 0.
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EXERCISE (15.3). — Let k be a field, and X, Y, Z variables. Set
R:=k[X,Y, Z](X*-Y® -1, XZ — 1),

and let x, y, z € R be the residues of X, Y, Z. Fix a,b € k, and set ¢t := z+ay+ bz
and P := k[t]. Show that x and y are integral over P for any a,b and that z is
integral over P if and only if b # 0.

THEOREM (15.4) (Zariski Nullstellensatz). — Let k be a field, R an algebra-finite
extension. Assume R is a field. Then R/k is finite.

PROOF: By the Noether Normalization Lemma (15.1), R is module finite over
a polynomial subring P := k[t,...,t,]. Then R/P is integral by (10.23). As R is
a field, so is P by (14.1). Hence v = 0. So P = k. Thus R/k is finite, as asserted.

Alternatively, here’s a short proof, not using (15.1). Say R = k[x1,...,xy]. Set
P := k[z1] and K := Frac(P). Then R = K|[zs,...,z,]. By induction on n, assume
R/K is finite. Suppose z; is transcendental over k, so P is a polynomial ring.

Note R = P[zs,...,x,]. Hence (11.26) yields f € P with Ry/P; module finite,
so integral by (10.28). But Ry = R. Thus Py is a field by (14.1). So f ¢ k.

Set g:=1+ f. Then 1/g € Pf. So 1/g = h/f" for some h € P and r > 1. Then
f7 = gh. But f and g are relatively prime, a contradiction. Thus z; is algebraic
over k. Hence P = K, and K /k is finite. But R/K is finite. Thus R/k is too. O

COROLLARY (15.5). — Let k be a field, R := k[z1,...,z,] an algebra-finite exten-
sion, and m a maximal ideal of R. Assume k is algebraically closed. Then there
are ay,...,a, € k such that m = (x1 — a,...,Tp — an).

PROOF: Set K := R/m. Then K is a finite extension field of k by the Zariski
Nullstellensatz (15.4). But k is algebraically closed. Hence k = K. Let a; € k be
the residue of z;, and set n := (x1 — a1,...,Zn — ay). Then n C m.

Let R’ := k[X1,...,X,] be the polynomial ring, and ¢: R’ — R the k-algebra
map with ¢X; := z;. Set n' := (X;1 —ay,..., X, — ap). Then p(n’) =n. But v’ is
maximal by (2.21). So n is maximal. Hence n = m, as desired. O

COROLLARY (15.6). — Let k be any field, P := k[X1, ..., X,] the polynomial ring,
and m a mazimal ideal of P. Then m is generated by n elements.

PROOF: Set K := P/m. Then K is a field. So K/k is finite by (15.4).

Induct on n. If n =0, then m = 0. Assumen > 1. Set R := k[X;] and p := mNR.
Then p = (f1) for some f1 € R as Ris a PID. Set k1 := R/p. Then k; is isomorphic
to the image of R in K. But K is a finite-dimensional k-vector space. So k; is too.
So k C ki is an integral extension by (10.23). Since k is a field, so is k; by (14.1).

Note P/pP = ki[Xa2,...,X,] by (1.7). But m/p is a maximal ideal. So by
induction m/p is generated by n — 1 elements, say the residues of f,..., f,, € m.
Then m = (f1,..., fn), as desired. a

THEOREM (15.7) (Hilbert Nullstellensatz). — Let k be a field, and R a finitely
generated k-algebra. Let a be a proper ideal of R. Then

\/a = anam

where m runs through all mazimal ideals containing a.
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PRrOOF: We may assume a = 0 by replacing R by R/a. Clearly v/0 C (m.
Conversely, take f ¢ v/0. Then Ry # 0 by (11.2). So Ry has a maximal ideal n
by (2.30). Let m be its contraction in R. Now, R is a finitely generated k-algebra
by hypothesis; hence, Ry is one too owing to (11.13). Therefore, by the weak
Nullstellensatz, Ry/n is a finite extension field of k.

Set K := R/m. By construction, K is a k-subalgebra of Ry/n. Therefore, K is
a finite-dimensional k-vector space. So k C K is an integral extension by (10.23).
Since k is a field, so is K by (14.1). Thus m is maximal. But f/1 is a unit in Ry;
so f/1 ¢ n. Hence f ¢ m. So f ¢ [\m. ThuS\/ﬁzﬂm. 0

EXERCISE (15.8). — Let k be a field, K an algebraically closed extension field. (So
K contains a copy of every finite extension field.) Let P := k[X1,...,X,] be the
polynomial ring, and f, fi1,..., fr € P. Assume f vanishes at every zero in K" of
fis+-+, fr; in other words, if (a) := (a1,...,a,) € K™ and f1(a) =0,..., fr(a) =0,
then f(a) = 0 too. Prove that there are polynomials g1, ..., g, € P and an integer
N such that fN =g fi +- + g fr.

LEMMA (15.9). — Let k be a field, R a finitely generated k-algebra. Assume R
is a domain. Let po G --- G pr be a chain of primes. Set K := Frac(R) and
d :=tr.deg, K. Then r < d, with equality if and only if the chain is maximal,
that is, it is not a proper subchain of a longer chain.

PROOF: By the Noether Normalization Lemma (15.1), R is module finite over
a polynomial subring P := k[t1,...,t,] such that p; " P = (t1,...,tp,) for suitable
h;. Set L := Frac(P). Then v = tr.deg; L. But P C R is an integral extension
by (10.23). So L C K is algebraic. Hence v = d. Now, Incomparability (14.3)(2)
yields h; < h;41 for all . Hence r < h,.. But h, <v and v =d. Thus r <d.

If r = d, then r is maximal, as it was just proved that no chain can be longer.
Conversely, assume r is maximal. Then py = (0) since R is a domain. So hg = 0.
Further, p, is maximal since p,. is contained in some maximal ideal and it is prime.
So p, N P is maximal by Maximality (14.3)(1). Hence h, = v.

Suppose there is an ¢ such that h; +1 < h;4;. Then

(PN P) G (tr, -y the1) G (Pira N P).
Now, P/(p; N P) is, by (1.10), equal to k[tp,+1,-..,t.]; the latter is a polynomial
ring, so normal by (10.34)(1). Also, the extension P/(p; N P) C R/p; is integral
as P C R is. Hence, the Going-down Theorem (14.9) yields a prime p with
pi Cp Cpiprand pNP = (t1,...,th41). Then p; G p G pig1, contradicting the
maximality of r. Thus h; +1 = h;41 for all i. But hp = 0. Hence r = h,. But
h, =v and v = d. Thus r = d, as desired. O

(15.10) (Krull Dimension). — Given a ring R, its (Krull) dimension dim(R) is
the supremum of the lengths r of all strictly ascending chains of primes:
dim(R) := sup{ r | there’s a chain of primes po G --- & p, in R}.

For example, if R is a field, then dim(R) = 0; more generally, dim(R) = 0 if
and only if every minimal prime is maximal. If R is a PID, but not a field, then
dim(R) = 1, as every nonzero prime is maximal by (2.25).

EXERCISE (15.11). — Let R be a domain of (finite) dimension r, and p a nonzero
prime. Prove that dim(R/p) < r.
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EXERCISE (15.12). — Let R//R be an integral extension of rings. Prove that
dim(R) = dim(R’).

THEOREM (15.13). — Let k be a field, R a finitely generated k-algebra. If R is a
domain, then dim(R) = tr. deg; (Frac(R)).

PROOF: The assertion is an immediate consequence of (15.9). g

THEOREM (15.14). — Let k be a field, R a finitely generated k-algebra, p a prime
ideal, and m a mazimal ideal. Suppose R is a domain. Then
dim(Ryp) + dim(R/p) = dim(R) and dim(Rn) = dim(R).
PROOF: A chain of primes po G --- S p & --- G p, in R gives rise to a pair of
chains of primes, one in R, and one in R/p,
PoRy S-S pRy and 0=p/pS - S/,

owing to (11.20) and to (1.9) and (2.7); conversely, every such pair arises from
a unique chain in R through p. But by (15.9), every maximal strictly ascending
chain through p is of length dim(R). The first equation follows.

Clearly dim(R/m) = 0, and so dim(R}) = dim(R). O

DEFINITION (15.15). — We call a ring catenary if, given any two nested primes,
all maximal chains of primes between the two have the same (finite) length.

THEOREM (15.16). — Over a field, a finitely generated algebra is catenary.

PRrROOF: Let R be the algebra, and q C p two nested primes. Replacing R by
R/q, we may assume R is a domain. Then the proof of (15.14) shows that any
maximal chain of primes (0) G --- & p is of length dim(R) — dim(R/p). |

EXERCISE (15.17). — Let k be a field, R a finitely generated k-algebra, f € R
nonzero. Assume R is a domain. Prove that dim(R) = dim(Ry).
EXERCISE (15.18). — Let k be a field, P := k[f] the polynomial ring in one
variable f. Set p := (f) and R := P,. Find dim(R) and dim(Ry).
EXERCISE (15.19). — Let R be a ring, R[X] the polynomial ring. Prove

1+ dim(R) < dim(R[X]) < 1+ 2dim(R).
(In particular, dim(R[X]) = oo if and only if dim(R) = c0.)



15. Appendix: Jacobson Rings

(15.20) (Jacobson Rings). — We call a ring R Jacobson if, given any ideal a, its
radical is equal to the intersection of all maximal ideals containing it; that is,

Va={Npsam- (15.20.1)

Plainly, the nilradical of a Jacobson ring is equal to its Jacobson radical. Also,
any quotient ring of a Jacobson ring is Jacobson too. In fact, a ring is Jacobson if
and only if the the nilradical of every quotient ring is equal to its Jacobson radical.

In general, the right-hand side of (15.20.1) contains the left. So (15.20.1) holds
if and only if every f outside v/a lies outside some maximal ideal m containing a.

Recall the Scheinnullstellensatz, (3.29): it says v/a = (1,5, p with p prime. Thus
R is Jacobson if and only if p = ﬂmjp m for every prime p.

For example, a field & is Jacobson; in fact, a local ring A is Jacobson if and only
if its maximal ideal is its only prime. Further, a Boolean ring B is Jacobson, as
every prime is maximal by (2.16), and so trivially p = 1,5, m for every prime p.
Finally, owing to (15.10) and (2.6) and the next lemma, a PID is Jacobson.

LEMMA (15.21). — Let R be a 1-dimensional domain, {my}xea its set of mazimal
ideals. Assume every nonzero element lies in only finitely many my. Then R is
Jacobson if and only if A is infinite.

PRrOOF: If A is finite, take a nonzero z) € my for each A, and set x := [ zx.
Then x # 0 and 2 € (\my. But \/{0) = (0) as R is a domain. So \/{(0) # (\my.
Thus R is not Jacobson.

If A is infinite, then ((my = (0) by hypothesis. But every nonzero prime is

maximal as R is 1-dimensional. Thus p = ﬂme my for every prime p. O

PROPOSITION (15.22). — A ring R is Jacobson if and only if, for any nonmazimal
prime p and any f ¢ p, the extension pRy is not mazimal.

PROOF: Assume R is Jacobson. Take a nonmaximal prime p and an f ¢ p. Then
f ¢ m for some maximal ideal m containing p. So pRy is not maximal by (11.20).
Conversely, let a be an ideal, f ¢ \/a. Then (R/a); # 0. So there is a maximal
ideal n in (R/a)y. Let m be its contraction in R. Then m D a and f ¢ m. Further,
(4.8) and (12.22) yield Ry/mRy = (R/a/m/a)f = (R/a)s/n. Since n is maximal,
Ry/mRy is a field. So m is maximal by hypothesis. Thus R is Jacobson. O

EXERCISE (15.23). — Let X be a topological space. We say a subset Y is locally
closed if Y is the intersection of an open set and a closed set; equivalently, Y is
open in its closure Y; equivalently, Y is closed in an open set containing it.

We say a subset Xy of X is very dense if X; meets every nonempty locally
closed subset Y. We say X is Jacobson if its set of closed points is very dense.

Show that the following conditions on a subset Xy of X are equivalent:

(1) Xy is very dense.

(2) Every closed set F of X satisfies F N Xy = F.

(3) The map U — U N X from the open sets of X to those of X is bijective.

EXERCISE (15.24). — Let R be a ring, X := Spec(R), and X the set of closed
points of X. Show that the following conditions are equivalent:
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(1) R is a Jacobson ring.
(2) X is a Jacobson space.
(3) If y € X is a point such that {y} is locally closed, then y € Xj.

LEMMA (15.25). — Let R C R’ be domains. Assume that R' = R[z] for some
x € R and that there is y € R’ with R; a field. Then there is z € R with R, a field
and x algebraic over R,. Further, if R is Jacobson, then R and R’ are fields.

PROOF: Set Q := Frac(R). Then Q C R, so R, = R[z], C Q[z], C R. Hence
Q[x]y = R;,. So Qlz], is a field. Now, if x is transcendental over Q, then Q[z] is a
polynomial ring, so Jacobson by (15.20); whence, Q[z], is not a field by (15.22),
a contradiction. Thus x is algebraic over (). Hence y is algebraic over @ too.

Let apz™ 4+ - -+ a, = 0 and boy™ + - - - + b,, = 0 be equations of minimal degree
with a;,b; € R. Set 2z := aobp,. Then z # 0. Further,

l/y = 7ao(b0ym71 + -+ bm—l)/z S Rz[l]

Hence R[z], C R.[z] C Rj. So R.[z] = R;. Therefore R,[7] is a field too. But
2" 4 (a1bym /2)2" " + - - - + (apbm/2) = 0, so is an equation of integral dependence
of z on R,. So R,[z] is integral over R, (10.28) . Hence R, is a field by (14.1).
Further, if R is Jacobson, then (0) is a maximal ideal by (15.22), and so R is a
field. Hence R = R,. Thus R’ is a field by (14.1). O

THEOREM (15.26) (Generalized Hilbert Nullstellensatz). — Let R be a Jacobson
ring, R’ a finitely generated algebra, and m’ a mazimal ideal of R'. Setm := m'NR.
Then (1) m is mazimal, and R'/w’ is algebraic over R/m, and (2) R’ is Jacobson.

PRrROOF: First, assume R’ = Rlz] for some z € R'. Given a prime q C R’ and a
y€ R —q,set p:=qNRand Ry := R/p and R} := R'/q. Then R is Jacobson by
(15.20). Suppose (R}), is a field. Then by (15.25), Ry C Rj is a finite extension
of fields. Thus q and p are maximal. To obtain (1), simply take g := m and y := 1.
To obtain (2), take g nonmaximal, so R} is not a field; conclude (R} ), is not a field,
whence, (15.22) yields (2).

Second, assume R’ = R[z1,...,z,] with n > 2. Set R” := R[z1,...,2,—1] and
m” :=m'NR". Then R’ = R"[z,]. By induction on n, we may assume (1) and (2)
hold for R”/R. So the first case for R'/R" yields (2) for R’; by the same token, m”
is maximal, and R’/m’ is algebraic over R”/m”. Hence, m is maximal, and R"/m”
is algebraic over R/m by (1) for R”/R. Finally, the Tower Law (10.27) implies
that R'/m’ is algebraic over R/m, as desired. O

EXAMPLE (15.27). — Part (1) of (15.26) may fail if R is not Jacobson, even if
R’ := R[Y] is the polynomial ring in one variable ¥ over R. For example, let k
be a field, and R := k[[X]] the formal power series ring. According to (3.11), the
ideal M := (1 — XY') is maximal, but M N R is (0), not (X).

EXERCISE (15.28). — Let P := Z[X;,...,X,] be the polynomial ring. Assume
f € P vanishes at every zero in K" of fi,..., f, € P for every finite field K; that
is, if (a) := (a1,...,a,) € K™ and fi(a) = 0,..., fr(a) = 0 in K, then f(a) =0
too. Prove there are g1,...,9, € P and N > 1 such that f¥ = g1f; +---+ g.fr.

EXERCISE (15.29). — Let R be a ring, R’ an algebra. Prove that if R’ is integral
over R and R is Jacobson, then R’ is Jacobson.
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EXERCISE (15.30). — Let R be a Jacobson ring, S a multiplicative subset, f € R.

True or false: prove or give a counterexample to each of the following statements.
(1) The localized ring Ry is Jacobson.

(2) The localized ring S~!R is Jacobson.

(3) The filtered direct limit lim R of Jacobson rings is Jacobson.

(4) In a filtered direct limit of rings Ry, necessarily ligrad(RA) = rad(ligq R)).

EXERCISE (15.31). — Let R be a reduced Jacobson ring with a finite set ¥ of
minimal primes, and P a finitely generated module. Show that P is locally free of
rank 7 if and only if dimp/y(P/mP) = r for any maximal ideal m.

16. Chain Conditions

In a ring, often every ideal is finitely generated; if so, we call the ring Noe-
therian. Examples include the ring of integers and any field. We characterize
Noetherian rings as those in which every ascending chain of ideals stabilizes, or
equivalently, in which every nonempty set of ideals has a member maximal under
inclusion. We prove the Hilbert Basis Theorem: if a ring is Noetherian, then so
is any finitely generated algebra over it. We define and characterize Noetherian
modules similarly, and we prove that, over a Noetherian ring, it is equivalent for
a module to be Noetherian, to be finitely generated, or to be finitely presented.
Lastly, we study Artinian rings and modules; in them, by definition, every descend-
ing chain of ideals or of submodules, stabilizes.

(16.1) (Noetherian rings). — We call a ring Noetherian if every ideal is finitely
generated. For example, a Principal Ideal Ring (PIR) is, trivially, Noetherian.
Here are two standard examples of non-Noetherian rings. A third is given below
in (16.6), and a fourth later in (18.31).
First, form the polynomial ring k[X7, Xo,...] in infinitely many variables. It is
non-Noetherian as (X7, Xo,...) is not finitely generated (but the ring is a UFD).
Second, in the polynomial ring k[X, Y], form this subring R and its ideal a:

R:={f:=a+Xg|a€kandge€k[X,Y]} and
a:=(X, XY, XY? . ...

Then a is not generated by any fi,..., fm € a. Indeed, let n be the highest power
of Y occurring in any f;. Then XY™+ & (f1,..., fm). Thus R is non-Noetherian.

EXERCISE (16.2). — Let M be a finitely generated module over an arbitrary ring.
Show every set that generates M contains a finite subset that generates.

DEFINITION (16.3). — We say the ascending chain condition (acc) is satisfied
if every ascending chain of ideals ag C a; C --- stabilizes; that is, there isa j > 0
such that a; = a4 =---.

We say the maximal condition (maxc) is satisfied if every nonempty set of
ideals 8§ contains ones maximal for inclusion, that is, properly contained in no
other in 8.

LEMMA (16.4). — Acc is satisfied if and only if mazc is.

PROOF: Let ap C a; C --- be a chain of ideals. If a; is maximal, then trivially
a; = aj41 = ---. Thus maxc implies acc.

Conversely, given a nonempty set of ideals § with no maximal member, there’s
ag € 8; for each j > 0, there’s aj;1 € 8 with a; G a;41. So the Axiom of Countable

Choice provides an infinite chain ag g a; g -+-. Thus acc implies maxc. a
PROPOSITION (16.5). Given a ring R, the following conditions are equivalent:

(1) R is Noetherian; (2) acc is satisfied; (3) mazc is satisfied.

PRrROOF: Assume (1) holds. Let ap C a3 C --- be a chain of ideals. Set a := Ja,.
Clearly, a is an ideal. So by hypothesis, a is finitely generated, say by x1,...,x;.
For each i, there is a j; with z; € a;,. Set j := max{j;}. Then z; € a; for all i. So
aCa;j Cajp C---Ca. Soa;=ajq; =---. Thus (2) holds.
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Assume (2) holds. Then (3) holds by (16.4).

Assume (3) holds. Let a be an ideal, z) for A € A generators, § the set of ideals
generated by finitely many z. Let b be a maximal element of 8; say b is generated
by Zx,s...,Z,,. Then b C b+ (z,) for any A\. So by maximality, b = b + (z,).
Hence x) € b. So b = a; whence, a is finitely generated. Thus (1) holds. O

EXAMPLE (16.6). — In the field of rational functions k(X,Y"), form this ring:
R:=k[X,Y, XY, X/Y? X/Y3 ...].
Then R is non-Noetherian by (16.5). Indeed, X does not factor into irreducibles:

X =(X/Y) Y and X/Y = (X/Y?)-Y and so on. Correspondingly, there is an
ascending chain of ideals that does not stabilize:

(X) S (X/Y) G (X/YH G-

PROPOSITION (16.7). — Let R be a Noetherian ring, S a multiplicative subset, a
an ideal. Then R/a and S™'R are Noetherian.

PROOF: If R satisfies the acc, so do R/a and S~ R by (1.9) and by (11.20)(1).
Alternatively, any ideal b/a of R/a is, clearly, generated by the images of gener-
ators of b. Similarly, any ideal b of ST'R is generated by the images of generators
of p5'b by (11.19)(1)(b). O

EXERCISE (16.8). Let R be a ring, X a variable, R[X] the polynomial ring.
Prove this statement or find a counterexample: if R[X] is Noetherian, then so is R.

EXERCISE (16.9). — Let R C R’ be a ring extension with an R-linear retraction
p: R — R. Assume R’ is Noetherian, and prove R is too.

THEOREM (16.10) (Cohen). A ring R is Noetherian if every prime is finitely
generated.

PROOF: Suppose there are non-finitely-generated ideals. Given a nonempty set
of them {a,} that is linearly ordered by inclusion, set a := (Jay. If a is finitely
generated, then all the generators lie in some ay, so generate ay as ay = a, a
contradiction. Thus a is non-finitely-generated. Hence, by Zorn’s Lemma, there is
a maximal non-finitely-generated ideal p. In particular, p # R.

Assume every prime is finitely generated. Then there are a,b € R—p with ab € p.
So p + (a) is finitely generated, say by z1 + wia, ..., T, + wya with z; € p. Then
{z1,...,2n,a} generate p + (a).

Set b = Ann((p + (a))/p)A Then b D p+ (b) and b ¢ p. So b is finitely generated,
say by y1,...,Ym. Take z € p. Then z € p + (a), so write

Z:a1x1+"‘+an$n+ya

with a;,y € R. Then ya € p. Soy € b. Hence y = b1y1 + -+ - + bym with b; € R.
Thus p is generated by {z1,...,Zn,ay1,...,aym}, a contradiction. Thus there are
no non-finitely-generated ideals; in other words, R is Noetherian. O

LEMMA (16.11). — If a ring R is Noetherian, then so is the polynomial ring R[X].

PROOF: By way of contradiction, assume there is an ideal a of R[X] that is not
finitely generated. Set ag := (0). For each ¢ > 1, choose inductively f; € a — a;_1
of least degree d;, and set a; := (f1,..., fi). Let a; be the leading coefficient of f;,
and b the ideal generated by all the a,. Since R is Noetherian, b = (aq,...,a,) for
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some n by (16.2). Then a,41 =ria1 + - - + rpa, with r; € R.
By construction, d; < d;41 for all 7. Set

f = fn+1 _ (Tlflxd"“ﬂh N Tnanriwrrin)
Then deg(f) < dp41, so f € a,. Therefore, f,,+1 € a,, a contradiction. d

THEOREM (16.12) (Hilbert Basis). — Let R be a Noetherian ring, R’ a finitely
generated algebra. Then R’ is Noetherian.

PROOF: Say z1,...,2, generate R’ over R, and let P := R[Xy,...,X,] be the
polynomial ring in r variables. Then P is Noetherian by (16.11) and induction
on r. Assigning x; to X; defines an R-algebra map P — R’, and obviously, it is
surjective. Hence R’ is Noetherian by (16.7). O

(16.13) (Noetherian modules). — We call a module M Noetherian if every sub-
module is finitely generated. In particular, a ring is Noetherian as a ring if and
only if it is Noetherian as a module, because its submodules are just the ideals.
We say the ascending chain condition (acc) is satisfied in M if every ascending
chain of submodules My C M; C --- stabilizes. We say the maximal condition
(maxc) is satisfied in M if every nonempty set of submodules contains ones maximal
under inclusion. It is simple to generalize (16.5): These conditions are equivalent:

(1) M is Noetherian; (2) acc is satisfied in M; (3) mazc is satisfied in M.

LEMMA (16.14). — Let R be a ring, M a module. Nested submodules My C My
of M are equal if both these equations hold:

MynN=DMNN and (M;+ N)/N = (M,+ N)/N.

PROOF: Given mg € Mo, there is my € M; with n := mgs — my; € N. Then
ne€ MyNN =M, NN. Hence my € My. Thus My, = M. O

EXERCISE (16.15). — Let 0 — L % M B, N = 0 be a short exact sequence of

R-modules, and M;, Ms two submodules of M. Prove or give a counterexample to
this statement: if 8(M;) = B(Ms) and o=t (M;) = a~1(M3), then M; = Mo.

PROPOSITION (16.16). — Let R be a ring, M a module, N a submodule.
(1) Then M is finitely generated if N and M/N are finitely generated.
(2) Then M is Noetherian if and only if N and M/N are Noetherian.

PROOF: Assertion (1) is equivalent to (5.6) owing to (5.2).

To prove (2), first assume M is Noetherian. A submodule N’ of N is also a
submodule of M, so N’ is finitely generated; thus N is Noetherian. A submodule of
M/N is finitely generated as its inverse image in M is so; thus M /N is Noetherian.

Conversely, assume N and M/N are Noetherian. Let P be a submodule of M.
Then PNN and (P+N)/N are finitely generated. But P/(PNN) = (P+N)/N
by (4.8.2). So (1) implies P is finitely generated. Thus M is Noetherian.

Here is a second proof of (2). First assume M is Noetherian. Then any ascending
chain in N is also a chain in M, so it stabilizes. And any chain in M/N is the image
of a chain in M, so it too stabilizes. Thus N and M/N are Noetherian.

Conversely, assume N and M/N are Noetherian. Given My C My C --- C M,
both (MiNN)C (MaNN)C--- and (M1 +N)/N C (My+ N)/N C --- stabilize,
say Mij: Mj+1 AN =--- and (MJ-FN)/N = (Mj+1 +N)/N: -++.. Then
M; = M1 =--- by (16.14). Thus M is Noetherian. O
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COROLLARY (16.17). — Modules My, ..., M, are Noetherian if and only if their
direct sum My @ --- @ M, is Noetherian.

PRrROOF: The sequence 0 - My — M1 ® (Mo @---®M,) > Mo ®---® M, — 0
is exact. So the assertion results from (16.16)(2) by induction on r. O

EXERCISE (16.18). — Let R be a ring, a4, ..., a, ideals such that each R/a; is a
Noetherian ring. Prove (1) that @ R/a; is a Noetherian R-module, and (2) that,
if (a; = 0, then R too is a Noetherian ring.

THEOREM (16.19). — Let R be a Noetherian ring, and M a module. Then the
following conditions on M are equivalent:

(1) M is Noetherian; (2) M is finitely generated; (3) M is finitely presented.

PROOF: Assume (2). Then there is an exact sequence 0 - K — R" — M — 0.
Now, R™ is Noetherian by (16.17) and by (16.13). Hence K is finitely generated,
so (3) holds; further, (1) holds by (16.16)(2). Trivially, (1) or (3) implies (2). O

EXERCISE (16.20). — Let R be a Noetherian ring, M and N finitely generated
modules. Show that Hom(M, N) is finitely generated.

LEMMA (16.21) (Artin—Tate [1, Thm.1]). — Let R C R’ C R” be rings. Assume
that R is Noetherian, that R" /R is algebra finite, and that R"/R' either is module
finite or is integral. Then R'/R is algebra finite.

PROOF: Since R”/R is algebra finite, so is R”/R’. Hence, the two conditions on
R"/R' are equivalent by (10.28).

Say x1,...,Tm, generate R” as an R-algebra, and yi,...,y, generate R” as an
R’-module. Then there exist z;; € R’ and z;;, € R’ with
Ty = Zj ZijYj and YilY; = Zk ZijkYk- (16.21.1)

Let R, be the R-algebra generated by the z;; and the z;;;. Since R is Noetherian,
so is R{, by the Hilbert Basis Theorem, (16.12).

Any z € R” is a polynomial in the z; with coefficients in R. So (16.21.1) implies
x is a linear combination of the y; with coefficients in R{,. Thus R"”/Rj, is module
finite. But Ry is a Noetherian ring, and R’ is an R{-submodule of R”. So R'/Rj, is
module finite by (16.16). Since Rj/R is algebra finite, R'/R is too. O

THEOREM (16.22) (Noether on Invariants). — Let R be a Noetherian ring, R’ an
algebra-finite extension, and G a finite group of R-automorphisms of R'. Then the
subring of invariants R'® is also algebra finite; in other words, every invariant can
be expressed as a polynomial in a certain finite number of “fundamental” invariants.

ProOF: By (10.22), R’ is integral over R'“. So (16.21) yields the assertion. [

(16.23) (Artin—Tate proof [1, Thm.2] of the Zariski Nullstellensatz (15.4)). —
In the setup of (15.4), take a transcendence base z1,...,2, of R/k. Then R is
integral over k(z1,...,2,) by definition of transcendence basis [2, (8.3), p.526]. So
k(x1,...,x,) is algebra finite over k by (16.21), say k(x1,...,x.)k[y1,...,ys]-

Suppose r > 1. Write y; = F;/G; with F;,G; € k[z1,...,2,]. Let H be an
irreducible factor of Gy - -+ G5 + 1. Plainly H t G; for all i.

Say H™1 = P(y1,...,ys) where P is a polynomial. Then H~! = Q/(Gy - - - G5)™
for some Q € k[z1,...,2,] and m > 1. But H { G; for all i, a contradiction. Thus
r=0. So (10.28) implies R/k is module finite, as desired.
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EXERCISE (16.24). — Let R be a domain, R’ an algebra, and set K := Frac(R).
Assume R is Noetherian.

(1) [1, Thm. 3] Assume R’ is a field containing R. Show R'/R is algebra finite if
and only if K/R is algebra finite and R'/K is (module) finite.

(2) [1, bot. p.77) Let K’ D R be a field that embeds in R'. Assume R'/R is
algebra finite. Show K/R is algebra finite and K'/K is finite.

EXAMPLE (16.25). — Set § := /=5, set R := Z[J], and set p := (2, 1 +J). Let’s
prove that p is finitely presented and that pR, is free of rank 1 over R, for every
maximal ideal ¢q of R, but that p is not free. Thus the equivalent conditions of
(13.51) do not imply that P is free.

Since Z is Noetherian and since R is generated over Z, the Hilbert Basis Theorem
(16.12) yields that R is Noetherian. So since p is generated by two elements,
(16.19) yields that p is finitely presented.

Recall from [2, pp. 417,421,425] that p is maximal in R, but not principal. Now,
3 ¢ p; otherwise, 1 € p as 2 € p, but p # R. So (1 —6)/3 € R,. Hence (1 +0)R,
contains (14 6)(1—0)/3, or 2. So (14 d)R, = pR,. Since R, is a domain, the map
Hits: Rp — pRy is injective, so bijective. Thus pR, is free of rank 1.

Let g be a maximal ideal distinct from p. Then p N (R — q) # 0; so, pRy = Ry
by (11.14)(2). Thus pRq is free of rank 1.

Finally, suppose p ~ R™. Set S := R — 0. Then S™'R is the fraction field, K
say, of R. So S™'p ~ K. But the inclusion p < R yields an injection S~'p — K.
Hence S~'p = K, since S™!'p is a nonzero K-vector space. Therefore, n = 1. So
p ~ R. Hence p is generated by one element. But p is not principal. So there is a
contradiction. Thus p is not free.

DEFINITION (16.26). — We say a module is Artinian or the descending chain
condition (dcc) is satisfied if every descending chain of submodules stabilizes.
We say the ring itself is Artinian if it is an Artinian module.
We say the minimal condition (minc) is satisfied in a module if every nonempty
set of submodules has a minimal member.

PROPOSITION (16.27). — Let My, ..., M., M be modules, N a submodule of M.
(1) Then M is Artinian if and only if minc is satisfied in M.
(2) Then M is Artinian if and only if N and M /N are Artinian.
(3) Then My, ..., M, are Artinian if and only if My @ --- & M, is Artinian.

PROOF: It is easy to adapt the proof of (16.4), the second proof of (16.16)(2),
and the proof of (16.17). O

EXERCISE (16.28). — Let k be a field, R an algebra. Assume that R is finite
dimensional as a k-vector space. Prove that R is Noetherian and Artinian.

EXERCISE (16.29). — Let p be a prime number, and set M := Z[1/p|/Z C Q/Z.
Prove that any Z-submodule N C M is either finite or all of M. Deduce that M is
an Artinian Z-module, and that it is not Noetherian.

EXERCISE (16.30). — Let R be an Artinian ring. Prove that R is a field if it is a
domain. Deduce that, in general, every prime ideal p of R is maximal.



17. Associated Primes

Given a module, a prime is associated to it if the prime is equal to the annihilator
of an element. Given a subset of the set of all associated primes, we prove there
is a submodule whose own associated primes constitute that subset. If the ring is
Noetherian, then the set of annihilators of elements has maximal members; we prove
the latter are prime, so associated. Then the union of all the associated primes is
the set of zerodivisors on the module. If also the module is finitely generated, then
the intersection is the set of nilpotents. Lastly, we prove there is then a finite chain
of submodules whose successive quotients are cyclic with prime annihilators; these
primes include all associated primes, which are, therefore, finite in number.

DEFINITION (17.1). Let R be a ring, M a module. A prime ideal p is said to
be associated to M if there is a (nonzero) m € M with p = Ann(m). The set of
associated primes is denoted by Ass(M) or Assp(M).

The primes that are minimal in Ass(M) are called the minimal primes of M;
the others, the embedded primes.

Warning: following a old custom, we mean by the associated primes of an
ideal a not those of a viewed as an abstract module, but rather those of R/a.

LEMMA (17.2). Let R be a ring, M a module, and p a prime ideal. Then
p € Ass(M) if and only if there is an R-injection R/p — M.

PROOF: Assume p = Ann(m) with m € M. Define a map R — M by z — zm.
This map induces an R-injection R/p < M.

Conversely, suppose there is an R-injection R/p < M, and let m € M be the
image of 1. Then p = Ann(m), so p € Ass(M). O

PROPOSITION (17.3). — Let M be a module. Then Ass(M) C Supp(M).

PROOF: Let p € Assg(M). Say p = Ann(m). Then m/1 € M, is nonzero as no
x € (R —p) satisfies zm = 0. Thus M, # 0 and so p € Supp(M).

Alternatively, (17.2) yields an R-injection R/p — M. It induces an injection
(R/p)p — M, by (12.20). But (R/p), = Frac(R/p) by (12.23). Thus M, # 0. O

LEMMA (17.4). — Let R be a ring, p a prime ideal, m € R/p a nonzero element.
Then (1) Ann(m) =p and (2) Ass(R/p) = {p}.

PRrOOF: To prove (1), say m is the residue of y € R. Let z € R. Then xm = 0 if
and only if zy € p, so if and only if z € p, as p is prime and m # 0. Thus (1) holds.
Trivially, (1) implies (2). O

PROPOSITION (17.5). — Let M be a module, N a submodule. Then
Ass(N) C Ass(M) C Ass(N) U Ass(M/N).

Proor: Take m € N. Then the annihilator of m is the same whether m is
regarded as an element of N or of M. So Ass(N) C Ass(M).

Let p € Ass(M). Then (17.2) yields an R-injection R/p < M. Denote its image
by E. If ENN = 0, then the composition R/p — M — M /N is injective; hence,
p € Ass(M/N) by (17.2). Else, take a nonzero m € E N N. Then Ann(m) = p by
(17.4)(1). Thus p € Ass(N). O
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EXERCISE (17.6). — Given modules My, ..., M,, set M := My & --- @& M,. Prove
Ass(M) = Ass(M7) U --- U Ass(M,.).

EXERCISE (17.7). — Take R :=Z and M := Z/(2) & Z. Find Ass(M) and find
two submodules L, N C M with L + N = M but Ass(L) U Ass(N) G Ass(M).

EXERCISE (17.8). — If a prime p is sandwiched between two primes in Ass(M),
is p necessarily in Ass(M) too?

PROPOSITION (17.9). — Let M be a module, and ¥ a subset of Ass(M). Then
there is a submodule N of M with Ass(M/N) =W and Ass(N) = Ass(M) — 0.

PROOF: Given submodules Ny of M totally ordered by inclusion, set N := [J Ny.
Given p € Ass(N), say p = Ann(m). Then m € N, for some A; so p € Ass(NVy).
Conversely, Ass(Ny) C Ass(N) for all A by (17.5). Thus Ass(N) = [J Ass(Ny).

So we may apply Zorn’s Lemma to obtain a submodule NV of M that is maximal
with Ass(V) C Ass(M) — U. By (17.5), it suffices to show that Ass(M/N) C W.

Take p € Ass(M/N). Then M/N has a submodule N’/N isomorphic to R/p by
(17.2). So Ass(N') C Ass(N) U {p} by (17.5) and (17.4)(2). Now, N’ 2 N and
N is maximal with Ass(N) C Ass(M) — ¥. Hence p € Ass(N') C Ass(M), but
p ¢ Ass(M)— . Thus p € V. O

PROPOSITION (17.10). — Let R be a ring, S a multiplicative subset, M a module,
and p a prime ideal. If pNS =0 and p € Ass(M), then S™1p € Ass(S™IM); the
converse holds if p is finitely generated.

PROOF: Assume p € Ass(M). Then (17.2) yields an injection R/p — M. It
induces an injection S~1(R/p) < S~1M by (12.20). But S~}(R/p) = S~1R/S™1p
by (12.22). Assume p NS = () also. Then pS~!R is prime by (11.19)(3)(b). But
pSTIR = S71p by (12.2). Thus S~1p € Ass(S™1M).

Conversely, assume S~!p € Ass(S™'M). Then there are m € M and t € S with
S~lp = Ann(m/t). Say p = (z1,...,2,). Fix i. Then z;m/t = 0. So there is
s; € S with s;z;m = 0. Set s :=[[s;. Then z; € Ann(sm). Thus p C Ann(sm).

Take b € Ann(sm). Then bsm/st =0. Sob/1 € S~'p. Sob € p by (11.19)(1)(a)
and (11.19)(3)(a). Thus p D Ann(sm). So p = Ann(sm). Thus p € Ass(M).

Finally, pn S = 0 by (11.20)(2), as S~!p is prime. O

EXERCISE (17.11). — Let R be a ring, and suppose R, is a domain for every
prime p. Prove every associated prime of R is minimal.

LEMMA (17.12). — Let R be a ring, M a module, and p an ideal. Suppose p is
mazimal in the set of annihilators of nonzero elements m of M. Then p € Ass(M).

PROOF: Say p := Ann(m) with m # 0. Then 1 ¢ p as m # 0. Now, take b,c € R
with be € p, but ¢ ¢ p. Then bermn = 0, but em # 0. Plainly, p C Ann(cm). So
p = Ann(cm) by maximality. But b € Ann(em), so b € p. Thus p is prime. O

PROPOSITION (17.13). — Let R be a Noetherian ring, M a module. Then M =0
if and only if Ass(M) = 0.

PRrROOF: Obviously, if M = 0, then Ass(M) = (. Conversely, suppose M # 0.
Let 8 be the set of annihilators of nonzero elements of M. Then 8 has a maximal
element p by (16.5). By (17.12), p € Ass(M). Thus Ass(M) # 0. a
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DEFINITION (17.14). — Let R be a ring, M a module, z € R. We say z is a
zerodivisor on M if there is a nonzero m € M with xm = 0; otherwise, we say x
is a nonzerodivisor. We denote the set of zerodivisors by z.div(M).

PROPOSITION (17.15). — Let R be a Noetherian ring, M a module. Then
Zle(M) = UpeAss(]ﬂ) b

ProOOF: Given z € z.div(M), say m = 0 where m € M and m # 0. Then
z € Ann(m). But Ann(m) is contained in an ideal p that is maximal among
annihilators of nonzero elements because of (16.5); hence, p € Ass(M) by (17.12).
Thus z.div(M) C |Jp. The opposite inclusion results from the definitions. O

EXERCISE (17.16). — Let R be a Noetherian ring, M a module, N a submodule,
z € R. Show that, if x ¢ p for any p € Ass(M/N), then zM NN = zN.

LEMMA (17.17). — Let R be a Noetherian ring, M a module. Then
Supp(M) = Ugeass(ary V(@) D Ass(M).

PROOF: Let p be a prime. Then R, is Noetherian by (16.7) as R is. So M, # 0
if and only if Assg, (M) # 0 by (17.13). But R is Noetherian; so Assg, (M) # 0
if and only if there is q € Ass(M) with gn(R—p) = 0, or q C p, owing to (11.20)(2)
and (17.10). Thus p € Supp(M) if and only if p € V(q) for some q € Ass(M). O

THEOREM (17.18). — Let R be a Noetherian ring, M a module, p € Supp(M).
Then p contains some q € Ass(M); if p is minimal in Supp(M), then p € Ass(M).

PROOF: By (17.17), q exists. Also, q € Supp(M); so ¢ =p if p is minimal. O

THEOREM (17.19). Let R be a Noetherian ring, and M a finitely generated
module. Then

nil(M) = Myeass(an P-
PROOF: Since M is finitely generated, nil(M) = (,cgupp(ar) P by (13.29). Since
R is Noetherian, given p € Supp(M), there is q € Ass(M) with q C p by (17.17).
The assertion follows. d

LEMMA (17.20). — Let R be a Noetherian ring, M a finitely generated module.
Then there exists a chain of submodules
O0=MycMyC---CMp,_1CM,=M
with M;/M;_1 ~ R/p; for some prime p; fori=1,...,n. For any such chain,
Ass(M) C {p1,---,pn} C Supp(M). (17.20.1)
PROOF: Among all submodules of M having such a chain, there is a maximal
submodule N by (16.19) and (16.13). Suppose M /N # 0. Then by (17.13), the
quotient M/N contains a submodule N’/N isomorphic to R/p for some prime p.
Then N g N’, contradicting maximality. Hence N = M. Thus a chain exists.

The first inclusion of (17.20.1) follows by induction from (17.5) and (17.4)(2).
Now, p; € Supp(R/p;) owing to (12.23). Thus (13.27)(1) yields (17.20.1). O

THEOREM (17.21). — Let R be a Noetherian ring, and M a finitely generated
module. Then the set Ass(M) is finite.

PROOF: The assertion follows directly from (17.20). O
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EXERCISE (17.22). — Let R be a Noetherian ring, a an ideal. Prove the primes
minimal containing a are associated to a. Prove such primes are finite in number.

EXERCISE (17.23). — Take R := Z and M := Z in (17.20). Determine when a
chain 0 C My & M is acceptable, and show that then py ¢ Ass(M).

EXERCISE (17.24). — Take R := Z and M := Z/(12) in (17.20). Find all three
acceptable chains, and show that, in each case, {p;} = Ass(M).

PROPOSITION (17.25). — Let R be a Noetherian ring, and M and N finitely
generated modules. Then

Ass(Hom (M, N)) = Supp(M) () Ass(N).

PrROOF: Take p € Ass(Hom(]VI7 N)) Then (17.2) yields an injective R-map
R/p — Hom(M, N). Set k(p) := Frac(R/p). Then k(p) = (R/pR), by (11.23).
Now, M is finitely presented by (16.19) as R is Noetherian; hence,

Hom(M, N), = Homg, (M, Ny) (17.25.1)
by (12.25)(2). Therefore, by exactness, localizing yields an injection
@: k(p) = Hompg, (M, Np).
Thus M, # 0; so p € Supp(M).

For any m € M, with ¢(1)(m) # 0, the map k(p) — N, given by = — p(z)(m)
is nonzero, so an injection. But k(p) = Rp/pR, by (12.22). Hence by (17.2), we
have pR, € Ass(N,). Thus also p € Ass(N) by (17.10).

Conversely, take p € Supp(M) N Ass(N). Then M, # 0. So by Nakayama’s
Lemma, M,/pM, is a nonzero vector space over k(p). Take any nonzero R-map
M,/pM, — k(p), precede it by the canonical map M, — M,/pM,, and follow
it by an R-injection k(p) < N,; the latter exists by (17.2) and (17.10) since
p € Ass(IN). We obtain a nonzero element of Hompg, (My, Ny), annihilated by pR,,.
But pR, is maximal, so is the entire annihilator. So pR, € Ass(Hompg, (M, Ny)).
Hence p € Ass(Hom(M, N)) by (17.25.1) and (17.10). O

EXERCISE (17.26). — Let R be a Noetherian ring, a an ideal, and M a finitely
generated module. Show that the following conditions are equivalent:
(1) V(a) N Ass(M) = 0;
(2) Hom(N, M) = 0 for all finitely generated modules N with Supp(N) C V(a);
(3) Hom(N, M) = 0 for some finitely generated module N with Supp(N) = V(a);
(4) a ¢ z.div(M); that is, there is a nonzerodivisor z on M in a;
(5) a ¢ p for any p € Ass(M).

PROPOSITION (17.27). Let R be a Noetherian ring, p a prime, M a finitely
generated module, and x,y € p nonzerodivisors on M. Then p € Ass(M/xM) if
and only if p € Ass(M/yM).

PROOF: Form the sequence 0 — K — M/xM £% M/xM with K := Ker(py).
Apply the functor Hom(R/p, ) to that sequence, and get the following one:

0 — Hom(R/p, K) — Hom(R/p, M/xM) 2% Hom(R/p, M/xM).
It is exact by (5.18). But y € p; so the right-hand map vanishes. Thus
Hom(R/p, K) = Hom(R/p, M/xM).
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Form the following commutative diagram with exact rows:
0— M2 M — M/zM — 0

Hy J, Hy l Hy l

0— M 25 M — M/zM — 0
The Snake Lemma (5.13) yields an exact sequence 0 — K — M/yM X2 M /yM as
Ker(u,) = 0. Hence, similarly, Hom(R/p, K) = Hom(R/p, M/yM). Therefore,
Hom(R/p, M/yM) = Hom(R/p, M/xzM). (17.27.1)
Finally, p € Supp(R/p) by (13.27)(3). Thus (17.25) yields the assertion. O

18. Primary Decomposition

Primary decomposition of a submodule generalizes factorization of an integer
into powers of primes. A submodule is called primary if the quotient module has
only one associated prime. We characterize these submodules in various ways over
a Noetherian ring, emphasizing the case of ideals. A primary decomposition is a
representation of a submodule as a finite intersection of primary submodules. The
decomposition is called irredundant, or minimal, if it cannot be shorthened. We
consider several illustrative examples in a polynomial ring.

Then we prove existence and uniqueness theorems for a proper submodule of a
finitely generated module over a Noetherian ring. The celebrated Lasker—Noether
Theorem asserts the existence of an irredundant primary decomposition. The First
Uniqueness Theorem asserts the uniqueness of the primes that arise; they are just
the associated primes of the quotient. The Second Uniqueness Theorem asserts
the uniqueness of the primary components whose primes are minimal among these
associated primes; the other primary components may vary.

DEFINITION (18.1). — Let R be aring, M a module, @ a submodule. If Ass(M/Q)
consists of a single prime p, we say @ is primary or p-primary in M.

EXAMPLE (18.2). — A prime p is p-primary, as Ass(R/p) = {p} by (17.4)(2).

PROPOSITION (18.3). — Let R be a Noetherian ring, M a finitely generated mod-
ule, Q a submodule. If Q is p-primary, then p = nil(M/Q).

Proor: The assertion holds as nil(M/Q) = yeass(ar/q) 9 by (17.19). O

THEOREM (18.4). — Let R be a Noetherian ring, M a nonzero finitely generated
module, Q a submodule. Set p :=nil(M/Q). Then these conditions are equivalent:
(1) p is prime and Q is p-primary. (2) p=2zdiv(M/Q).
(3) Given z € R and m € M with xm € Q but m ¢ Q, necessarily x € p.

ProoF: Recall p = cass(ar/q) 9 by (17.19), and z.div(M/Q) = Useass(ar/q) 9
by (17.15). Thus p C z.div(M/Q).

Further, (2) holds if Ass(M/Q) = {p}, that is, if (1) holds.

Conversely, if x € q € Ass(M/Q), but © ¢ q' € Ass(M/Q), then z ¢ p, but
z € z.div(M/Q); hence, (2) implies (1). Thus (1) and (2) are equivalent.

Clearly, (3) means every zerodivisor on M/Q is nilpotent, or p D z.div(M/Q).
But the opposite inclusion always holds. Thus (2) and (3) are equivalent. O

COROLLARY (18.5). Let R be a Noetherian ring, and q a proper ideal. Set
p = /4. Then q is primary in R if and only if, given x,y € R with xy € q but
x & q, necessarily y € p; if so, then p is prime and q is p-primary.

PRroOF: Clearly g = Ann(R/q). So p = nil(R/q). So the assertions result directly
from (18.4) and (18.3). O

EXERCISE (18.6). — Let R be a ring, and p = (p) a principal prime generated by
a nonzerodivisor p. Show every positive power p” is p-primary. Show conversely, if
R is Noetherian, then every p-primary ideal q is equal to some power p™.
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EXERCISE (18.7). — Let k be a field, and k[X,Y] the polynomial ring. Let a be
the ideal (X2, XY). Show a is not primary, but v/a is prime. Show a satisfies this
condition: ab € a implies a? € a or b? € a.

EXERCISE (18.8). — Let ¢: R — R’ be a homomorphism of Noetherian rings, and
q C R’ a p-primary ideal. Show that ¢~'q C R is ¢~ !p-primary. Show that the
converse holds if ¢ is surjective.

PROPOSITION (18.9). — Let R be a Noetherian ring, M a finitely generated mod-

ule, Q a submodule. Set p :=nil(M/Q). If p is mazimal, then Q is p-primary.
PROOF: Since p = ﬂquss(M/Q) q by (17.19), if p is maximal, then p = q for

any q € Ass(M/Q), or {p} = Ass(M/Q), as desired. O

COROLLARY (18.10). — Let R be a Noetherian ring, q an ideal. Set p := ./q. If
p is mazximal, then q is p-primary.

PROOF: Since p = nil(R/q), the assertion is a special case of (18.9). O

COROLLARY (18.11). — Let R be a Noetherian ring, m a mazimal ideal. An ideal
q is m-primary if and only if there exists n > 1 such that m™ C q C m.

PrOOF: The condition m” C g C m just means that m := ,/q by (3.33). So the
assertion results from (18.5) and (18.10). a

LEMMA (18.12). — Let R be a Noetherian ring, p a prime ideal, M a module. Let
Q1 and Q3 be p-primary submodules; set Q@ := Q1 N Q2. Then Q is p-primary.

PROOF: Form the canonical map M — M/Q1 & M/Q2. Its kernel is @, so it
induces an injection M/Q < M/Q1 ® M/Q2. Hence (17.13) and (17.5) yield
0 # Ass(M/Q) C Ass(M/Q1) U Ass(M/Q2).
Since the latter two sets are each equal to {p}, so is Ass(M/Q), as desired. O

(18.13) (Primary decomposition). — Let R be a ring, M a module, and N a
submodule. A primary decomposition of N is a decomposition
N=@1N---NQ, with the Q; primary.
We call the decomposition irredundant or minimal if these conditions hold:
(1) N # ﬂ#i Qj, or equivalently, ﬂ#i Q; ¢ Qifori=1,...,r.
(2) Say Q; is p;-primary for ¢ = 1,...,r. Then py,...,p, are distinct.
If so, then we call Q; the p;-primary component of the decomposition.
If R is Noetherian, then owing to (18.12), any primary decomposition can be

made irredundant by intersecting all the primary submodules with the same prime
and then discarding those of them that are not needed.

EXAMPLE (18.14). — Let k be a field, R := k[X,Y] the polynomial ring. Set
a:= (X2, XY). Below, it is proved that, for any n > 1,

a=(X)N(X% XY, V") = (X)n (X2 Y). (18.14.1)
Here (X2, XY, Y"™) and (X2, Y) contain (X, Y)"; so they are (X, Y)-primary by
(18.11). Thus (18.14.1) gives infinitely many primary decompositions of a. They

are clearly irredundant. Note: the (X, Y)-primary component is not unique!
Plainly, a C (X) and a C(X2, XY, Y"™) C (X2, Y). Tosee a D (X)N (X2 Y),
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take FF € (X) N (X2, Y). Then F = GX = AX? + BY where A4, B,G € R. Then
X(G—AX)=BY. So X | B. Say B= B'X. Then F = AX?+ B'XY €a.

EXAMPLE (18.15). — Let k be a field, R := k[X, Y] the polynomial ring, a € k.
Set a := (X2, XY). Define an automorphism o of R by X + X and Y + a X +Y.
Then « preserves a and (X), and carries (X2, Y) onto (X2, aX +Y). So (18.14)
implies that a = (X) N (X2, aX + Y) is an irredundant primary decomposition.
Moreover, if @ # b, then (X2, aX +Y, bX +Y) = (X, Y). Thus two (X, Y)-primary
components are not always contained in a third, although their intersection is one
by (18.12).

EXAMPLE (18.16). — Let k be a field, P := k[X,Y, Z] the polynomial ring. Set
R := P/(XZ —Y?). Let z,y, 2 be the residues of X,Y,Z in R. Set p := (x,7).
Clearly p? = (22, 2y,9?) = x{z,y,2). Let’s show that p2 = (x) N (z2,y, z) is an
irredundant primary decomposition.
First note the inclusions z{z,y, z) C (z) N (z,y,2)? C (x) N (22,9, 2).
Conversely, given f € (x) N (22, y, 2), represent f by GX with G € P. Then

GX =AX?4+BY +CZ+D(XZ-Y?) with A,B,C,DeP.

So (G — AX)X = B'Y + C'Z with B',C' € P. Say G — AX = A" + B"Y + C"Z
with A” € k[X] and B”,C"” € P. Then

A'X = -B"XY —~C"XZ+B'Y +C'Z = (B - B'X)Y + (C' - C"X)Z;

whence, A” = 0. Therefore, GX € X(X,Y,Z). Thus p? =(z) N (x2,y, 2).

The ideal (z) is (z,y)-primary in R by (18.8). Indeed, the preimage in P of
(x) is (X, Y?) and of {(x,y) is (X, Y). Further, (X, Y?) is (X, Y)-primary, as
under the map ¢: P — k[Y, Z] with p(X) = 0, clearly (X, Y2) = ¢o~}(Y?) and
(X,Y) = o~ Y{Y); moreover, (Y?) is (Y)-primary by (18.5), or by (18.6).

Finally (z,v,2)? C (22,y,2) C (2,9,2) and (2,7, z) is maximal. So (22,y,2) is
(x,y, z)-primary by (18.11).

Thus p? = (z) N (z?,y, 2) is a primary decomposition. It is clearly irredundant.
Moreover, {(z) is the p-primary component of p.

EXERCISE (18.17). — Let k be a field, R := k[X,Y, Z] be the polynomial ring.
Set a:= (XY, X —YZ), set q1 := (X, Z) and set q2 := (Y2, X — Y Z). Show that
a = g1 N gz and that this expression is an irredundant primary decomposition.

EXERCISE (18.18). — Let R := R’ x R” be a product of two domains. Find an
irredundant primary decomposition of (0).

LEMMA (18.19). — Let R be a ring, M a module, N = Q1N ---NQ, a primary
decomposition in M. Say Q; is p;-primary for i =1,...,r. Then

Ass(M/N) C {p1,...,pr}. (18.19.1)

If equality holds and if p1, . .., p, are distinct, then the decomposition is irredundant;
the converse holds if R is Noetherian.

PROOF: Since N = [)Q;, the canonical map is injective: M/N — @ M/Q;. So
(17.5) and (17.6) yield Ass(M/N) C |JAss(M/Q;). Thus (18.19.1) holds.

IfN=QaN---NQ,, then Ass(M/N) C {pa,...,p,} too. Thus if equality holds
in (18.19.1) and if py,...,p, are distinct, then N = Q1 N--- N Q, is irredundant.

Conversely, assume N = Q1 N---NQ, is irredundant. Given i, set P; := ﬂ#i Q.
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Then P, N Q; = N and P;/N # 0. Consider these two canonical injections:
P,/N — M/Q; and P;/N < M/N.

Assume R is Noetherian. Then Ass(P;/N) # @) by (17.13). So the first injection
yields Ass(P;/N) = {p;} by (17.5); then the second yields p; € Ass(M/N). Thus
Ass(M/N) 2 {p1,...,pr}, and (18.19.1) yields equality, as desired. O

THEOREM (18.20) (First Uniqueness). — Let R be a Noetherian ring, and M a
module. Let N = @Q1N---NQ, be an irredundant primary decomposition in M ; say
Qi is pi-primary fori=1,...,r. Then p1,...,p, are uniquely determined; in fact,
they are just the distinct associated primes of M/N.

PROOF: The assertion is just part of (18.19). O

THEOREM (18.21) (Lasker—Noether). — Owver a Noetherian ring, each proper sub-
module of a finitely generated module has an irredundant primary decomposition.

PROOF: Let M be the module, N the submodule. By (17.21), M/N has finitely
many distinct associated primes, say p1,...,p,. Owing to (17.9), for each i, there
is a p;-primary submodule Q; of M with Ass(Q;/N) = Ass(M/N) — {p;}. Set
P :=(Q;. Fixi. Then P/N C Q;/N. So Ass(P/N) C Ass(Q;/N) by (17.5). But
i is arbitrary. Hence Ass(P/N) = (). Therefore, P/N = 0 by (17.13). Finally, the
decomposition N = [ Q; is irredundant by (18.19). O

EXERCISE (18.22). — Let R be a Noetherian ring, a an ideal, and M a finitely
generated module. Consider the following submodule of M:

Pa(M) :=U,s1{meM|a"m=0}.

(1) For any decomposition 0 = (| Q; with @Q; p;-primary, show I'y(M) = ﬂu\zp? Q;.
(By convention, if a C p; for all ¢, then ﬂu@i Q=M.

(2) Show I'q(M) is the set of all m € M such that m/1 € M, vanishes for every
prime p with a ¢ p. (Thus T'q(M) is the set of all m whose support lies in V(a).)

LEMMA (18.23). — Let R be a Noetherian ring, S a multiplicative subset, p a

prime ideal, M a module, and Q a p-primary submodule. If SNp # O, then

S7IQ = S'M and Q5 = M. If SNp = 0, then S~1Q is S~ p-primary and
¥ =5 (57'Q) = Q.

PRrROOF: Every prime of ST!R is of the form S~'q where q is a prime of R with
SNg=0by (11.20)(2) and (12.2). And S~1q € Ass(S~1(M/Q)) if and only if
q € Ass(M/Q), that is, ¢ = p, by (17.10).

However, S~1(M/Q) = S~1M/S71Q by (12.20). Therefore, if SNp # 0, then
Ass(S71M/S1Q) = 0; whence, (17.13) yields S~1M/S~1Q = 0. Otherwise, if
SNp=0,then Ass(S™'M/S1Q) = {S~'p}; whence, S~1Q is S~!p-primary.

Finally, Q% = 5" (S7'Q) by (12.17)(3). So if S7'Q = S™'M, then Q% = M.
Now, suppose S Np = . Given m € Q3, there is s € S with sm € Q. But s ¢ p.
Further, p = z.div(M/Q) owing to (17.15). Therefore, m € Q. Thus Q° C Q.
But Q° > Qas1¢€S. Thus Q° = Q. O

PROPOSITION (18.24). — Let R be a Noetherian ring, S a multiplicative subset,
M a finitely generated module. Let N = Q1N ---NQ, C M be an irredundant
primary decomposition. Say Q; is p;-primary for all i, and S Np; = O just for
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1 < h. Then
STIN=S"1Q:n---NS7'Q,Cc S M and N°=QiNn---NQrLC M
are irredundant primary decompositions.

ProoF: By (12.17)(4)(b), S7IN = S71Q:Nn---NS~1Q,. Further, by (18.23),
S71Q; is S™'p;-primary for i < h, and S7'Q; = S~'M for i > h. Therefore,
STIN=5"1Q:N---NS~1Q;, is a primary decomposition.

It is irredundant by (18.19). Indeed, Ass(S™'M/STIN){S™py,..., S 1ps} by
an argument like that in the first part of (18.23). Further, S~'py,..., S p; are
distinct by (11.20)(2) as the p; are distinct.

Apply @gl to STIN = S71Q: N --- N S71Q,. Owing to (12.17)(3), we get
N%=Q{N---NQ7. But QF = Q; by (18.23). So N° = Q1N---NQy, is a primary
decomposition. It is irredundant as, clearly, (18.13)(1) and (2) hold for it, since
they hold for N =Q;N---NQ,. O

THEOREM (18.25) (Second Uniqueness). — Let R be a ring, M a module, N a
submodule. Assume R is Noetherian and M is finitely generated. Letp be a minimal
prime of M/N. Then, in any irredundant primary decomposition of N in M, the
p-primary component Q is uniquely determined; in fact, Q = N° where S := R—p.

PrOOF: In (18.24), take S := R —p. Then h =1 as p is minimal. O

EXERCISE (18.26). — Let R be a Noetherian ring, M a finitely generated module,
N a submodule. Prove N' = (¢ xsa1/n) ©p ' (Np).

EXERCISE (18.27). — Let R be a Noetherian ring, p a prime. Its nth symbolic
power p(™ is defined as the saturation (p”)° where S := R — p.

(1) Show p(™ is the p-primary component of p”.

(2) Show p(™+™) is the p-primary component of p(™p(m),

(3) Show p(™ = p™ if and only if p™ is p-primary.

(4) Given a p-primary ideal ¢, show q D p(® for all large n.
EXERCISE (18.28). — Let R be a Noetherian ring, (0) = q1N- - :Nq,, an irredundant
primary decomposition. Set p; := /q; fori =1,...,n.

(1) Suppose p; is minimal for some i. Show q; = pl(,”) for all large r.

(2) Suppose p; is not minimal for some i. Show that replacing q; by pgw for large
r gives infinitely many distinct irredundant primary decompositions of (0).

THEOREM (18.29) (Krull Intersection). — Let R be a Noetherian ring, a an ideal,
and M a finitely generated module. Set N :=(),,so 0" M. Then there exists x € a
such that (1 +z)N = 0.

PROOF: By (16.19), N is finitely generated. So the desired x € a exists by
(10.3) provided N = aN. Clearly N D aN. To prove N C aN, use (18.21): take
a decomposition aN = (| Q; with Q; p;-primary. Fix 4. If there’s a € a — p;, then
aN C Q;, and so (18.4) yields N C Q;. If a C p;, then there’s n; with a™ M C Q;
by (18.3) and (3.32), and so again N C @;. Thus N C (Q; = aN, as desired. O

EXERCISE (18.30). Let R be a Noetherian ring, m C rad(R) an ideal, M a
finitely generated module, and M’ a submodule. Considering M/M’, show that

M’ = (zo(m™M + M').
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EXAMPLE (18.31) (Another non-Noetherian ring). — Let R denote the ring of
C® functions on the real line, m the ideal of all f € R that vanish at the origin.
Note that m is maximal, as f — f(0) defines an isomorphism R/m — R.

Let f € R and n > 1. Then, Taylor’s Theorem yields

F@) = FO)+ /O + -+ LgiPant 4 an £ ()

where fp(x) = jol (1(;?:; f) (xt) dt.

Here f, is C* too, since we can differentiate under the integral sign by [9, (7.1),
p.276]. So, if f € m, then f(z) = xfi(z). Thus m C (z). But, obviously, m D (z).
Hence m = (z). Therefore, m" = (z"

If the first n — 1 derivatives of f vanish at 0, then Taylor’s Theorem yields
f € (z™). Conversely, assume f(x) = z"g(z) for some g € R. By Leibniz’s Rule,

f®)(z) = Zf:o (?)#jil)!mnfjﬁ'lg(k*j)(x).

Hence f*) vanishes at 0 if n > k. Thus (z™) consists of the f € R whose first n — 1
derivatives vanish at 0. But (") = m"™. Thus [, ,m" consists of those f € R all
of whose derivatives vanish at 0. B

There is a well-known nonzero C*°-function all of whose derivatives vanish at 0:

hr) = {C_W iz 70,
0 if x =0;
see [9, Ex. 7, p.82]. Thus (-, m" # 0.

Given g € m, let’s show (1 + g)h # 0. Since g(0) = 0 and g is continuous, there
is § > 0 such that |g(z)] < 1/2 if |z| < §. Hence 1+ g(z) > 1/2 if |z| < §. Hence
(1+ g(z))h(z) > (1/2)h(z) > 0if 0 < |z| < 6. Thus (1 + g)(\m™) # 0. Thus the
Krull Intersection Theorem (18.29) fails for R, and so R is non-Noetherian.

19. Length

The length of a module is a generalization of the dimension of a vector space.
The length is the number of links in a composition series, which is a finite chain
of submodules whose successive quotients are simple—that is, their only proper
submodules are zero. Our main result is the Jordan-Holder Theorem: any two
composition series do have the same length and even the same successive quotients;
further, their annihilators are just the primes in the support of the module, and the
module is equal to the product of its localizations at these primes. Consequently,
the length is finite if and only if the module is both Artinian and Noetherian. We
also prove the Akizuki-Hopkins Theorem: a ring is Artinian if and only if it is
Noetherian and every prime is maximal. Consequently, a ring is Artinian if and
only if its length is finite; if so, then it is the product of Artinian local rings.

(19.1) (Length). — Let R be a ring, and M a module. We call M simple if it is
nonzero and its only proper submodule is 0. We call a chain of submodules,

M=MyDM, D ---DM,, =0 (19.1.1)

a composition series of length m if each successive quotient M;_1/M; is simple.
Finally, we define the length ¢(M) to be the infimum of all those lengths:

L(M) :=inf{m | M has a composition series of length m }. (19.1.2)

By convention, if M has no composition series, then £(M) := co. Further, £(M) =0
if and only if M = 0.

For example, if R is a field, then M is a vector space and £(M) = dimg(M).
Also, the chains in (17.24) are composition series, but those in (17.23) are not.

EXERCISE (19.2). — Let R be a ring, M a module. Prove these statements:

(1) If M is simple, then any nonzero element m € M generates M.

(2) M is simple if and only if M ~ R/m for some maximal ideal m, and if so,
then m = Ann(M).

(3) If M has finite length, then M is finitely generated.

THEOREM (19.3) (Jordan-Hélder). — Let R be a ring, and M a module with a
composition series (19.1.1). Then any chain of submodules can be refined to a
composition series, and every composition series is of the same length £(M). Also,

Supp(M) = {m € Spec(R) | m = Ann(M;_,/M;) for some i };
the m € Supp(M) are mazimal; there is a canonical isomorphism
M - HmGSupp(]\l) Alm;

and £(My,) is equal to the number of ¢ with m = Ann(M;_1/M;).

PRroOOF: First, let M’ be a proper submodule of M. Let’s show that
LMY < £(M). (19.3.1)
To do so, set M/ := M; N M'. Then M]_; N M; = M/. So
M/, /M = (M}_, + M;)/M; C M;_1/M;.
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Since M;_1 /M; is simple, either M]_,/M/! =0, or M/_,/M/ = M;_1/M; and so
M!_| + M; = M;_;. (19.3.2)

If (19.3.2) holds and if M; C M’', then M,;_; C M'. Hence, if (19.3.2) holds for
all i, then M C M’, a contradiction. Therefore, there is an ¢ with M/_, /M = 0.
Now, M' = M{ D --- D> M, =0. Omit M/ whenever M/ _,/M/ = 0. Thus M’ has
a composition series of length strictly less than m. Therefore, £(M’) < m for any
choice of (19.1.1). Thus (19.3.1) holds.

Next, given a chain Ng 2 --- 2 N, = 0, let’s prove n < £(M) by induction on
OM). If ¢(M) = 0, then M = 0; so also n = 0. Assume ¢{(M) > 1. If n = 0,
then we’re done. If n > 1, then ¢(Ny) < £(M) by (19.3.1); so n — 1 < ¢(N7) by
induction. Thus n < ¢(M).

If N;_1/N; is not simple, then there is N’ with N;_y 2 N’ 2 Nj. The new chain
can have length at most ¢(M) by the previous paragraph. Repeating, we can refine
the given chain into a composition series in at most (M) — n steps.

Suppose the given chain is a composition series. Then (M) < n by (19.1.2).
But we proved n < (M) above. Thus n = ¢(M), and the first assertion is proved.

To proceed, fix a prime p. Exactness of Localization, (12.20), yields this chain:

My = (My)p D (M1)y D -+ D (M), =0. (19.3.3)
Now, consider a maximal ideal m. If p = m, then (R/m), ~ R/m by (12.4) and
(12.1). If p # m, then there is s € m — p; so (R/m), = 0.
Set m; := Ann(M,;_1/M;). So M;_1/M; ~ R/m; and m; is maximal by (19.2)(2).
Then Exactness of Localization yields (M;_1/M;), = (Mi—1)p/(M;),. Hence

0, if p # my;

M;_1)o/(M;
(Mi-1)p/( )p{Mi_l/Mi:R/mi, if p = m,.

Thus Supp(M) = {my,...,m,}.
If we omit the duplicates from the chain (19.3.3), then we get a composition
series from the (M;), with M;_1/M; ~ R/p. Thus the number of such i is £(M,).
Finally, consider the canonical map ¢: M — Hmesupp<M) My,. To prove ¢ is an
isomorphism, it suffices, by (13.43), to prove g, is for each maximal ideal p. Now,
localization commutes with finite product by (12.11). Therefore,

op: My — ([T Mm)p = [[a(Ma)p = M,
as (M), =0 if m # p and (My), = M, if m = p by the above. Thus pp, =1. O
EXERCISE (19.4). — Let R be a Noetherian ring, M a finitely generated module.

Prove the equivalence of the following three conditions:

(1) that M has finite length;
(2) that Supp(M) consists entirely of maximal ideals;
(3) that Ass(M) consists entirely of maximal ideals.

Prove that, if the conditions hold, then Ass(M) and Supp(M) are equal and finite.
EXERCISE (19.5). — Let R be a Noetherian ring, q a p-primary ideal. Consider

chains of primary ideals from q to p. Show (1) all such chains have length at most
0(A)—1 where A := (R/q), and (2) all maximal chains have length exactly ¢(A)—1.

COROLLARY (19.6). — A module M is both Artinian and Noetherian if and only
if M is of finite length.
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PROOF: Any chain M D> No 2 --- 2 N, = 0 hasn < £(M) by the Jordan—Hdlder
Theorem, (19.3). So if {(M) < oo, then M satisfies both the dcc and the acc.
Conversely, assume M is both Artinian and Noetherian. Form a chain as follows.
Set My := M. For i > 1, if M;_; # 0, take a maximal M; ; M;_1 by the maxc.
By the dcc, this recursion terminates. Then the chain is a composition series. [J

EXAMPLE (19.7). — Any simple Z-module is finite owing to (19.2)(2). Hence, a
Z-module is of finite length if and only if it is finite. In particular, £(Z) = co.

Of course, Z is Noetherian, but not Artinian.

Let p € Z be a prime, and set M := Z[l/p]/Z, Then M is an Artinian Z-module,
but not Noetherian by (16.29). Since M is infinite, £(M) = co.

EXERCISE (19.8). — Let & be a field, R an algebra-finite extension. Prove that R
is Artinian if and only if R is a finite-dimensional k-vector space.

THEOREM (19.9) (Additivity of Length). — Let M be a module, and M’ a sub-
module. Then £(M) = ¢(M') + ¢(M/M").

Proor: If M has a composition series, then the Jordan-Hoélder Theorem yields
another one of the foom M = My D --- D M’ D -+ D M,, = 0. The latter
yields a pair of composition series: M/M’ = My/M' > --- > M'/M' = 0 and
M' >+ D My, =0. Conversely, every such pair arises from a unique composition
series in M through M’. Therefore, £(M) < oo if and only if /(M/M’) < oo and
(M'") < oo; furthermore, if so, then ¢(M) = ¢(M') + ¢(M/M’), as desired. O

EXERCISE (19.10). — Let k be a field, A a local k-algebra. Assume the map from
k to the residue field is bijective. Given an A-module M, prove ¢(M) = dimy(M).

THEOREM (19.11) (Akizuki-Hopkins). — A ring R is Artinian if and only if R
is Noetherian and dim(R) = 0. If so, then R has only finitely many primes.

Proor: If dim(R) = 0, then every prime is maximal. If also R is Noetherian,
then R has finite length by (19.4). Thus R is Artinian by (19.6).

Conversely, suppose R is Artinian. Let m be a minimal product of maximal ideals
of R. Then m? = m. Let 8 be the set of ideals a contained in m such that am # 0.
If § # (), take a € 8§ minimal. Then am? = am # 0; hence, am = a by minimality of
a. For any x € a, if zm # 0, then a = () by minimality of a.

Let n be any maximal ideal. Then nm = m by minimality of m. But nm C n. Thus
m C rad(R). But a = (z). So Nakayama’s Lemma yields a = 0, a contradiction.
So zm = 0 for any x € a. Thus am = 0, a contradiction. Hence 8 = ). Therefore,
m? =0. But m®> =m. Thus m = 0. Say m = m; - - - m, with m; maximal.

Set a; :=mq---m; for 1 <i <r. Consider the chain

R=ayDa1D--Da.=0.

Fix i. Set V; := a;_1/a;. Then V; is a vector space over R/m;.

Suppose dim(V;) = oo. Take linearly independent elements 1, z2,... € V;,
let W; C V; be the subspace spanned by z;, z;41,.... The W; form a strictly
descending chain, a contradiction as R is Artinian. Thus dim(V;) < co. Hence
{(R) < o0 by (19.9). So R is Noetherian by (19.6). Now, Ann(R) = 0; so 13.26
yields Supp(R) = Spec(R). Thus, by (19.4), every prime is maximal, and there
are only finitely many primes. |

EXERCISE (19.12). — Prove these conditions on a Noetherian ring R equivalent:
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(1) that R is Artinian;
(2) that Spec(R) is discrete and finite;
(3) that Spec(R) is discrete.

EXERCISE (19.13). — Let R be an Artinian ring. Show that rad(R) is nilpotent.

COROLLARY (19.14). — Let R be an Artinian ring, and M a finitely generated
module. Then M has finite length, and Ass(M) and Supp(M) are equal and finite.

PROOF: By (19.11) every prime is maximal, so Supp(M) consists of maximal
ideals. Also R is Noetherian by (19.11). Hence (19.4) yields the assertions. O

COROLLARY (19.15). — A ring R is Artinian if and only if £{(R) < co.
PROOF: Simply take M := R in (19.14) and (19.6). g

EXERCISE (19.16). — Let R be a ring, p a prime ideal, and R’ a module-finite
R-algebra. Show that R’ has only finitely many primes p’ over p, as follows: reduce
to the case that R is a field by localizing at p and passing to the residue rings.

COROLLARY (19.17). — A ring R is Artinian if and only if R is a finite product
of Artinian local rings; if so, then R = [ espec(r) Bm-

PROOF: A finite product of rings is Artinian if and only if each factor is Artinian
by (16.27)(3). If R is Artinian, then ¢(R) < oo by (19.15); whence, R = [[ R
by the Jordan—Holder Theorem. Thus the assertion holds. O

EXERCISE (19.18). — Let R be a Noetherian ring, and M a finitely generated
module. Prove the following four conditions are equivalent:
(1) that M has finite length;
(2) that M is annihilated by some finite product of maximal ideals [ m;;
(3) that every prime p containing Ann(M) is maximal;
(4) that R/Ann(M) is Artinian.

20. Hilbert Functions

The Hilbert Function of a graded module lists the lengths of its components.
The corresponding generating function is called the Hilbert Series. This series
is, under suitable hypotheses, a rational function, according to the Hilbert—Serre
Theorem, which we prove. Passing to an arbitrary module, we study its Hilbert—
Samuel Series, namely, the generating function of the colengths of the submodules
in a filtration. We prove Samuel’s Theorem: if the ring is Noetherian, if the module
is finitely generated, and if the filtration is stable, then the Hilbert—Samuel Series
is a rational function with poles just at 0 and 1. In the same setup, we prove the
Artin—Rees Lemma: given any submodule, its induced filtration is stable.

In a brief appendix, we study further one notion that arose: homogeneity.

(20.1) (Graded rings and modules). — We call a ring R graded if there are
additive subgroups R, for n > 0 with R = @ R,, and R,,R,, C R4y, for all m, n.

For example, a polynomial ring R with coefficient ring Ry is graded if R,, is the
Ryp-submodule generated by the monomials of (total) degree n.

In general, Ry is a subring. Obviously, Ry is closed under addition and under
multiplication, but we must check 1 € Ry. So say 1 = Y_ @, with z,, € R,,. Given
2 € R,say z = Y.z, with 2, € R,. Fix n. Then z, = 1-2, = > 2,2, with
TmZn € Rimgn. S0 3, <0 Tmen = Zn — To2n € Ry,. Hence 2, = 0 for m > 0.
But n is arbitrary. So .,z = 0 for m > 0. But z is arbitrary. Taking z := 1 yields
T = Ty - 1 =0 for m > 0. Thus 1 = x¢ € Ry.

We call an R-module M (compatibly) graded if there are additive subgroups M,
for n € Z with M = @ M,, and R, M,, C M4, for all m, n. We call M,, the nth
homogeneous component; we say its elements are homogeneous. Obviously,
M, is an Ry-module.

Given m € Z, set M(m) := @ M,4n. Then M(m) is another graded module;
its nth graded component M (m), is My,4+n. Thus M(m) is obtained from M by
shifting m places to the left.

LEMMA (20.2). — Let R = @ R,, be a graded ring, and M = @ M,, a graded
R-module. If R is a finitely generated Ro-algebra and if M is a finitely generated
R-module, then each M, is a finitely generated Ro-module.

PROOF: Say R = Ro[z1,...,x,). Ifx; = Z]' x;; with x;; € R;, then replace the
x; by the nonzero x;;. Similarly, say M is generated over R by m1,...,ms with
m; € M;,. Then any m € M, is a sum m = Y fym; where f; € R. Say fi = fi;
with f;; € R;, and replace f; by fi, with k :=n —1[; or by 0 if n < ;. Then f; is
an Ry-linear combination of monomials xil ---x% € Ry; hence, m is an Rg-linear
combination of the products m’f -o-wirm; € My, as desired. g

(20.3) (Hilbert functions). — Let R = @@ R,, be a graded ring, and M = @ M,,
a graded R-module. Assume Ry is Artinian, R is a finitely generated Ry-algebra,
and M is a finitely generated R-module. Then each M, is a finitely generated
Ry-module by (20.2), so is of finite length ¢(M,,) by (19.14). We call n — £(M,,)
the Hilbert Function of M and its generating function

H(M, t) =3, e ((M)t"
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the Hilbert Series of M. This series is a rational function by (20.7) below.
If R = Ro[z1,...,z,] with z; € Ry, then by (20.8) below, the Hilbert Function
is, for n > 0, a polynomial h(M, n), called the Hilbert Polynomial of M.

EXAMPLE (20.4). — Let R := Ro[X1,...,X,] be the polynomial ring, graded by
degree. Then R, is free over Ry on the monomials of degree n, so of rank (T:?{")
Assume Ry is Artinian. Then ((R,) = E(Ro)(rzi’fn) by Additivity of Length,
(19.9). Thus the Hilbert Function is, for n > 0, a polynomial of degree r — 1.
Formal manipulation yields (T;:'") =(-1)" (_nr) Therefore, Newton’s binomial
theorem for negative exponents yields this computation for the Hilbert Series:

H(R, 1) = 50 AR (7)1 = 500 (R0 () (1) = E(Ro) /(1 — 1)

EXERCISE (20.5). — Let k be a field, k[X, Y] the polynomial ring. Show (X, Y?2)
and (X2,Y?2) have different Hilbert Series, but the same Hilbert Polynomial.

EXERCISE (20.6). — Let R = @ R,, be a graded ring, M = @ M,, a graded R-
module. Let N = @ N,, be a homogeneous submodule; that is, N,, = N N M,,.
Assume Ry is Artinian, R is a finitely generated Rp-algebra, and M is a finitely
generated R-module. Set

N’ :={m € M | there is ko such that Rym C N for all k > k¢ }.

(1) Prove that N’ is a homogeneous submodule of M with the same Hilbert
Polynomial as NV, and that N’ is the largest such submodule containing N.

(2) Let N = () Q; be a decomposition with @Q; p;-primary. Set Ry := @, . Rn-
Prove that N" =, 4, Qi

THEOREM (20.7) (Hilbert—Serre). — Let R = @ R, be a graded ring, and let
M = @ M, be a graded R-module. Assume Rq is Artinian, R is a finitely generated
Ro-algebra, and M is a finitely generated R-module. Then

H(M, t)=e(t)/t"(1 =) (1 —th)
with e(t) € Z[t], with 1 > 0, and with kq,...,k, > 1.

PROOF: Say R = Rylz1,...,x,| with x; € Ry,. First, assume r = 0. Say M is
generated over R by mi,...,ms with m; € M;,. Then R = Ry. So M,, = 0 for
n < lp := min{l;} and for n > max{l;}. Hence t~% H(M, t) is a polynomial.

Next, assume r > 1 and form the exact sequence

0= K= M—k) 2 M- Lo0
where i, is the map of multiplication by z;. Since z1 € Ry,, the grading on M
induces a grading on K and on L. Further, p,, acts as 0 on both K and L.

As Ry is Artinian, Ry is Noetherian by the Akizuki-Hopkins Theorem, (19.11).
So, since R is a finitely generated Ro-algebra, R is Noetherian by (16.12). Since
M is a finitely generated R-module, obviously so is M(—k1). Hence, so are both
K and L by (16.16)(2). Set R’ := Rg[za,...,2,]. Since z1 acts as 0 on K and
L, they are finitely generated R’-modules. Therefore, H(K,t) and H(L,t) may be
written in the desired form by induction on r.

By definition, M (—k1), := M,_g,; hence, H(M(—ki),t) = t** H(M, t). There-
fore, Additivity of Length, (19.9), and the previous paragraph yield

(1—t")H(M, t)= H(L, t) — H(K, t) = e(t) /t'(1 — t¥2) .- - (1 — thr).
Thus the assertion holds. O
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COROLLARY (20.8). — Under the conditions of (20.7), say R = Rolz1,..., %,
with x; € Ry. Assume M # 0. Then H(M, t) can be written uniquely in the form

H(M, t)=e(t)/t'(1—t)* (20.8.1)

with e(t) € Z[t] and e(0), e(1) # 0 and l € Z and r > d > 0; also, there is a
polynomial h(M, n) € Q[n] with degree d — 1, leading coefficient e(1)/(d — 1)! and
O(M,) =h(M,n) forn>dege(t)—1I. (20.8.2)

PrOOF: We may take k; = 1 for all 7 in the proof of (20.7). Hence H (M, t) has
the form e(¢)(1—¢)* /t'(1—t)" with e(0) # 0 and e(1) # 0 and | € Z. Set d :=r—s.
Then d > 0 since H(M, 1) > 0 as M # 0. Thus H(M, t) has the asserted form.

This form is unique owing to the uniqueness of factorization of polynomials.
Say e(t) = SN eit’. Now, (1—t)~4 =3 (79 (—t)" = ¥ (*;25")¢". Hence

n d—1
L(M,) = Zf\io e; (d_ljj'”fl_i) forn+1> N. But (d_;f?_i) =n? 1/ d-1)1+---.
Therefore, £(M,) = e(1)n?™1/(d — 1)1+ -- -, as asserted. O

EXERCISE (20.9). — Let k be a field, P := k[X,Y, Z] the polynomial ring in three
variables, f € P a homogeneous polynomial of degree d > 1. Set R := P/{f). Find
the coefficients of the Hilbert Polynomial A(R, n) explicitly in terms of d.

EXERCISE (20.10). — Under the conditions of (20.8), assume there is a homoge-
neous nonzerodivisor f € R with M; = 0. Prove deg h(R,n) > deg h(M,n); start
with the case M := R/(f*).

(20.11) (Filtrations). — Let R be an arbitrary ring, q an ideal, and M a module.
A filtration F'*M of M is an infinite descending chain of submodules:

M> - -DF'M>F" W IM>....

Call it a g-filtration if gF"M C F"*'M for all n, and a stable g-filtration if
also M = F™"M for n < 0 and qF"M = F"t'M for n > 0. This condition means
that there are u and v with M = F* and q"F*M = F"*" M for n > 0.

For example, setting F"M := M for n <0 and F"M := q"M for n > 0, we get
a stable g-filtration. It is called the g-adic filtration.

The g-adic filtration of R yields a graded ring G*® R, defined by

G°R := @nzo G"R where G"R:=q"/q"*!.

We form the product of an element in q?/q**! and one in q7/q’*! by choosing
representatives, forming their product, and taking its residue in q‘+7/qiti+l, We
call G*R the associated graded ring.

As each F™M is an R-module, so is the direct sum

G°M =@, , G"M where G"M := F*"M/F"*1 M.

If F* M is a g-filtration, then this R-structure amounts to an R/¢-structure; further,
G*M is a graded G*® R-module.

Given m € Z, let M[m] denote M with the filtration F'*M reindexed by shifting
it m places to the left; that is, F™*(M[m]) := F**™M for all n. Then

G"(M[m]) = F"T™M/F" ™M = (G"M)(m).

If the quotients M/F™M have finite length, call n +— £(M/F"™M) the Hilbert—

Samuel Function, and call the generating function

P(F*M, 1) := Y50 ((M/F " M)t"



Hilbert Functions (20.14) 119

the Hilbert—Samuel Series. If the function n — £(M/F"M) is, for n > 0,
a polynomial p(F*M, n), then call it the Hilbert—Samuel Polynomial. If the
filtration is the g-adic filtration, we also denote P(F*M, t), and p(F*M, n) by
Py(M,t) and pq(M,n).

LEMMA (20.12). — Let R be a Noetherian ring, q an ideal, M a finitely generated
module with a stable q-filtration. Then G*R is generated as an R/q-algebra by
finitely many elements of q/q2, and G*M is a finitely generated G* R-module.

PROOF: Since R is Noetherian, q is a finitely generated ideal, say by z1, ..., z,.
Then, clearly, the residues of the x; in q/q? generate G*R as an R/qg-algebra.

By stability, there are y and v with F¥M = M and q"FYM = F*"™ M for n > 0.
Hence G*M is generated by FFM/FFHIM, ... FYM/F**'M over G°R. But R
is Noetherian and M is finitely generated over R; hence, every F™M is finitely
generated over R. Therefore, every F"M/F"t1 M is finitely generated over R/q.
Thus G®*M is a finitely generated G* R-module. d

THEOREM (20.13) (Samuel). — Let R be a Noetherian ring, q an ideal, and M a
finitely generated module with a stable q-filtration F*M. Assume ¢(M/qM) < oc.
Then ((F"M/F" M) < oo and {(M/F"M) < oo for every n > 0; further,
P(F*M,t)=H(G*M, t)t/(1 —t). (20.13.1)
PROOF: Set a := Ann(M). Set R’ := R/a and ¢’ := (a + q)/a. Then R'/q’
is Noetherian as R is. Also, M can be viewed as a finitely generated R’-module,
and F*M as a stable g'-filtration. So G®R’ is generated as an R’/q’-algebra by
finitely many elements of degree 1, and G*M is a finitely generated G* R’-module
by (20.12). Therefore, each F"M/F"1 M is a finitely generated R’/q’-module by
(20.2) or by the proof of (20.12).
On the other hand, (13.1) and (13.27)(3) and (13.31) yield, respectively,
V(a+4q) = V(a)1V(a) = Supp(M) (1 V(a) = Supp(M/qM).
Hence V(a + q) consists entirely of maximal ideals, because Supp(M/qM) does
by (19.4) as {(M/qM) < oo. Thus dim(R'/q’) = 0. But R’/q’ is Noetherian.
Therefore, R’/q’ is Artinian by the Akizuki-Hopkins Theorem, (19.11).
Hence £(F"M/F" M) < oo for every n by (19.14). Form the exact sequence

0— F"M/F""M — M/F"™'M — M/F"M — 0.
Then Additivity of Length, (19.9), yields
LF"M/F" P M) = ¢(M/F"T M) — 0(M/F"M).

So induction on n yields ¢(M/F"*1 M) < oo for every n. Further, multiplying that
equation by " and summing over n yields the desired expression in another form:

H(G*M, t) = (t7' —1)P(F*M, t) = P(F*M, t) (1 —t)/t. O
COROLLARY (20.14). — Under the conditions of (20.13), assume q is generated
by r elements and M # 0. Then P(F*M, t) can be written uniquely in the form

P(F*M, t) = e(t)/t1 (1 —t)+! (20.14.1)
with e(t) € Z[t] and €(0), e(1) # 0 and ! € Z and r > d > 0; also, there is a
polynomial p(F* M, n) € Q[n] with degree d and leading coefficient e(1)/d! such that

UM/F"M)=p(F*M,n) forn>dege(t)—1L. (20.14.2)
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Finally, pg(M, n)—p(F*M, n) is a polynomial with degree at most d—1 and positive
leading coefficient; also, d and e(1) are the same for every stable q-filtration.

PRrOOF: The proof of (20.13) shows that G*R’ and G* M satisfy the hypotheses
of (20.8). So (20.8.1) and (20.13.1) yield (20.14.1). In turn, (20.13.1) yields
(20.14.2) by the argument in the second paragraph of the proof of (20.8).

Finally, as F'*M is a stable g-filtration, there is an m such that

F"M > q"M > q"F™"M = F"*"™M
for all n > 0. Dividing into M and extracting lengths, we get
L(M/F"M) < ¢(M/q"M) < €(M/F"T™M).
Therefore, (20.14.2) yields
p(F*M, n) < pq(M, n) < p(F*M, n+m) forn> 0.

The two extremes are polynomials in n with the same degree d and the same leading
coefficient ¢ where ¢ := e(1)/d!. Dividing by n? and letting n — co, we conclude
that the polynomial pq(M, n) also has degree d and leading coefficient c.

Thus the degree and leading coefficient are the same for every stable g-filtration.
Also pq(M, n)—p(F*M, n) has degree at most d—1 and positive leading coefficient,
owing to cancellation of the two leading terms and to the first inequality. g

EXERCISE (20.15). — Let R be a Noetherian ring, q an ideal, and M a finitely
generated module. Assume ¢(M/qM) < co. Set m := ,/q. Show
degpm(M,n) = degpq(M,n).
(20.16) (Rees Algebras). — Let R be an arbitrary ring, q an ideal. The sum
R ifn<0
R(q) := R ith R,,(q) := -7
(@) := Dez Rnla)  with Ri(q) {qn dm 0

is canonically an R-algebra, known as the extended Rees Algebra of g.
Let M be a module with a g-filtration F*M. Then the sum

R(F*M) =6, ., F'M
is canonically an R(q)-module, known as the Rees Module of F'* M.

nez

LEMMA (20.17). — Let R be a Noetherian ring, q an ideal, M a finitely generated
module with a q-filtration F*M. Then R(q) is algebra finite over R. Also, F*M is
stable if and only if R(F*M) is module finite over R(q) and |JF"M = M.

PRrROOF: As R is Noetherian, q is finitely generated, say by z1,...,z,. View the
z; asin Ry(q) and 1 € R as in R_1(q). These r + 1 elements generate R(q) over R.

Suppose that F*M is stable: say FFM = M and q"FYMF" "M for n > 0.
Then |JF™M = M. Further, R(F*M) is generated by F*M, ..., F¥M over R(q).
But R is Noetherian and M is finitely generated over R; hence, every F"M is
finitely generated over R. Thus R(F*M) is a finitely generated R(q)-module.

Conversely, suppose that R(F*M) is generated over R(q) by mi,...,ms. Say
m; = Z’;:” mg; with m;; € FIM for some uniform p < v. Then given n, any
m € F™M can be written as m = Y fi;m;; with f;; € R,—;(q). Hence if n < p,
then F"M C F*M. Suppose |JF"M = M. Then FF*M = M. But if j <v <mn,
then f;; € q"~9 = q"7¥q”~9. Thus " "VF’M = F"M. Thus F*M is stable. g
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LEMMA (20.18) (Artin-Rees). — Let R be a Noetherian ring, M a finitely gener-
ated module, N a submodule, q an ideal, F*M a stable q-filtration. Set

F'"N:=NNF"M forne€lZ.
Then the F™"N form a stable q-filtration F*N.

PROOF: By (20.17), the extended Rees Algebra R(q) is finitely generated over
R, so Noetherian by the Hilbert Basis Theorem (16.12). By (20.17), the module
R(F*M) is finitely generated over R(q), so Noetherian by (16.19). Clearly, F*N
is a g-filtration; hence, R(F*N) is a submodule of R(F*M), so finitely generated.
But UF"M = M,so|JF™N = N. Thus F*N is stable by (20.17). O

EXERCISE (20.19). — Derive the Krull Intersection Theorem, (18.29), from the
Artin—Rees Lemma, (20.18).

PROPOSITION (20.20). — Let R be a Noetherian ring, q an ideal, and
0>M —>M—M"—0

an exact sequence of finitely generated modules. Then M/qM has finite length if
and only if M’ /qM’ and M" /qM" do. If so, then the polynomial

pa(M', 1) — pq(M,n) +pq(M", n)
has degree at most degpq(M’,n) —1 and has positive leading coefficient; also then
deg pq(M,n) = max{ degpq(M’',n), degpq(M",n)}.
ProoF: First off, (13.31) and (13.27)(1) and (13.31) again yield
Supp(M/qM) = Supp(M) ( V(q) = (Supp(M") JSupp(M")) N V(q)
= (Supp(M") NV (a)) U(Supp(M") V(@)
— Supp(M’ /M) Supp(M” /qM").

Hence M/qM has finite length if and only if M'/qM’ and M" /qM" do by (19.4).
For n € Z, set F"M' := M'(q"M. Then the F"M' form a stable g-filtration
F*M’ by the Artin—Rees Lemma. Form this canonical commutative diagram:

0 — Fn]\4/ — an — anI/ N O

L]

0O— M — M — M'—0
Its rows are exact. So the Nine Lemma yields this exact sequence:
0— M'/F"M' — M/q"M — M" /q"M" — 0.
Assume M /qM has finite length. Then Additivity of Length and (20.14) yield
p(F*M', n) —pq(M, n) + pg(M", n) = 0. (20.20.1)
Hence pq(M’', n) —pq(M, n) +pq(M", n) is equal to pq(M’, n) —p(F*M’, n). But
by (20.14) again, the latter is a polynomial with degree at most degpq(M’, n) —1
and positive leading coefficient.
Finally, degpq(M,n) = max{ degp(M],n), degpq(M”,n)} owing to (20.20.1),
as the leading coefficients of p(M,,n) and pq(M",n) are both positive, so cannot
cancel. But degp(M,,n) = degpq(M’,n) by (20.14), completing the proof. a

20. Appendix: Homogeneity

(20.21) (Homogeneity). — Let R be a graded ring, and M = @ M,, a graded
module. We call the M,, the homogeneous components of M.

Given m € M, write m = > m,, with m,, € M,,. Call the finitely many nonzero
m,, the homogeneous components of m. Say that a component m,, is homo-
geneous of degree n. If n is lowest, call m,, the initial component of m.

Call a submodule N C M homogeneous if, whenever m € N, also m,, € N, or
equivalently, N = @(M, N N).

Call a map a: M’ — M of graded modules with components M/, and M,, ho-
mogeneous of degree r if o(M]) C M, for all n. If so, then clearly Ker(«) is
a homogeneous submodule of M. Further, Coker(a) is canonically graded, and the
quotient map M — Coker(«) is homogeneous of degree 0.

EXERCISE (20.22). — Let R = @ R,, be a graded ring, M =
module, a C

n>no Mn & graded

n>0 Fn @ homogeneous ideal. Assume M = aM. Show M = 0.

EXERCISE (20.23). — Let R = @ R, be a Noetherian graded ring, M = @ M,, a
finitely generated graded R-module, N = @ N,, a homogeneous submodule. Set

N:={meM|RymeN foralln>0}.

Show that N’ is the largest homogeneous submodule of M containing N and having,
for all n > 0, its degree-n homogeneous component N, equal to N,,.

PROPOSITION (20.24). — Let R be a Noetherian graded ring, M a nonzero finitely
generated graded module, () a homogeneous submodule. Suppose () possesses this
property: given any homogeneous x € R and homogeneous m € M with xm € Q
but m ¢ Q, necessarily x € p :=nil(M/Q). Then p is prime, and Q is p-primary.

ProOOF: Given x € R and m € M, decompose them into their homogeneous
components: = = » ., x; and m = ZPS mj. Suppose zm € @, but m ¢ Q.
Then m; ¢ Q for some t; take ¢ minimal. Set m’ := Zj<t m;. Then m’ € Q. Set
m” :==m —m/. Then am” € Q.

Either z4m; vanishes or it’s the initial component of zm”. But @ is homogeneous.
So xsmy € Q. But my ¢ Q. Hence x5 € p by the hypothesis. Say zs,...,2, € p
with u maximal. Set 2’ := >"._ ;. Then 2’ € p. So 2’ € Ann(M/Q) for some
E>1. So2"m” € Q. Set 2’ := x — 2'. Since 2m” € Q, also z"*m/ € Q.

Suppose z ¢ p. Then z”” # 0. And its initial component is z, with v > u. Either
2i/m} vanishes or it is the initial component of zm. But @ is homogeneous. So
zyme € Q. But my ¢ Q. Hence z, € p by the hypothesis, contradicting v > w.
Thus = € p. Thus @ is p-primary by (18.4). d

EXERCISE (20.25). — Let R be a graded ring, a a homogeneous ideal, and M a
graded module. Prove that v/a and Ann(M) and nil(M) are homogeneous.

EXERCISE (20.26). — Let R be a graded ring, M a graded module, and @ a
primary submodule. Let Q* C @ be the submodule generated by the homogeneous
elements of ). Then Q* is primary.
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THEOREM (20.27). — Let R be a Noetherian graded ring, M a finitely generated
graded module, N a homogeneous submodule. Then all the associated primes of
M/N are homogeneous, and N admits an irredundant primary decomposition in
which all the primary submodules are homogeneous.

PROOF: Let N = () Q; be any primary decomposition; one exists by (18.21).
Let @7 C Q; be the submodule generated by the homogeneous elements of Q;.
Trivially, NQF € NQ; = N C Q. Further, each Q7 is clearly homogeneous,
and is primary by (20.26). Thus N = (\Q; is a primary decomposition into
homogeneous primary submodules. And, owing to (18.19), it is irredundant if
N = Qj is, as both decompositions have minimal length. Finally, M/ Q5 is graded
by (20.21); so each associated prime is homogeneous by (18.20) and (20.25). O

(20.28) (Graded Domains). — Let R = @, -, Ry, be a graded domain, and set
K := Frac(R). We call z € K homogeneous of degree n € Z if z = x/y with
z € R, and y € R,;,—y,. Clearly, n is well defined.

Let K, be the set of all such z, plus 0. Then K,,K, C K;4n. Clearly, the
canonical map @, ., K, — K is injective. Thus @,,-, K, is a graded subring of
K. Further, Ky is a field. B

The n with K,, # 0 form a subgroup of Z. So by renumbering, we may assume
K; # 0. Fix any nonzero x € K. Clearly,  is transcendental over Ky. If z € K,
then z/z™ € K. Hence R C Ky[z]. So (2.3) yields K = Ko(x).

Any w € @ K, can be written w = a/b with a,b € R and b homogeneous: say
w =Y (an/by) with a,,b, € R homogeneous; set b := [[ b, and a := Y (anb/by).

THEOREM (20.29). — Let R be a Nocetherian graded domain, K := Frac(R), and
R the integral closure of R in K. Then R is a graded subring of K.

PROOF: Use the setup of (20.28). Since Ko[z] is a polynomial ring over a field,
it is normal by (10.34). Hence R C Ky[z]. So every y € R can be written as
y = S7 " y;, with y; homogeneous and nonzero. Let’s show y; € R for all 4.

Since y is integral over R, the R-algebra R[y] is module finite by (10.23). So
(20.28) yields a homogeneous b € R with bR[y] C R. Hence by’ € R for all j > 0.
But R is graded. Hence byl € R. Set z := 1/b. Then y/ € Rz. Since R is
Noetherian, the R-algebra R[y,] is module finite. Hence y, € R. Then y — y, € R.
Thus y; € R for all i by induction on n. Thus R is graded. g

EXERCISE (20.30). — Under the conditions of (20.8), assume that R is a domain
and that its integral closure R in Frac(R) is a finitely generated R-module.

(1) Prove that there is a homogeneous f € R with Ry = Rj.

(2) Prove that the Hilbert Polynomials of R and R have the same degree and
same leading coefficient.

21. Dimension

The dimension of a module is defined as the sup of the lengths of the chains of
primes in its support. The Dimension Theorem, which we prove, characterizes the
dimension of a nonzero finitely generated semilocal module over a Noetherian ring
in two ways. First, the dimension is the degree of the Hilbert—Samuel Polynomial
formed with the radical of the ring. Second, the dimension is the smallest number
of elements in the radical that span a submodule of finite colength.

Next, in an arbitrary Noetherian ring, we study the height of a prime: the length
of the longest chain of subprimes. We bound the height by the minimal number of
generators of an ideal over which the prime is minimal. In particular, when this
number is 1, we obtain Krull’s Principal Ideal Theorem. Finally, we study regular
local rings: Noetherian local rings whose maximal ideal has the minimum number
of generators, namely, the dimension.

(21.1) (Dimension of a module). — Let R be a ring, and M a nonzero module.
The dimension of M, denoted dim(M), is defined by this formula:

dim(M) := sup{ r | there’s a chain of primes po G - & pr in Supp(M) }.

Assume R is Noetherian, and M is finitely generated. Then M has finitely
many minimal (associated) primes by (17.20). They are also the minimal primes
po € Supp(M) by (17.17). Thus (1.9) yields

dim(M) = max{ dim(R/po) | po € Supp(M) is minimal }. (21.1.1)

(21.2) (Parameters). — Let R be a ring, M a nonzero module. Denote the in-
tersection of the maximal ideals in Supp(M) by rad(M), and call it the radical of
M. If there are only finitely many such maximal ideals, call M semilocal.Call an
ideal q a parameter ideal of M if q C rad(M) and M/qM is Artinian.

Assume M is finitely generated. Then Supp(M) = V(Ann(M)) by (13.27)(3).
Hence M is semilocal if and only if R/ Ann(M) is a semilocal ring.

Assume, in addition, R is Noetherian; so M is Noetherian by (16.19). Fix an
ideal q. Then by (19.6), M/qM is Artinian if and only if £(M/qM) < co.

However, {(M/qM) < oo if and only if Supp(M/qM) consists of finitely many
maximal ideals by (19.4) and (17.21). Also, by (13.31), (13.27)(3), and (13.1),

Supp(M/qM) = Supp(M) \ V(q) = V(Ann(M)) V() = V(Aun(M) + q).

Set q' := Ann(M) + q. Thus M/qM is Artinian if and only if V(q’) consists
of finitely many maximal ideals; so by (19.11), if and only if R/q’ is Artinian.
But (19.18) implies that R/q’ is Artinian if and only if q’' contains a product of
maximal ideals each containing q’. Then each lies in Supp(M), so contains rad(M).

Set m := rad(M). Thus if R/q’ is Artinian, then ¢’ D m™ for some n > 0.

Assume, in addition, M is semilocal, so that Supp(M) contains only finitely many
maximal ideals. Then their product is contained in m. Thus, conversely, if ¢' D> m”
for some n > 0, then R/q’ is Artinian. Thus q is a parameter ideal if and only if

m>Dq Dm" for somen, (21.2.1)
or by (3.33) if and only if m = /¢, or by (13.1) if and only if V(m) =V (q'). In
particular, m” is a parameter ideal for any n.
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Assume ¢ is a parameter ideal. Then the Hilbert-Samuel polynomial pq(M, n)
exists by (20.14). Similarly, pm (M, n) exists, and the two polynomials have the
same degree by (20.15) since m = /¢’ and pq (M, n) = pg(M, n). Thus the degree
is the same for every parameter ideal. Denote this common degree by d(M).

Alternatively, d(M) can be viewed as the order of pole at 1 of the Hilbert series
H(G*M, t). Indeed, that order is 1 less than the order of pole at 1 of the Hilbert—
Samuel series Py (M, t) by (20.13). In turn, the latter order is d(M)+1 by (20.14).

Denote by s(M) the smallest s such that there are x1,...,z, € m with

O M/{z1,...,x)M) < 0. (21.2.2)

By convention, if /(M) < oo, then s(M) = 0. We say that z1,...,2s € m form a
system of parameters (sop) for M if s = s(M) and (21.2.2) holds. Note that a
sop generates a parameter ideal.

LEMMA (21.3). — Let R be a Noetherian ring, M a nonzero Noetherian semilocal
module, q a parameter ideal of M, and x € rad(M). Set K := Ker(M L= M).
(1) Then s(M) < s(M/xM)+ 1.
(2) Then dim(M/zM) < dim(M) —1 if x ¢ p for any p € Supp(M) with
dim(R/p) = dim(M).
(3) Then deg(pq(K, n) — pg(M/xM, n)) < d(M) — 1.

PROOF: For (1), set s := s(M/xM). There are 1, ...,zs € rad(M/zM) with
M)z, z1,...,25)M) < 0.

Now, Supp(M/xzM) = Supp(M) N V({(z)) by (13.31). However, x € rad(M).
Hence, Supp(M/zM) and Supp(M) have the same maximal ideals. Therefore,
rad(M/xM) = rad(M). Hence s(M) < s+ 1. Thus (1) holds.

To prove (2), take a chain of primes pg & --- G p, in Supp(M/zM). Again,
Supp(M/xzM) = Supp(M) N V({x)) by (13.31). So z € py € Supp(M). So, by
hypothesis, dim(R/pg) < dim(M). Hence r < dim(M) — 1. Thus (2) holds.

To prove (3), note that M := Im(u,), and form these two exact sequences:

0—-K—-M-—aM—0, and 0—2zM — M — M/zM — 0.

Then (20.20) yields d(K) < d(M) and d(zM) < d(M). So by (20.20) again, both
pa(K. 1) + pa(eM, 1) — pg(M, n) and py(xM, n) + pg(M/aM, n) — po(M, n) are
of degree at most d(M) — 1. So their difference is too. Thus (3) holds. O

THEOREM (21.4) (Dimension). — Let R be a Noetherian ring, M a nonzero finite-
ly generated semilocal module. Then

dim(M) =d(M) = s(M) < oco.

PROOF: Let’s prove a cycle of inequalities. Set m := rad(M). First, let’s prove
dim(M) < d(M). We proceed by induction on d(M). Suppose d(M) = 0. Then
(M/m"™M) stabilizes. So m"M = m""1M for some n. Hence m"M = 0 by
Nakayama’s Lemma (10.11) applied over the semilocal ring R/ Ann(M). Hence
(M) < oo. So dim(M) = 0 by (19.4).

Suppose d(M) > 1. By (21.1.1), dim(R/po) = dim (M) for some pg € Supp(M).
Then po is minimal. So po € Ass(M) by (17.18). Hence M has a submodule N
isomorphic to R/po by (17.2). Further, by (20.20), d(N) < d(M).

Take a chain of primes po & --- G p, in Supp(N). If r = 0, then r < d(M).

=
Suppose r > 1. Then there’s an x; € p; — pg. Further, since pg is not maximal, for
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each maximal ideal n in Supp(M), there is an z, € n—pg. Set © := 1 [[z4. Then
z € (prNm)—po. Then p; G --- G p, lies in Supp(N) [ V({z)). But the latter is
equal to Supp(N/xN) by (13.31). So r — 1 < dim(N/xN).

However, i, is injective on N as N ~ R/po and = ¢ po. So (21.3)(3) yields
d(N/xzN) < d(N) — 1. But d(N) < d(M). So dim(N/zN) < d(N/xN) by the
induction hypothesis. Therefore, r < d(M). Thus dim(M) < d(M).

Second, let’s prove d(M) < s(M). Let q be a parameter ideal of M with s(M)
generators. Then d(M) := degpq(M, n). But degpqs(M, n) < s(M) owing to
(20.14). Thus d(M) < s(M).

Finally, let’s prove s(M) < dim(M). Set r := dim(M), which is finite since
r < d(M) by the first step. The proof proceeds by induction on r. If » = 0, then
M has finite length by (19.4); so by convention s(M) = 0.

Suppose r > 1. Let p1,. .., px be the primes of Supp(M) with dim(R/p;) = r. No
p; is maximal as r > 1. So m lies in no p;. Hence, by Prime Avoidance (3.19), there
is an « € m such that = ¢ p; for all i. So (21.3)(1), (2) yield s(M) < s(M/zM)+1
and dim(M/xM)+1 < r. By the induction hypothesis, s(M/xM) < dim(M/zM).
Hence s(M) < r, as desired. O

COROLLARY (21.5). — Let R be a Noetherian ring, M a nonzero Noetherian semi-
local module, x € rad(M). Then dim(M/zM) > dim(M) — 1, with equality if x ¢ p
for p € Supp(M) with dim(R/p) = dim(M); equality holds if x ¢ z.div(M).

PRrROOF: By (21.3)(1), we have s(M/zM) > s(M)—1. So the asserted inequality
holds by (21.4). If x ¢ p € Supp(M) when dim(R/p) = dim (M), then (21.3)(2)
yields the opposite inequality, so equality. Finally, if 2 ¢ z.div(M), then x ¢ p for
any p € Supp(M) with dim(R/p) = dim(M) owing to (17.18) and (17.15). O

EXERCISE (21.6). — Let A be a Noetherian local ring, N a finitely generated
module, y1,...,y, a sop for N. Set N; := N/(y1,...,y;)N. Show dim(V;) =r —i.

(21.7) (Height). — Let R be a ring, and p a prime. The height of p, denoted
ht(p), is defined by this formula:

ht(p) := sup{ r | there’s a chain of primes po G --- G p, =p}.
The bijective correspondence p — pR,, of (11.20)(2) yields this formula:
ht(p) = dim(Ry). (21.7.1)
If ht(p) = h, then we say that p is a height-h prime.

COROLLARY (21.8). — Let R be a Noetherian ring, p a prime. Then ht(p) <r if
and only if p is a minimal prime of some ideal generated by r elements.

PROOF: Assume p is minimal containing an ideal a generated by r elements.
Now, any prime of R, containing aR,, is of the form qR, where q is a prime of R with
a C qCp by (11.20). So q = p. Hence pR, = y/aR, by the Scheinnullstellensatz.
Hence r > s(R,) by (21.2). But s(R,) = dim(R,) by (21.4), and dim(R,) = ht(p)
by (21.7.1). Thus ht(p) < r.

Conversely, assume ht(p) < r. Then R, has a parameter ideal b generated by r
elements, say yi,...,y, by (21.7.1) and (21.4). Say y; = z;/s; with s; ¢ p. Set
a:=(z1,...,2,). Then aR, = b.

Suppose there is a prime q with a C ¢ C p. Then b = aR, C qR, C pR,, and
qRy is prime by (11.20)(2). But Vb = pR,. So qR, = pR,. Hence q = p by
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(11.20)(2). Thus p is minimal containing a, which is generated by r elements. [

EXERCISE (21.9). — Let R be a Noetherian ring, and p be a prime minimal
containing 1, ...,z,. Given r’ with 1 < ¢/ < r, set R’ := R/{(x1,...,2z,) and
p :==p/(z1,...,2). Assume ht(p) =r. Prove ht(p’) =r —r'.

THEOREM (21.10) (Krull Principal Ideal). — Let R be a Noetherian ring, = € R,
and p a minimal prime of (x). If x ¢ z.div(R), then ht(p) = 1.

PROOF: By (21.8), ht(p) < 1. But by (14.10), z € z.div(R) if ht(p) = 0. O

EXERCISE (21.11). — Let R be a Noetherian ring, p a prime of height at least 2.
Prove that p is the union of height-1 primes, but not of finitely many.

EXERCISE (21.12). — Let R be a Noetherian ring. Prove the following equivalent:
(1) R has only finitely many primes.
(2) R has only finitely many height-1 primes.
(3) R is semilocal of dimension 1.

EXERCISE (21.13) (Artin-Tate [1, Thm.4]). — Let R be a Noetherian domain,
and set K := Frac(R). Prove the following statements are equivalent:

(1) K = Ry for some nonzero f € R.

(2) K is algebra finite over R.

(3) Some nonzero f € R lies in every nonzero prime.

(4) R has only finitely many height-1 primes.

(5) R is semilocal of dimension 1.

EXERCISE (21.14). — Let R be a domain. Prove that, if R is a UFD, then every
height-1 prime is principal, and that the converse holds if R is Noetherian.

EXERCISE (21.15). — (1) Let A be a Noetherian local ring with a principal prime
p of height at least 1. Prove A is a domain by showing any prime g g p is (0).

(2) Let k be a field, P := k[[X]] the formal power series ring in one variable.
Set R := P x P. Prove that R is Noetherian and semilocal, and that R contains a
principal prime p of height 1, but that R is not a domain.

EXERCISE (21.16). — Let R be a finitely generated algebra over a field. Assume
R is a domain of dimension r. Let z € R be neither 0 nor a unit. Set R’ := R/(z).
Prove that r — 1 is the length of any chain of primes in R’ of maximal length.

COROLLARY (21.17). — Let A and B be Noetherian local rings, m and n their
mazimal ideals. Let p: A — B be a local homomorphism. Then

dim(B) < dim(A) + dim(B/mB),
with equality if B is flat over A.

PROOF: Set s := dim(A). By (21.4), there is a parameter ideal q generated by s
elements. Then m/q is nilpotent by (21.2.1). Hence mB/qB is nilpotent. It follows
that dim(B/mB) = dim(B/qB). But (21.5) yields dim(B/qB) > dim(B)—s. Thus
the inequality holds.

Assume B is flat over A. Let p D mB be a prime with dim(B/p) = dim(B/mB).
Then dim(B) > dim(B/p) + ht(p) because the concatenation of a chain of primes
containing p of length dim(B/p) with a chain of primes contained in p of length
ht(p) is a chain of primes of B of length ht(p) + dim(B/p). Hence it suffices to show
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that ht(p) > dim(A).

AsnDp D mB and as ¢ is local, o~ !(p) = m. Since B is flat over A4, (14.11)
and induction yield a chain of primes of B descending from p and lying over any
given chain in A. Thus ht(p) > dim(A), as desired. |

EXERCISE (21.18). — Let R be a Noetherian ring. Prove that
dim(R[X]) = dim(R) + 1.

EXERCISE (21.19). — Let A be a Noetherian local ring of dimension r. Let m be
the maximal ideal, and k := A/m the residue class field. Prove that

r < dimy,(m/m?),
with equality if and only if m is generated by r elements.

(21.20) (Regular local rings). — Let A be a Noetherian local ring of dimension r.
We say A is regular if its maximal ideal is generated by r elements. Then any r
generators are said to form a regular system of parameters.

By (21.19), A is regular if and only if r = dimy,(m/m?2).

For example, a field is a regular local ring of dimension 0, and conversely. An
example of a regular local ring of given dimension n is the localization P, of a
polynomial ring P in n variables over a field at any maximal ideal m, as dim(Py) = n
by (15.13) and (15.14) and as m is generated by n elements by (15.6).

LEMMA (21.21). — Let A be a Noetherian semilocal ring of dimension r, and q a
parameter ideal. Then degh(G®*A, n) =1 —1.

PROOF: By (20.8), deg h(G*A, n) is equal to 1 less than the order of pole at 1
of the Hilbert series H(G*®A, t). But that order is equal to d(A4) by (21.2). Also,
d(A) = r by the Dimension Theorem, (21.4). Thus the assertion holds. O

PROPOSITION (21.22). Let A be a Noetherian local ring of dimension r, and m
its maximal ideal. Then A is regular if and only if its associated graded ring G*A
is a polynomial ring; if so, then the number of variables is r.

PROOF: Say G*A is a polynomial ring in s variables. Then dim(m/m?) = s. By
(20.4), deg h(G*A, n) = s — 1. So s =7 by (21.21). So A is regular by (21.20).

Conversely, assume A is regular. Let 21, ...,z, be a regular sop, and z} € m/m?
the residue of z;. Set k := A/m, and let P := k[Xy,...,X,] be the polynomial
ring. Form the k-algebra homomorphism ¢: P — G*A with ¢(X;) = .

Then ¢ is surjective as the 2/ generate G*A. Set a := Kerp. Let P = @ P, be
the grading by total degree. Then ¢ preserves the gradings of P and G*A. So a
inherits a grading: a = @ a,. So for n > 0, there’s this canonical exact sequence:

0— a, = P, - m"/m" ™ — 0. (21.22.1)

Suppose a # 0. Then there’s a nonzero f € a,, for some m. Take n > m. Then
P,_,f C a,. Since P is a domain, P,,_,, = P,,_, f. Therefore, (21.22.1) yields

dimy, (m™/m™ ) = dimy,(P,) — dimg(a,)

< dimy(P,) — dimy(P_y) = (727 = ("),

r—1 r—1
The expression on the right is a polynomial in n of degree r — 2.
On the other hand, dim(m”™/m"*!) = h(G*A, n) for n > 0 by (20.8). Further,
degh(G*A, n) =r —1 by (21.21). However, it follows from the conclusion of the
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preceding paragraph that deg h(G* A, n) < r — 2. We have a contradiction! Hence
a = 0. Thus ¢ is injective, so bijective, as desired. g

EXERCISE (21.23). — Let A be a Noetherian local ring of dimension r, and let

Z1,...,05 € A with s <7. Set a:= (x1,...,x5) and B := A/a. Prove equivalent:
(1) A is regular, and there are zs41,...,2, € A with z1,..., 2, a regular sop.
(2) B is regular of dimension r — s.

THEOREM (21.24). — A regular local ring A is a domain.

PRrROOF: Use induction on r := dim A. If r = 0, then A is a field, so a domain.

Assume r > 1. Let  be a member of a regular sop. Then A/{x) is regular of
dimension r — 1 by (21.23). By induction, A/(z) is a domain. So (z) is prime.
Thus A is a domain by (21.15). O

LEMMA (21.25). — Let A be a local ring, m its mazimal ideal, a a proper ideal.
Set n:=m/a and k := A/m. Then this sequence of k-vector spaces is exact:

0— (m*+a)/m? = m/m? = n/n? — 0.

PRrROOF: The assertion is very easy to check. O
PROPOSITION (21.26). — Let A be a regular local ring of dimension r, and a an
ideal. Set B := A/a, and assume B is regular of dimension r — s. Then a is

generated by s elements, and any such s elements form part of a regular sop.

PROOF: In its notation, (21.25) yields dim((m? + a)/m?) = s. Hence, any set
of generators of a includes s members of a regular sop of A. Let b be the ideal the
s generate. Then A/b is regular of dimension r — s by (21.23). By (21.24), both
A/b and B are domains of dimension r — s; whence, (15.11) implies a = b. a

22. Completion

Completion is used to simplify a ring and its modules beyond localization. First,
we discuss the topology of a filtration, and use Cauchy sequences to construct the
completion. Then we discuss the inverse limit, the dual notion of the direct limit;
thus we obtain an alternative construction. We conclude that, if we use the adic
filtration of an ideal, then the functor of completion is exact on finitely generated
modules over a Noetherian ring. Further, then the completion of a Noetherian ring
is Noetherian; if the ideal is maximal, then the completion is local. We end with a
useful version of the Cohen Structure Theorem for complete Noetherian local rings.

(22.1) (Topology and completion). — Let R be a ring, M a module equipped with
a filtration F*M. Then M has a topology: the open sets are the arbitrary unions
of sets of the form m + F™M for various m and n. Indeed, the intersection of
two open sets is open, as the intersection of two unions is the union of the pairwise
intersections; further, if the intersection U of m+ F"M and m’+F " M is nonempty
and if n > n/, then U = m + F" M, because, if say m” € U, then

m+F'M =m" +F'M cm" +F"M =m'+ F" M. (22.1.1)

The addition map M x M — M, given by (m,m’) — m +m/, is continuous, as
(m+F"M)+ (m'+ F"M) C (m+m')+ F"M.

So, with m’ fixed, the translation m — m + m’ is a homeomorphism M — M.

(Similarly, inversion m +— —m is a homeomorphism; so M is a topological group.)

Let a be an ideal, and give R the a-adic filtration. If the filtration on M is an
a-filtration, then scalar multiplication (x,m) — xm too is continuous, because

(z+a")(m+F"M) C am+ F"M.

Further, if the filtration is a-stable, then it yields the same topology as the a-adic
filtration, because for some n’ and any n,

F"M > a"M D a"F" M = F™™' M.

Thus any two stable a-filtrations give the same topology: the a-adic topology.

When a is given, it is conventional to use the a-adic filtration and a-adic topology
unless there’s explicit mention to the contrary. Further, if R is semi-local, then it
is conventional to take a := rad(R).

Let N C M be a submodule. Its closure N is equal to (), (N +F"M), asm ¢ N
means there’s n with (m + F*M)N N = ), or equivalently m ¢ (N + F"M). In
particular, each F™M is closed, and {0} is closed if and only if (| F"M = {0}.

Also, M is separated — that is, Hausdorff — if and only if {0} is closed. For,
if {0} is closed, so is each {m}. So given m’ # m, there’s n’ with m ¢ (m’+F" M).
Take n > n/. Then (m + F*M) N (m/ + F" M) = () owing to (22.1.1).

Finally, M is discrete —that is, every {m} is both open and closed —if and
only if {0} is just open.

A sequence (my,)n>0 in M is called Cauchy if, given ng, there’s ny with

My — My € F™M,  or simply my, —mpe1 € F™M, for all n,n’ > ny;
the two conditions are equivalent because F"° M is a subgroup and
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Mp — My = (mn - m'n+1) + (mn+1 - mn+2) +---+ (mn’fl - mn’)-

Anm € M is called a limit of (m,,) if, given ng, there’s ny with m—m,, € F" M
for all n > n;. If every Cauchy sequence has a limit, then M is called complete.

The Cauchy sequences form a module under termwise addition and scalar mul-
tiplication. The sequences with 0 as a limit form a submodule. The quotient
module is denoted M and called the (separated) completion. There is a canonical
homomorphism, which carries m € M to the class of the constant sequence (m):

ki M —M by rm:= (m).
If M is complete, but not separated, then & is surjective, but not bijective.

It is easy to check that the notions of Cauchy sequence and limit depend only on
the topology. Further, M is separated and complete with respect to the filtration
FFM = (F*M) " where (F¥M) " is the completion of F*M arising from the inter-
sections F*M N F™M for all n. In addition, & is the universal continuous R-linear
map from M into a separated and complete, filtered R-module.

Again, let a be an ideal. Under termwise multlphcatlon of Cauchy sequences, R
s a rmg, kiR— Risa ring homomorphism, and M is an R-module. Further,
M s M s a linear functor from ((R-mod)) to ((R-mod)).

For example, let R’ be a ring, and R := R'[X1,...,X,] the polynomial ring in
r variables. Set a := (Xi,...,X,). Then a sequence (my),>0 of polynomials is
Cauchy if and only if, given ng, there’s n; such that, for all n > ny, the m,, agree
in degree less than ng. Thus R is just the power series ring R'[[X1,..., X,]].

For another example, take a prime integer p, and set a := (p). Then a sequence
(mn)n>o0 of integers is Cauchy if and only if, given ng, there’s ny such that, for all
n,n’ > np, the difference m,, — m,, is a multiple of p™°. The completion of Z is
called the p-adic integers, and consists of the sums Zz‘io zip* with 0 < z; < p.
PROPOSITION (22.2). — Let R be a ring, and a an ideal. Then @ C rad(ﬁ).

PrOOF: Recall from (22.1) that Ris complete in the g-adic topology. Hence for
z€a wehave 1/(1—2)=1+xz+2?+--- in R. Thus @ Crad(R) by (3.2). O
EXERCISE (22.3). — In the 2-adic integers, evaluate the sum 1 +2+4+ 8+ ---
EXERCISE (22.4). — Let R be a ring, a an ideal, and M a module. Prove that
the following three conditions are equivalent:

(1) k: M — M is injective; (2) ﬂa"]% =(0); (3) M is separated.

Assume R is Noetherian and M finitely generated. Assume either (a) a C rad(R)
or (b) R is a domain, a is proper, and M is torsionfree. Conclude M C M.

(22.5) (Inverse limits). — Let R be a ring. Given R-modules @Q,, equipped with
linear maps o *1: Q.11 — @, for n, their inverse limit @Qn is the submodule
of [ @y, of all vectors (g,,) with a”+1q 11 = gy for all n.

Given @, and o for all n € Z, use only those for n in the present context.

Define 6: [[Qn — [[ @n by H(qn) = (gn — a1 gni1). Then
lim Q,, = Kerf. Set 1@1 @, := Cokerf. (22.5.1)

Plainly, 1i LQ” has this UMP: given maps Bn: P — Qn with o131 = Bn,
there’s a unique map B: P — hm Qn with m,8 = By, for all n.
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Further, the UMP yields the following natural R-linear isomorphism:

(The notion of inverse limit is formally dual to that of direct limit.)

For example, let R’ be a ring, and R := R'[X1,..., X, ] the polynomial ring in r
variables. Set m := (X1,..., X,) and R,, := R/m"*!. Then R, is just the R-algebra
of polynomials of degree at most n, and the canonical map a®*': R,.; — R, is
just truncation. Thus lim R, is equal to the power series ring R'[[X1,...,X.]].

For another example, take a prime integer p, and set Z, := Z/{p"*!). Then
Zy, is just the ring of sums Y ., zip® with 0 < 2; < p, and the canonical map
oty Zy1 — Zy is just truncation. Thus l'LnZn is just the ring of p-adic integers.

EXERCISE (22.6). — Let R be a ring. Given R-modules @,, equipped with linear
maps a?t!: Qui1 — Qp for n > 0, set @™ = antl...am_, for m > n. We say
the @, satisfy the Mittag-Leffler Condition if the descending chain

Qn D™ Qui1 D" 2Qpi2 D - D A™Qm D
stabilizes; that is, @™ Qm, = o™ T*Q,, 1 for all k > 0.
(1) Assume for each n, there is m > n with o) = 0. Show @11 Qn=0.
(2) Assume o1 is surjective for all n. Show lim' Q,, = 0.
(3) Assume the @, satisfy the Mittag-Leffler Condition. Set P, :=(,,,>,, a7'Qm,
which is the stable submodule. Show a1 P, 1 = P,.
(4) Assume the Q,, satisfy the Mittag-Leffler Condition. Show @11 Qn=0.

LEMMA (22.7). — For n > 0, consider commutative diagrams with ezact rows

’
Tn+1 Yn41
0— Qn+1 ? Qn+1 — +1 — 0

im+1 n41 141
ar+t | | ]
’

0—Q, — "5 Qu — 5 Q! — 0

Then the induced sequence
0= 1im Q) X5 Im Qy > lim Q) (22.7.1)
is exact; further, 5 is surjective if the Q), satisfy the Mittag-Leffler Condition.

PRrROOF: The given commutative diagrams yield the following one:

0= 1@, L Mo, L 17 =0
o 9 &
T T

0— JIQ, — [[Qn — [IQ; — 0

Owing to (22.5.1), the Snake Lemma (5.13) yields the exact sequence (22.7.1)
and an injection Coker?y @1 Q),. Assume the @/, satisfy the Mittag-Leffler

Condition. Then @1 Q), =0 by (22.6). So Cokery = 0. Thus 7 is surjective. O
PROPOSITION (22.8). — Let R be a ring, M a module, F*M a filtration. Then

1 = lim(M/F" M).
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PROOF: First, let us define a map a: M — ]&H(M/F"M) Given a Cauchy
sequence (m,), let g, be the residue of m, in M/F"M for v > 0. Then g, is
independent of v, because the sequence is Cauchy. Clearly, g, is the residue of g, 11
in M/F"M. Also, (m,) has 0 as a limit if and only if g, = 0 for all n. Define « by
am, := (¢n). It is easy to check that « is well defined, linear, and injective.

As to surjectivity, given (g,) € l'gl(]W/F”M)7 for each v lift ¢, € M/F*M
up to my, € M. Then m, —m, € F'M for u > v, as q, € M/F"*M maps to
qv € M/FYM. Hence (m, ) is Cauchy. Thus « is surjective, so an isomorphism. [
EXAMPLE (22.9). — Let R be a ring, M a module, F*M a filtration. For n > 0,
consider the following natural commutative diagrams with exact rows:

0— F"'M — M — M/F""'M — 0

L

0— F"M — M — M/F"M — 0

with vertical maps, respectively, the inclusion, the identity, and the quotient map.
By (22.8), the left-exact sequence of inverse limits is
0 — lim F"M — M = M.
But k is not surjective when M is not complete; for examples of such M, see the
end of (22.1). Thus lgl is not always exact, nor @1 always 0.
EXERCISE (22.10). — Let A be a ring, and my,...,m,, be maximal ideals. Set
m:= (m;, and give A the m-adic topology. Prove that A =[] An,.
EXERCISE (22.11). — Let R be aring, M a module, F*M a filtration, and N C¢ M
a submodule. Give N and M/N the induced filtrations:
F'N:=NAF'M and F"(M/N):=F"M/F"N.

(1) Prove N ¢ M and M/N = (M/N) "

(2) Also assume N D F™M for n > 0. Prove M/N = M /N and G*M = G*M.
EXERCISE (22.12). — (1) Let R be a ring, a an ideal. If G*R is a domain, show
R is a domain. If also (., a™ = 0, show R is a domain.

(2) Use (1) to give an alternative proof that a regular local ring is a domain.

PROPOSITION (22.13). — Let A be a ring, m a mazimal ideal. Then A is a local
ring with mazimal ideal M.

PROOF: First, A/ = A/m by (22.11); so @ is maximal. Next, rad(4) > @
by (22.2). Finally, let m’ be any maximal ideal of A. Then m’ D rad(A4). Hence
m’ =m. Thus m is the only maximal ideal. O

EXERCISE (22.14). — Let A be a Noetherian local ring, m the maximal ideal, M
a finitely generated module. Prove (1) that A is a Noetherian local ring with m as
maximal ideal, (2) that dim(M) = dim(ﬂ), and (3) that A is regular if and only
if A is regular.

EXERCISE (22.15). — Let A be a ring, and my,...,m,, maximal ideals. Set
= (m; and give A the m-adic topology. Prove that A is a semilocal ring,
that My, ..., M, are all its maximal ideals, and that m = rad(A).
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(22.16) (Completzon units, and localization). — Let R be a ring, a an ideal, and
%: R — R the canonical map. Given t € R, for each n denote by ¢, € R/a™ the
residue of t. Let’s show that x(t) is a unit if and only if each t,, is.

Indeed, by (22.8), we may regard R as a submodule of [IR/a™. Then each t,
is equal to the projection of x(t). Hence ¢, is a unit if x(¢) is. Conversely, assume
t, is a unit for each n. Then there are u, € R with u,t = 1 (mod a™). By the
uniqueness of inverses, u,4+1 = u, in R/a™ for each n. Set u := (u,) € [[ R/a™
Then u € R, and us(t) = 1. Thus () is a unit.

Set T := k~*(R*). Then by the above, T consists of the ¢ € R whose residue
t, € R/a" is a unit for each n. So (2.31) and (1.9) yield

T ={t € R |t lies in no maximal ideal containing a }. (22.16.1)

Set S :=14a. Then S C T owing to (22.16.1) as no maximal ideal can contain
both z and 1 + z. Hence the UMP of localization (11.5) yields this diagram:

R

®s

K
T

~ A
SR T»7T'R T SR
Further, S and 7" map into (R/a™)*; hence, (11.6), (11.23), and (12.22) yield:
R/a" = S7'R/a"ST'R=T"'R/a"T~'R.
Therefore, R is, by (22.8), equal to the completion of each of S™'R and T~'R in
their aS~!R-adic and a7 ! R-adic topologies.

For example, take a to be a maximal ideal m. Then T'= R — m by (22.16.1).
Thus R is equal to the completion of the localization Ry,.

Finally, assume R is Noetherian. Let’s prove that o and 7 are injective. Indeed,
say To(x/s) = 0. Then k(z) = 0 as k(s) is a unit. So x € ()a”. Hence the
Krull Intersection Theorem, (18.29) or (20.19), yields an s’ € S with s’z = 0. So
x/s =0 in ST'R. Thus ¢ is injective. Similarly, 7 is injective.

THEOREM (22.17) (Exactness of Completion). — Let R be a Noetherian ring, a
an ideal. Then on the finitely generated modules M, the functor M — M is exact.

ProOF: Let 0 - M’ — M — M" — 0 be an exact sequence of finitely generated
modules. Set F"M’ := M’ N a"M. By the Artin-Rees Lemma (20.18), the
F"M’ form an a-stable ﬁltratlon Hence, it yields the same topology, so the same

completion, as the a-adic filtration by (22.1). Thus 0 — M’ — M= M —0is
exact by (22.7) and (22.8), as desired. O

EXERCISE (22.18). — Let A be a Noetherian semilocal ring. Prove that an element
z € A is a nonzerodivisor on A if and only if its image T € A is one on A.

EXERCISE (22.19). — Let p € Z be prime. For n > 0, define a Z-linear map
an: Z/{p) > Z/(p") by an(1)=p"""
Set A=, ~,Z/(p) and B := D, >, Z/(p"). Set a := @D an;so a: A — B.

(1) Show that the p-adic completion Ais just A.
(2) Show that, in the topology on A induced by the p-adic topology on B, the
completion 4 is equal to [[>2, Z/(p).
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(3) Show that the natural sequence of p-adic completions
A% BE (B/A)”
is not exact at B. (Thus p-adic completion is neither left exact nor right exact.)
COROLLARY (22.20). — Let R be a Noetherian ring, a an ideal, and M a finitely
generated module. Then the natural map is an isomorphism:
Ro M —= M.
PROOF: By (22.17), the functor M — M is exact on the category of finitely

generated modules, and so (8.19) yields the conclusion. O

EXERCISE (22.21). — Let R be a ring, a an ideal. Show that M M preserves
surjections, and that R ® M — M is surjective if M is finitely generated.

COROLLARY (22.22). Let R be a Noetherian ring, a and b ideals, M a finitely
generated module. Then, using the a-adic topology, we have

(1) (bM) = 6bM =bM and (2) (b™) =b"R=(bR)" = (B)" for any n > 0.
PROOF: In general, the inclusion bM — M induces a commutative square

Re (M) - Reo M

| !

(bM) —— M
It is not hard to see that top map’s image is b(]% ® M).
In the present case, the two vertical maps are 1somorphlsms by (22.20), and the
bottom map is injective by (22. 17) Thus (bM) = b]W
Taking R for M yields b = bR. Hence bM = bR M = b M. Thus (1) holds.
In (1) taking b" for b and R for M yields () = = b"R. In particular, b = bR;
so (bR)™ = (b)". But b"R’ = (bR')" for any R-algebra R’. Thus (2) holds. O

COROLLARY (22.23). — Let R be a Noetherian ring, a an ideal. Then Ris flat.

PROOF: Let b be any ideal. Then Rob =10 by (22.20), and b = bR by
(22.22)(2). Thus R is flat by the Ideal Criterion (9.26). O

EXERCISE (22.24). — Let R be a Noetherian ring, a an ideal. Prove that R is

faithfully flat if and only if a C rad(R).

EXERCISE (22.25). — Let R be a Noetherian ring, and a and b ideals. Assume

a C rad(R), and use the a-adic topology. Prove b is principal if bR is.

LEMMA (22.26). — Let R be a ring, a: M — N a map of modules, F*M and F*N

filtrations. Assume aF"M C F™N for all n. Assume F"M = M and F"N = N

for n < 0. If the induced map G®« is injective or surjective, then so is Q.
PROOF: For each n € Z, form the following commutative diagram of R-modules:

0 — F*M/F""M — M/F""'M — M/F*M — 0

Gnal O‘ﬂ-HJ/ an,l

0 — F"N/F"*N — N/F"*IN — N/F"N — 0
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Its rows are exact. So the Snake Lemma (5.13) yields this exact sequence:
Ker G"a — Ker ay,+1 — Ker a,, — Coker G"av — Coker a1 — Coker avy,..

Assume G*« is injective. Then Ker G"a = 0. But M/F"M = 0 for n < 0. So
by induction Ker a, = 0 for all n. Thus & is injective by (22.7) and (22.8).

Assume G*« is surjective, or Coker G"av = 0. So Ker o, 41 — Ker v, is surjective.
But N/F™N =0 for n < 0. So by induction, Coker o, = 0 for all n. So

Otn

0 — Keray, — M/F"M 2% N/F"N — 0

is exact. Thus & is surjective by (22.7) and (22.8). O

LEMMA (22.27). — Let R be a ring, a an ideal, M a module, F*M an a-filtration.
Assume R is complete, M is separated, and F"M = M for n < 0. Assume G*M
is module finite over G*R. Then M is complete, and is module finite over R.

ProoF: Take finitely many generators u; of G*M, and replace them by their
homogeneous components. Set n; := deg(u;). Lift u; to m; € F™i M.

Filter R a-adically. Set £ := @, R[—n;|. Filter E with F"E := @, F"(R[—n;]).
Then F"E = E for n < 0. Define a: E — M by sending 1 € R[—n;] to m; € M.
Then aF"E C F™"M for all n. Also, G*a: G*E — G*®M is surjective as the p;
generate. So & is surjective by (22.26).

Form the following canonical commutative diagram:

E 22,

oLl

M

As R is complete, kp: R — Ris surjective by (22.1); hence, r is surjective. Thus
K 1s surjective; that is, M is complete. As M is separated, ks is injective by
(22.4). So ks is bijective. So « is surjective. Thus M is module finite. g

EXERCISE (22.28) (Nakayama’s Lemma for a complete ring). — Let R be a ring,
a an ideal, and M a module. Assume R is complete, and M separated. Show
mi,...,my € M generate assuming their images mf, ..., m!, in M/aM generate.

PROPOSITION (22.29). — Let R be a ring, a an ideal, and M a module. Assume
R is complete, and M separated. Assume G®*M is a Noetherian G® R-module. Then
M is a Noetherian R-module, and every submodule N is complete.

PRrROOF: Let F'*M denote the a-adic filtration, and F*N the induced filtration:
F'N := NN F"M. Then N is separated, and F"N = N for n < 0. Further,
G°*N C G*M. However, G*M is Noetherian. So G*N is module finite. Thus N is
complete and is module finite over R by (22.27). Thus M is Noetherian. a

THEOREM (22.30). — Let R be a ring, a an ideal. If R is Noetherian, so is R.

PROOF: Assume R is Noetherian. Then G®R is algebra finite over R/a by
(20.12), so Noetherian by the Hilbert Basis Theorem, (16.12). But G*R = G*R
by (22.11). Thus R is Noetherian by (22.29) with R for R and R for M. a
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EXAMPLE (22.31). — Let k be a Noetherian ring, P := k[X1, ..., X;] the polyno-
mial ring, and A := k[[X1, ..., X,]] the formal power series ring. Then A is the com-
pletion of P in the (Xi,..., X, )-adic topology by (22.1). Further, P is Noetherian
by the Hilbert Basis Theorem, (20.12). Thus A is Noetherian by (22.30).
Assume k is a domain. Then A is a domain. Indeed, A is one if r = 1, because

(@ X 4 )0 X+ ) = by X 4+
If r > 1, then A = E[[Xq,..., X;]] [Xit1,--., X;]]; so A is a domain by induction.
Set p; = <Xi+1, . 7,X,~>. Then A/p7 = k[[Xl, . 7X1H by (3.10) Hence Pi is
prime. So 0 = p, ;C¢ e % po is a chain of primes of length 7. Thus dim A > 7.
Assume k is a field. Then A is local with mazimal ideal (X1,...,X,) and with

residue field k by the above and either by (22.13) or again by (3.10). Therefore,
dim A < r by (21.19). Thus A is regular of dimension r.

THEOREM (22.32) (UMP of Formal Power Series). — Let R be a ring, R’ an
R-algebra, b an ideal of R', and z1,...,2, € b. Let P := R[[X1,...,X,]] be the
formal power series ring. If R’ is separated and complete in the b-adic topology,
then there is a unique R-algebra map 7: P — R’ with m(X;) = x; for 1 <i <n.

PRrOOF: Form the map 7: R[X1,...,X,] = R with n(X;) = x;. By the UMP
of completion 7 induces the desired map 7: P — R'.
Alternatively, for each m, the map 7 induces a map

P/(X1, ... X)™ = RIX1,. .., Xu]/(X1,... X0)™ — R'/b™.
Taking inverse limits yields 7 owing to (22.5) and (22.8). O

THEOREM (22.33) (Cohen Structure). — Let A be a complete Noetherian local
ring with mazximal ideal m. Assume that A contains a coefficient field k; that
is, k = A/m. Then A ~ k[[X1,...,X,]]/a for some variables X; and ideal a.
Further, if A is reqular of dimension r, then A ~ k[[X1,...,X,]].

PRroOF: Take generators z1,...,z, € m. Let 7: k[[X1,...,X,]] & A be the
map with 7(X;) = x; of (22.32). Then G*r is surjective. Hence, 7 is surjective
by (22.26). Set a := Ker(w). Then k[[X,...,X,]]/a => A.

Assume A is regular of dimension r. Take n := r. Then G*A is a polynomial
ring in r variables over k by (21.22). And G*(k[[X1,...,X,]]) is too by (22.5).
Since G*r is surjective, it is bijective by (10.4) with G*A for both R and M. So
7 is bijective by (22.26). Thus k[[X1, ..., X,]] = A. O

23. Discrete Valuation Rings

A discrete valuation is a homomorphism from the multiplicative group of a field
to the additive group integers such that the value of a sum is at least the minimum
value of the summands. The corresponding discrete valuation ring consists of the
elements whose values are nonnegative, plus 0. We characterize these rings in
various ways; notably, we prove they are the normal Noetherian local domains of
dimension 1. Then we prove that any normal Noetherian domain is the intersection
of all the discrete valuation rings obtained by localizing at its height-1 primes.
Finally, we prove Serre’s Criterion for normality of Noetherian domains. Along the
way, we study the notions of regular sequence, depth, and Cohen—Macaulayness;
these notions are so important that we study them further in an appendix.

(23.1) (Discrete Valuations). — Let K be a field. We define a discrete valuation
of K to be a surjective function v: K* — Z such that, for every z,y € K*,

(1) v(z-y) =v(x) +oly), (2) v(z+y)=min{o(z), v(y)} if v # —y. (23.1.1)
Condition (1) just means v is a group homomorphism. Hence, for any = € K*,
(1) v(1)=0 and (2) v(z™!) = —v(z). (23.1.2)
As a convention, we define v(0) := oo. Consider the sets
A={zeK|v(zr) >0} and m:={ze€ K |v(z)>0}.
Clearly, A is a subring, so a domain, and m is an ideal. Further, m is nonzero as v
is surjective. We call A the discrete valuation ring (DVR) of v.
Notice that, if € K, but ¢ A, then 27! € m; indeed, v(x) < 0, and so
v(z71) = —v(x) > 0. Hence, Frac(4) = K. Further,
A*={zeK|v(x)=0}=A-m.
Indeed, if x € A%, then v(z) > 0 and —v(z) = v(z~!) > 0; so v(z) = 0. Conversely,
if v(z) = 0, then v(z~1) = —v(x) = 0; s0 27! € A4, and so x € AX. Therefore, by
the nonunit criterion, A is a local domain, not a field, and m is its mazimal ideal.
An element ¢t € m with v(t) = 1 is called a (local) uniformizing parameter.
Such a ¢ is irreducible, as t = ab with v(a) > 0 and v(b) > 0 implies v(a) = 0 or
v(b) = 0 since 1 = v(a) + v(b). Further, any x € K* has the unique factorization
x = ut”™ where u € A* and n := v(z); indeed, v(u) = 0 as u = xt~". In particular,
t1 is uniformizing parameter if and only if ¢; = ut with u € A*; also, A is a UFD.
Moreover, A is a PID; in fact, any nonzero ideal a of A has the form
a=(t") where m:=min{v(z)|z€a}. (23.1.3)
Indeed, given a nonzero x € a, say = ut”™ where u € A*. Then t"™ € a. Son > m.
Set y := ut" ™. Then y € A and x = yt™, as desired.
In particular, m = (¢) and dim(A) = 1. Thus A is regular local of dimension 1.

EXAMPLE (23.2). The prototype is this example. Let k be a field, ¢ a variable,
and K := k((t)) the field of formal Laurent series z := >, a;t’ with n € Z and
with a; € k and a,, # 0. Set v(z) := n, the “order of vanishing” of z. Clearly, v is
a discrete valuation, the formal power series ring k[[t]] is its DVR, and m := (t) is
its maximal ideal.
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The preceding example can be extended to cover any DVR A that contains a
field k with £ = A/(t) where ¢ is a uniformizing power. Indeed, A is a subring
of its completion A by (22.4), and A = k[[t]] by the proof of the Cohen Structure
Theorem (22.33). Further, clearly, the valuation on A restricts to that on A.

A second old example is this. Let p € Z be prime. Given x € Q, write x = ap™ /b
with a,b € Z relatively prime and prime to p. Set v(z) := n. Clearly, v is a discrete
valuation, the localization Z, is its DVR, and pZ, is its maximal ideal. We call
v the p-adic valuation of Q.

LEMMA (23.3). — Let A be a local domain, m its mazimal ideal. Assume that m
is nonzero and principal and that ﬂnZO m” =0. Then A is a DVR.

ProOOF: Given a nonzero x € A, there is an n > 0 such that x € m” — m"t1
Say m = (t). Then z = ut™, and v ¢ m, so u € A*. Set K := Frac(A). Given
x € KX, write ¢ = y/z where y = bt™ and z = ct* with b,c € AX. Then z = ut”
with u := b/c € A* and n := m — k € Z. Define v: K* — Z by v(z) :=n. If
ut™ = wt" with n > h, then (u/w)t" ™" =1, and so n = h. Thus v is well defined.

Since v(t) = 1, clearly v is surjective. To verify (23.1.1), take z = ut" and
y = wt® with u,w € AX. Then xy = (uw)t"**. Thus (1) holds. To verify (2), we
may assume n > h. Then z +y = t"(ut" " 4+ w). Hence

v(x +y) > h =min{n, h} = min{v(z), v(y)}.
Thus (2) holds. So v: K* — Z is a valuation. Clearly, A is the DVR of v. O

(23.4) (Depth). — Let R be a ring, M a nonzero module, and z1,...,2z, € R. Set
M; == M/{z1,...,2;)M. We say the sequence z1,...,2, is M-regular, or is an
M-sequence, and we call n its length if M,, # 0 and z; ¢ z.div(M;_) for all i.

Call the supremum of the lengths n of the M-sequences found in an ideal a the
depth of a on M, and denote it by depth(a, M). By convention, depth(a, M) =0
means a contains no nonzerodivisor on M.

If M is semilocal, call the depth of rad(M) on M simply the depth of M and
denote it by depth(M). Notice that, in this case, the condition M,, # 0 is automatic
owing to Nakayama’s Lemma (10.11).

If M is semilocal and depth(A/) = dim(M), call M Cohen—Macaulay. When
R is semilocal, call R Cohen—Macaulay if R is a Cohen—-Macaulay R-module.

LEMMA (23.5). — Let A be a Noetherian local ring, m its mazimal ideal, and M
a nonzero finitely generated module.

(1) Then depth(M) = 0 if and only if m € Ass(M).

(2) Then depth(M) =1 if and only if there is an © € m with x ¢ z.div(M) and
m € Ass(M/zM).

(3) Then depth(M) < dim(M).

PrOOF: Consider (1). If m € Ass(M), then it is immediate from the definitions
that m C z.div(M) and so depth(M) = 0.

Conversely, assume depth(M) = 0. Then m C z.div(M). Since A is Noetherian,
2.div(M) = U, pss(ar) P by (17.15). Since M is also finitely generated, Ass(M) is
finite by (17.21). Hence m = p for some p € Ass(M) by Prime Avoidance, (3.19).

Consider (2). Assume depth(M) = 1. Then there is an M-sequence of length 1,
but none longer. So there is an € m with z ¢ z.div(M) and depth(M/zM) = 0.
Then m € Ass(M/xM) by (1).

140 Discrete Valuation Rings (23.10)

Conversely, assume there is z € m with = ¢ z.div(M). Then depth(M) > 1 by
definition. Assume m € Ass(M/xM). Then given any y € m with y ¢ z.div(M),
also m € Ass(M/yM) by (17.27). So depth(M/yM) = 0 by (1). So there is no
z € m such that y, z is an M-sequence. Thus depth(M) < 1. Thus depth(M) = 1.

Consider (3). Given any M-sequence 1, ..., Ty, set M; := M/{(z1,...,z;). Then
dim(M;41) = dim(M;) — 1 by (21.5). Hence dim(M) — n = dim(M,,) > 0. But
depth(M) := sup{n}. Thus (3) holds. a

EXERCISE (23.6). — Let R be a ring, M a module, and =,y € R.

(1) Assume that z,y form an M-sequence. Prove that, given any m,n € M with
xm = yn, there exists p € M with m = yp and n = xp.

(2) Assume that z,y form an M-sequence and that y ¢ z.div(M). Prove that
y, x form an M-sequence too.

(3) Assume that R is local, that z,y lie in its maximal ideal m, and that M is
nonzero and Noetherian. Assume that, given any m,n € M with xm = yn, there
exists p € M with m = yp and n = xp. Prove that =,y form an M-sequence.

EXERCISE (23.7). — Let A be a Noetherian local ring, M and N nonzero finitely
generated modules, F': ((R-mod)) — ((R-mod)) a left-exact functor that preserves
the finitely generated modules (such as F(e) := Hom(M,e) by (16.20)). Show
that, for d = 1,2, if N has depth at least d, then so does F(N).

EXERCISE (23.8). — Let R be a local ring, m its maximal ideal, M a Noetherian
module, z1,...,z, € m, and o a permutation of 1,...,n. Assume z1,...,x, form
an M-sequence, and prove Z,1, ..., Ty, do too; first, say o transposes ¢ and i + 1.

EXERCISE (23.9). — Prove that a Noetherian local ring A of dimension r > 1 is
regular if and only if its maximal ideal m is generated by an A-sequence. Prove
that, if A is regular, then A is Cohen—Macaulay.

THEOREM (23.10) (Characterization of DVRs). — Let A be a local ring, m its
mazimal ideal. Assume A is Noetherian. Then these five conditions are equivalent:
(1) Ais a DVR.
(2) A is a normal domain of dimension 1.
(3) A is a normal domain of depth 1.
(4) A is a regular local ring of dimension 1.
(5) m is principal and of height at least 1.

PRrROOF: Assume (1). Then A is UFD by (23.1); so A is normal by (10.33).
Further, A has just two primes, (0) and m; so dim(A) = 1. Thus (2) holds. Further,
(4) holds by (23.1). Clearly, (4) implies (5).

Assume (2). Take a nonzero z € m. Then A/(z) # 0, so Ass(A/(z)) # 0 by
(17.13). Now, A is a local domain of dimension 1. So A has just two primes: (0)
and m. But (0) ¢ Ass(A/(z)). So m € Ass(A/(z)). Thus (23.5)(2) yields (3).

Assume (3). By (28.5)(2), there are x,y € m such that « is nonzero and y has
residue ¥ € A/(z) with m = Ann(g). So ym C (x). Set z := y/z € Frac(A). Then
zm = (ym)/x C A. Suppose zm C m. Then z is integral over A by (10.23). But
A is normal, so z € A. So y = zz € (z), a contradiction. Hence, 1 € zm; so there
is t € m with 2zt = 1. Given w € m, therefore w = (wz)t with wz € A. Thus m is
principal. Finally, ht(m) > 1 because x € m and = # 0. Thus (5) holds.

Assume (5). Set N := [ m”. The Krull Intersection Theorem (18.29) yields an
x € mwith (1+2)N =0. Then 1+ 2z € A*. So N = 0. Further, A is a domain by
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(21.15)(1). Thus (1) holds by (23.3). O

EXERCISE (23.11). — Let A be a DVR with fraction field K, and f € A a nonzero
nonunit. Prove A is a maximal proper subring of K. Prove dim(A4) # dim(Ay).

EXERCISE (23.12). — Let k be a field, P := k[X,Y] the polynomial ring in two
variables, f € P an irreducible polynomial. Say f = £(X,Y) 4+ ¢g(X,Y) with
U(X,Y) = aX + bY for a,b € k and with g € (X,Y)2. Set R := P/(f) and
p = (X,Y)/(f). Prove that R, is a DVR if and only if £ # 0. (Thus R, is a DVR
if and only if the plane curve C : f = 0 C k? is nonsingular at (0, 0); see (23.21).)

EXERCISE (23.13). — Let k be a field, A a ring intermediate between the poly-
nomial ring and the formal power series ring in one variable: k[X] C A C k[[X]].
Suppose that A is local with maximal ideal (X). Prove that A is a DVR. (Such
local rings arise as rings of power series with curious convergence conditions.)

EXERCISE (23.14). — Let L/K be an algebraic extension of fields, X1,...,X,
variables, P and () the polynomial rings over K and L in Xq,...,X,.
(1) Let g be a prime of @, and p its contraction in P. Prove ht(p) = ht(q).
(2) Let f,g € P be two polynomials with no common prime factor in P. Prove
that f and g have no common prime factor ¢ € Q.

(23.15) (Serre’s Conditions). — Let R be a Noetherian ring. We say Serre’s
Condition (R,) holds if, for any prime p of height m < n, the localization R, is
regular of dimension m.

For example, (Rg) holds if and only if R, is a field for any minimal prime p. Also,
(R1) holds if and only if (Rg) does and R, is a DVR for any p of height-1.

We say Serre’s Condition (S,,) holds for an R-module M if, for any prime p,

depth(M,) > min{dim(M,), n}.
Note depth(M,) < dim(M,) by (23.5)(3). Hence (S,) holds if and only if M, is

Cohen-Macaulay when depth(M,) < n. In particular, (S;) holds if and only if p is
minimal when p € Ass(M) by (17.15); that is, M has no embedded primes.

EXERCISE (23.16). — Let R be a Noetherian domain, M a finitely generated
module. Show that M is torsionfree if and only if it satisfies (Sy).

EXERCISE (23.17). — Let R be a Noetherian ring. Show that R is reduced if and
only if (Rg) and (S1) hold.

LEMMA (23.18). — Let R be a Noetherian domain. Set
O :={p prime | ht(p) =1} and X :={p prime|depth(R,) =1}.
Then ® C X, and ® = X if and only if (S2) holds. Further, R = ﬂpez R,.

PROOF: Given p € @, set q := pR,. Take 0 # 2 € q. Then q is minimal over (z).
So q € Ass(R,/(z)) by (17.18). Hence depth(R,) =1 by (23.5)(2). Thus ® C X.

However, (S1) holds by (23.17). Hence (S2) holds if and only if ® > X. Thus
® = ¥ if and only if (S2) holds.

Further, R C R, for any prime p by (11.3); so R C anE R,. As to the opposite
inclusion, take an x € ﬂpeg R,. Say z = a/bwitha,b € Rand b # 0. Thena € bR,
for all p € 3. But p € ¥ if pR, € Ass(R,/bR,) by (23.5)(2), so if p € Ass(R/bR)
by (17.10). Hence a € bR by (18.26). Thus z € R, as desired. a
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THEOREM (23.19). — Let R be a normal Noetherian domain. Then
R=,ce Ry where @:={p prime|ht(p)=1}.

PROOF: As R is normal, so is Ry, for any prime p by (11.32). So depth(R,) =1
if and only if dim(R,) = 1 by (23.10). Thus (23.18) yields the assertion. O

THEOREM (23.20) (Serre’s Criterion). — Let R be a Noetherian domain. Then R
s normal if and only if (R1) and (Sz2) hold.

PROOF: As R is a domain, (Rg) and (S;) hold by (23.17). If R is normal, then
so is Ry, for any prime p by (11.32); whence, (R1) and (S2) hold by (23.10).

Conversely, assume R satisfies (R1) and (Sz). Let = be integral over R. Then
x is integral over R, for any prime p. Now, R, is a DVR for all p of height 1 as
R satisfies (R1). Hence, z € R, for all p of height 1, so for all p of depth 1 as R
satisfies (S2). So z € R owing to (23.18). Thus R is normal. a

EXAMPLE (23.21). — Let k be an algebraically closed field, P := k[X,Y] the
polynomial ring in two variables, f € P irreducible. Then dim(P) = 2 by (15.13)
or by (21.18). Set R := P/(f). Then R is a domain.

Let p C R be a nonzero prime. Say p = m/(f). Then 0 & (f) & m is a chain of
primes of length 2, the maximum. Thus m is maximal, and dim(R) = 1.

Hence m = (X — a,Y — b) for some a,b € k by (15.5). Write

F(X,Y) =0f/0X (a,b)(X — a) + Of/OY (a,b)(Y —b) + g

where g € m2. Then R, is a DVR if and only if 8f/9X (a,b) and 8f/9Y (a,b)
are not both equal to zero owing to (23.12) applied after making the change of
variables X' := X —aand Y/ :=Y — 0.

Clearly, R satisfies (Sz). Further, R satisfies (R1) if and only if R, is a DVR
for every nonzero prime p. Hence, by Serre’s Criterion, R is normal if and only if
9f/0X and 9f/0Y do not both belong to any maximal ideal m of P containing f.
(Put geometrically, R is normal if and only if the plane curve C : f = 0 C k2 is
nonsingular everywhere.) Thus R is normal if and only if (f, f/0X, 0f/0Y) = 1.

EXERCISE (23.22). — Prove that a Noetherian domain R is normal if and only if,
given any prime p associated to a principal ideal, pR, is principal.
EXERCISE (23.23). — Let R be a Noetherian ring, K its total quotient ring,
® :={p prime | ht(p) =1} and X := {p prime | depth(R,) =1}.

Assuming (S;7) holds for R, prove ® C 3, and prove ® = ¥ if and only if (S3) holds.

Further, without assuming (S;) holds, prove this canonical sequence is exact:

R— K — [],ex Kp/Ry.

EXERCISE (23.24). — Let R be a Noetherian ring, and K its total quotient ring.
Set @ := { p prime | ht(p) = 1}. Prove these three conditions are equivalent:

(1) R is normal.

(2) (Rl) and (SQ) hold.

(3) (R1) and (S1) hold, and R — K — [[,cq Kp/Ry is exact.
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EXERCISE (23.25). — Let R — R’ be a flat map of Noetherian rings, a C R an
ideal, M a finitely generated R-module, and x1,...,z, an M-sequence in a. Set
M’ := M ®gr R'. Assume M'/aM’ # 0. Show z1,...,x, is an M'-sequence in aR’.

EXERCISE (23.26). — Let R be a Noetherian ring, a an ideal, and M a finitely
generated module with M/aM # 0. Let x1,...,z, be an M-sequence in a and
p € Supp(M/aM). Prove the following statements:

(1) z1/1,...,2,/1 is an Mp-sequence in a,, and

(2) depth(a, M) < depth(a,, My).

(23.27) (Finished Sequences). — Let R be aring, a an ideal, M a nonzero module.
We say an M-sequence in a is finished in a, if it can not be lengthened in a.

In particular, a sequence of length 0 is finished in a if there are no nonzerodivisors
on M in a; that is, a C z.div(M).

An M-sequence in a can, plainly, be lengthened until finished in a provided
depth(a, M) is finite. It is finite if R is Noetherian, M is finitely generated, and
M/aM # 0, as then depth(a, M) < depth(M,) for any p € Supp(M/aM) by
(23.26)(2) and depth(A,) < dim(M,) by (23.5)(3) and dim(M,) < oo by (21.4).

PROPOSITION (23.28). — Let R be a Noetherian ring, a an ideal, and M a finitely
generated module. Assume M/aM # 0. Let x1,...,xy be a finished M -sequence
in a. Then m = depth(a, M).

PRrROOF: Let y1,...,yn be a second finished M-sequence in a. Say m < n. Induct
on m. Suppose m = 0. Then a C z.div(M). Hence n = 0 too. Now, suppose m > 1.

Set M; == M/(z1,...,x;)M and N;j := M/{(y1,...,y;)M for all ,5. Set

U= 2div(M;) UL, 2.div(N;).
Then U is equal to the union of all associated primes of M; for ¢ < m and of
Nj for j < n by (17.15). And these primes are finite in number by (17.21).
Suppose a C U. Then a lies in one of the primes, say p € Ass(M;), by (3.19). But
ziy1 € a —z.div(M;) and a C p C z.div(DM;), a contradiction. Thus a ¢ U.

Take z € a — U. Then z ¢ z.div(M;) for i < m and z ¢ z.div(N;) for j < n.
Now, a C z.div(M,,) by finishedness. So a C q for some q € Ass(M,,) by (17.26).
But M, = My—1/2mMp—1. Moreover, z,, and z are nonzerodivisors on M,,_1.
Also x,z €a Cq. So q € Ass(My,—1/2M,—1) by (17.27). Hence

a Czdiv(M/{z1,...,Tm-1,2)M).

Hence x1,...,2m;m—1,2 is finished in a. Similarly, y1,...,yn—1,2 is finished in a.
Thus we may replace both x,, and y, by z.

By (23.6)(2), we may move z to the front of both sequences. Thus we may
assume r1 = y; = z. Then M; = N;. Further, zo,...,z,, and yo,...,y, are
finished Mj-sequences in a. So by induction, m —1 =n — 1. Thus m = n. g

EXERCISE (23.29). — Let R be a Noetherian ring, a an ideal, and M a finitely
generated module with M/aM # 0. Let « € a be a nonzerodivisor on M. Show

depth(a, M/xzM) = depth(a, M) — 1.
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EXERCISE (23.30). — Let A be a Noetherian local ring, M a finitely generated
module, z ¢ z.div(M). Show M is Cohen—Macaulay if and only if M/zM is so.

PROPOSITION (23.31). — Let R — R’ be a map of Noetherian rings, a C R an
ideal, and M a finitely generated R-module with M/aM # 0. Set M' := M ®r R'.
Assume R'/R is faithfully flat. Then depth(aR’', M') = depth(a, M).

PROOF: By (23.27), there is a finished M-sequence z1,...,z, in a. For all i,
set M; := M/{(z1,...,z;)M and M| := M'/(x1,...,z;)M'. By (8.13), we have

M'JaM’ = M/aM @ R and M= M; o5 R’

So M’/aM’ # 0 by faithful flatness. Hence z1, ..., z, is an M'-sequence by (23.25).
As x1,...,x, is finished, a C z.div(M,). So Homg(R/a,M,) # 0 by (17.26).
However, (9.20) and (8.11) yield

Hompg(R/a, M,) @z R' = Hompg(R/a, M) = Homp (R'/aR', M)).

So Homp/ (R’ /aR', M) # 0 by faithful flatness. So aR’ C z.div(M]) by (17.26). So
T1,...,%, is a finished M’-sequence in aR’. Thus (23.28) yields the assertion. O

EXERCISE (23.32). — Let A be a Noetherian local ring, and M a nonzero finitely
generated module. Prove the following statements:

(1) depth(M) = depth(M).

(2) M is Cohen-Macaulay if and only if M is Cohen—Macaulay.

EXERCISE (23.33). — Let R be a Noetherian ring, a an ideal, and M a finitely
generated module with M/aM # 0. Show that there is p € Supp(M/aM) with

depth(a, M) = depth(a,, M,).

LEMMA (23.34). — Let A be a Noetherian local ring, m its mazimal ideal, a an-
other ideal, M a nonzero finitely generated module, and x € m —z.div(M). Assume
a C z.div(M). Set M’ := M/xM. Then there is p € Ass(M') with p D a.

PrOOF: By hypothesis, the sequence 0 — M 2% M — M’ — 0 is exact.
Set H := Hom(A/a, M). Then H # 0 by (17.26) as a C z.div(M). Further, H is
finitely generated by (16.20). So H/xzH # 0 by Nakayama’s Lemma (10.11). Also,
0— H X H — Hom(A/a, M’) is exact by (5.18); so H/xH C Hom(A/a, M").
So Hom(A/a, M') # 0. But Supp(A/a) = V(a) by (13.31). Thus (17.26) yields
the desired p. O

LEMMA (23.35). Let R be a Noetherian ring, M a nonzero finitely generated
module, po € Ass(M), and po g % P, a chain of primes. Assume that there is
no prime p with pi_1 G p G pi for any i. Then depth(p,, M) <r.

PrOOF: If r = 0, then pg C z.div(M). So depth(po, M) = 0, as desired. Induct
on r. Assume r > 1. As pg € Ass(M), we have p, € Supp(M) by (17.17);
so M, # 0. So Nakayama’s Lemma (10.11) yields M, /p,M,, # 0. Further,
depth(p,, M) < depth(M,,) by (23.26)(2). So localizing at p,, we may assume R
is local and p,- is the maximal ideal.

Let x1,...,2s be a finished M-sequence in p,._;. Then as p,_1 C p,, clearly
M/p,—1M # 0. So s = depth(p,_1, M) by (23.28). So by induction s < r —1. Set
M :=M/{z1,...,25)M. Then p,_;1 C z.div(M,) by finishedness.

Suppose p, C z.div(M;). Then z1, ...,z is finished in p,. So s = depth(p,., M)
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by (23.28), as desired.

Suppose instead p, ¢ z.div(M). Then there’s z € p,—z.div(M;). Soxy, ...,z
is an M-sequence in p,. By (23.34), there is p € Ass(M;/xM,) with p D p,_1.
But p = Ann(m) for some m € M,/xM,, so x € p. Hence p,—1 G p C p,. Hence,
by hypothesis, p = p,. Hence z1,...,xs,2 is finished in p,. So (23.28) yields
s+ 1 = depth(p,, M). Thus depth(p,, M) < r, as desired. a

THEOREM (23.36) (Unmixedness). — Let A be a Noetherian local ring, and M
a finitely generated module. Assume M is Cohen—Macaulay. Then M has no
embedded primes, and all mazimal chains of primes in Supp(M) are of the same
length, namely, dim(M).

PROOF: Given po € Ass(M), take any maximal chain of primes po G -+ G p,.
Then p, is the maximal ideal. So depth(M) = depth(p,., M). So depth(M) < r by
(23.35). But depth(M) = dim(M) as M is Cohen-Macaulay. And r < dim (M) by
(21.1). So r = dim(M). Hence po is minimal. Thus M has no embedded primes.

Given any maximal chain of primes pg g e ; pr in Supp(M), necessarily po is
minimal. So pg € Ass(M) by (17.18). Thus, as above, r = dim(M), as desired. O

EXERCISE (23.37). — Prove that a Cohen-Macaulay local ring A is catenary.

PROPOSITION (23.38). — Let A be a Noetherian local ring, M a finitely generated
module. Let x1,...,x, be nonunits of A, and set M; := M/{(z1,...,z;)M for all i.
Assume M is Cohen—Macaulay. Then x1,...,T, is an M-sequence if and only if
it is part of a sop; if so, then M, is Cohen—Macaulay.

PRrROOF: First, assume z1,...,x, is part of a sop. Induct on n. For n = 0, the
assertion is trivial. Say n > 1. By induction z1,...,z,_1 is an M-sequence, and
M, is Cohen—Macaulay. Now, all maximal chains of primes in Supp(M,,_1) have
the same length by (23.36), and dim(M,,) = dim(M,,_1)—1 by (21.6). Hence z, is
in no minimal prime of M,,_;. But M,,_; has no embedded primes by (23.36). So
Ty & p for any p € Ass(M,,—1). So z, ¢ z.div(M,—_1) by (17.26). Thus z1,...,z,
is an M-sequence. Finally, as M,,_; is Cohen-Macaulay, so is M,, by (23.30).

Conversely, assume z1,...,%, is an M-sequence. By (23.27), extend it to a
finished M-sequence x1,...,z,. Then depth(M,) = 0, and M, is Cohen-Macaulay
by (23.30) applied recursively. So dim(M,) = 0. Thus x1,...,x, is a sop. d

PROPOSITION (23.39). — Let A be a Noetherian local ring, M a finitely generated
module, p € Supp(M). Set s := depth(p, M). Assume M is Cohen—Macaulay.
Then M, is a Cohen-Macaulay Ap-module of dimension s.

PRrROOF: Induct on s. Assume s = 0. Then p C z.div(M). So p lies in some
q € Ass(M) by (17.26). But g is minimal in Supp(M) by (23.36). So q = p.
Hence dim(M,) = 0. Thus M, is a Cohen-Macaulay Ay-module of dimension 0.

Assume s > 1. Then there is x € p — z.div(M). Set M’ := M/zM, and set
s' := depth(p, M’). Then M/pM # 0 by (13.31). So s’ = s — 1 by (23.29), and
M’ is Cohen—Macaulay by (23.30). Further, M, = M,/xM, by (12.22). But
x € p. So My # 0 by Nakayama’s Lemma (10.11). So p € Supp(M’). Hence by
induction, My is a Cohen-Macaulay A,-module of dimension s — 1.

As z ¢ zdiv(M), also z ¢ z.div(M,) by (23.26)(1). Hence M, is a Cohen—
Macaulay Ap-module by (23.30). Finally, dim(M,) = s by (21.5). O
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DEFINITION (23.40). — Let R be a Noetherian ring, and M a finitely generated
module. We call M Cohen—Macaulay if M, is a Cohen—Macaulay Ry-module for
every maximal ideal m € Supp(M). It is equivalent that M, be a Cohen-Macaulay
Ry-module for every p € Supp(M), because if p lies in the maximal ideal m, then
R, is the localization of Ry, at the prime ideal pRy by (11.28), and hence R, is
Cohen-Macaulay if Ry, is by (23.39).

We say R is Cohen—Macaulay if R is a Cohen-Macaulay R-module.

PROPOSITION (23.41). — Let R be a Noetherian ring. Then R is Cohen—Macaulay
if and only if the polynomial ring R[X] is Cohen—Macaulay.

PROOF: First, assume R[X] is Cohen-Macaulay. Given a prime p of R, set
P := pR[X]| + (X). Then ‘P is prime in R[X] by (2.18). Now, R[X|/(X) = R
and P/(X) = p owing to (1.8); hence, Rp = R, by (11.29)(1). Further, (12.22)
yields (R[X]/(X))p = R[X]p/(X)R[X]p. Hence R[X]p/(X)R[X]p = R,. But
R[X]y is Cohen—Macaulay by (23.40), and X is plainly a nonzerodivisor; so Ry, is
Cohen—Macaulay by (23.30). Thus R is Cohen—Macaulay.

Conversely, assume R is Cohen-Macaulay. Given a maximal ideal 9% of R[X], set
m:= M NR. Then R[X]om = (R[X]m)m by (11.29)(1), and R[X|m = Ru[X] by
(11.30). But Ry, is Cohen-Macaulay. Thus, to show R[X]sn is Cohen-Macaulay,
replace R by Rn, and so assume R is local with maximal ideal m.

As 9(R/m)[X] is maximal, it contains a nonzero polynomial f. As R/m s a field,
we may take f monic. Lift f to a monic polynomial f € 9. Set B := R[X]/(f).
Then B is a free, module-finite extension of R by (10.25). So dim(R) = dim(B)
by (15.12). Plainly dim(B) > dim(Boy). So dim(R) > dim(Ban).

Further, B is flat over R by (9.7). And By is flat over B by (12.21). So By
is flat over R by (9.12). So any R-sequence in m is a Byy-sequence by (23.25) as
Bon/mBoy # 0. Hence depth(Boy) > depth(R).

But depth(R) = dim(R) and dim(R) > dim(Boyr). So depth(Bop) > dim(Bay).
But the opposite inequality holds by (23.5). Thus Bgy is Cohen—Macaulay. But
Bop = R[X|on/{f)R[X]am by (12.22). And f is monic, so a nonzerodivisor. So
R[X]on is Cohen-Macaulay by (23.30). Thus R[X] is Cohen—Macaulay. O

DEFINITION (23.42). — A ring R is called universally catenary if every finitely
generated R-algebra is catenary.

THEOREM (23.43). — A Cohen-Macaulay ring R is universally catenary.

PRrROOF: Clearly any quotient of a catenary ring is catenary, as chains of primes
can be lifted by (1.9). So it suffices to prove that, for any n, the polynomial ring
P in n variables over R is catenary.

Notice P is Cohen—Macaulay by induction on n, as P = R if n = 0, and the
induction step holds by (23.41). Now, given nested primes ¢ C p in P, put p in
a maximal ideal m. Then any chain of primes from q to p corresponds to a chain
from qPp to pPy by (11.20). But P, is Cohen—-Macaulay, so catenary by (23.37).
Thus the assertion holds. g

EXAMPLE (23.44). — Trivially, a field is Cohen-Macaulay. Plainly, a domain of
dimension 1 is Cohen-Macaulay. By (23.20), a normal domain of dimension 2
is Cohen—Macaulay. Thus these rings are all universally catenary by (23.43). In
particular, we recover (15.16).
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PROPOSITION (23.45). — Let A be a regular local Ting of dimension n, and M a

finitely generated module. Assume M is Cohen—Macaulay of dimension n. Then
M is free.

PROOF: Induct on n. If n =0, then A is a field by (21.20), and so M is free.

Assume n > 1. Let ¢t € A be an element of a regular system of parameters.
Then A/(t) is regular of dimension n — 1 by (21.23). As M is Cohen-Macaulay of
dimension n, any associated prime q is minimal in A by (23.36); so q = (0) as A is
a domain by (21.24). Hence ¢ is a nonzerodivisor on M by (17.15). So M/tM is
Cohen—Macaulay of dimension n — 1 by (23.30) and (21.5). Hence by induction,
M/tM is free, say of rank 7.

Let k be the residue field of A. Then M ®4 k = (M/tM) ® 4/ k by (8.16)(1).
So r =rank(M ®4 k).

Set p := (t). Then A, is a DVR by (23.10). Moreover, M, is Cohen-Macaulay
of dimension 1 by (23.39) as depth({t), M) = 1. So M, is torsionfree by (23.16).
Therefore M, is flat by (9.28), so free by (10.20). Set s := rank(M,).

Let k(p) be the residue field of Ap. Then My ®4, k(p) = M,/tM, by (8.16)(1).
Moreover, M, /tM, = (M/tM), by (12.22). So r = s.

Set K := Frac(A). Then M, ®4, K = M ®4 K by (11.29)(1). Hence M @4 K
has rank r. Thus M is free by (14.14). O

24. Dedekind Domains

Dedekind domains are defined as the normal Noetherian domains of dimension 1.
We prove they are the Noetherian domains whose localizations at nonzero primes
are discrete valuation rings. Next we prove the Main Theorem of Classical Ideal
Theory: in a Dedekind domain, every nonzero ideal factors uniquely into primes.
Then we prove that a normal domain has a module-finite integral closure in any
finite separable extension of its fraction field by means of the trace pairing of the
extension. We conclude that a ring of algebraic integers is a Dedekind domain and
that, if a domain is algebra finite over a field of characteristic 0, then in the fraction
field or in any algebraic extension of it, the integral closure is module finite over
the domain and is algebra finite over the field.

DEFINITION (24.1). — A domain R is said to be Dedekind if it is Noetherian,
normal, and of dimension 1.

EXAMPLE (24.2). — Examples of Dedekind domains include the integers Z, the
Gaussian integers Z[ V-1 ], the polynomial ring k[X] in one variable over a field,
and any DVR. Indeed, those rings are PIDs, and every PID R is a Dedekind domain:
R is Noetherian by definition; R is a UFD, so normal by Gauss’s Theorem, (10.33);
and R is of dimension 1 since every nonzero prime is maximal by (2.25).

On the other hand, any local Dedekind domain is a DVR by (23.10).

EXAMPLE (24.3). — Let d € Z be a square-free integer. Set R := Z + Zn where

Ja+Va)y/2 ifd=1 (mod 4);
" Vd if not.

Then R is the integral closure of Z in Q(v/d) by [2, Prp. (6.14), p.412]; so R is
normal by (10.26). Also, dim(R) = dim(Z) by (15.12); so dim(R) = 1. Finally,
R is Noetherian by (16.12) as Z is so and as R := Z + Zn. Thus R is Dedekind.

EXAMPLE (24.4). — Let k be an algebraically closed field, P := k[X,Y] the
polynomial ring in two variables, f € P irreducible. By (23.21), R is a Noetherian
domain of dimension 1, and R is Dedekind if and only if (f, 9f/0X, f/0Y) = 1.

EXERCISE (24.5). — Let R be a domain, S a multiplicative subset.

(1) Assume dim(R) = 1. Prove dim(S™'R) = 1 if and only if there is a nonzero
prime p with pN S = 0.

(2) Assume dim(R) > 1. Prove dim(R) = 1 if and only if dim(R,) = 1 for every
nonzero prime p.

EXERCISE (24.6). — Let R be a Dedekind domain, S a multiplicative subset.
Prove ST!R is a Dedekind domain if and only if there’s a nonzero prime p with
pNS=0.

PROPOSITION (24.7). — Let R be a Noetherian domain, not a field. Then R is a
Dedekind domain if and only if Ry is a DVR for every nonzero prime .
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PrOOF: If R is Dedekind, then R, is too by (24.6); so R, is a DVR by (23.10).
Conversely, suppose R, is a DVR for every nonzero prime p. Then, trivially, R
satisfies (R1) and (S2); so R is normal by Serre’s Criterion. Since R is not a field,
dim(R) > 1; whence, dim(R) = 1 by (24.5)(2). Thus R is Dedekind. O

EXERCISE (24.8). — Let R be a Dedekind domain, and a, b, ¢ ideals. By first
reducing to the case that R is local, prove that

an(b+c)=(anb)+ (anc),
a+(bNc)=(a+b)N(a+c).

PROPOSITION (24.9). — In a Noetherian domain R of dimension 1, every ideal
a # 0 has a unique factorization a = qi - - - q, with the q; primary and their primes

p; distinct; further, {p1,...,p,} = Ass(R/a) and q; = aRp, N R for each i.

ProOF: The Lasker—Noether Theorem, (18.21), yields an irredundant primary
decomposition a = (q;. Say ¢; is p;-primary. Then by (18.19) the p; are distinct
and {p;} = Ass(R/ua).

The q; are pairwise comaximal for the following reason. Suppose q; + q; lies in
a maximal ideal m. Now, p; := /q; by (18.5); so p;"* C q; for some n; by (3.32).
Hence p;* C m. So p; C m by (2.2). But 0 # a C p;; hence, p; is maximal since
dim(R) = 1. Therefore, p; = m. Similarly, p; = m. Hence ¢ = j. Thus the q; are
pairwise comaximal. So the Chinese Remainder Theorem, (1.14), yields a =[], q;.

As to uniqueness, let a = [] q; be any factorization with the g; primary and their
primes p; distinct. The p; are minimal containing a as dim(R) = 1; so the p; lie
in Ass(R/a) by (17.18). By the above reasoning, the q; are pairwise comaximal
and so [[q; = (1q;- Hence a = (g, is an irredundant primary decomposition
by (18.19). So the p; are unique by the First Uniqueness Theorem, (18.20), and
q; = aRy, N R by the Second Uniqueness Theorem, (18.25), and by (12.17)(3). O

THEOREM (24.10) (Main Theorem of Classical Ideal Theory). Let R be a do-
main. Assume R is Dedekind. Then every nonzero ideal a has a unique factoriza-
tion into primes p. In fact, if v, denotes the valuation of Ry, then

a= Hp”*’(“) where  vp(a) ;== min{vy(a) |a € a}.

PROOF: Using (24.9), write a = [ q; with the g; primary, their primes p; dis-
tinct and unique, and q; = aR,, N R. Then Ry, is a DVR by (24.7). So (23.1.3)
yields aR,, = p;"*Rp, with m; := min{vy,(a/s) | a € aands € R —p; }. But
vp,(1/s) = 0. So wvp,(a/s) = vp,(a). Hence m; := vy, (a). Now, p;** is primary
by (18.10) as p; is maximal; so p"* Ry, N R = p;"* by (18.23). Thus q; = p;**. O
COROLLARY (24.11). — A Noetherian domain R of dimension 1 is Dedekind if
and only if every primary ideal is a power of its radical.

ProoF: If R is Dedekind, every primary ideal is a power of its radical by (24.10).

Conversely, given a nonzero prime p, set m := pR,. Then m # 0. So m # m? by
Nakayama’s Lemma. Take ¢ € m —m2. Then m is the only prime containing ¢, as
dim(R,) = 1 by (24.5)(2). So tR, is m-primary by (18.10). Set q := tR,NR. Then
q is p-primary by (18.8). So q = p” for some n by hypothesis. But qR, = tR, by
(11.19)(3)(b). So tR, =m™. But t ¢ m2. Son = 1. So R, is a DVR by (23.10).
Thus R is Dedekind by (24.7). O
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EXERCISE (24.12). — Prove that a semilocal Dedekind domain A is a PID. Begin
by proving that each maximal ideal is principal.

EXERCISE (24.13). — Let R be a Dedekind domain, a and b two nonzero ideals.
Prove (1) every ideal in R/a is principal, and (2) b is generated by two elements.

LEMMA (24.14) (Artin Character). — Let L be a field, G a group, o;: G — L*
distinct homomorphisms. Then the o; are linearly independent over L in the vector
space of set maps o: G — L under valuewise addition and scalar multiplication.

PROOF: Suppose there’s an equation Y., a;0; = 0 with nonzero a; € L. Take
m > 1 minimal. Now, o; # 0 as 0;: G — L*; so m > 2. Since 01 # o9, there’s an
z € G with 01(x) # o2(z). Then Y., a;joi(z)os(y) = >, a;04(zy) = 0 for every
y € G since o; is a homomorphism.

Set b; := a;(1 — oi(z)/o1(x)). Then

bio; = . o 0.
; o ; a;o; e ; a;0;(x)o;

But b1 = 0 and by # 0, contradicting the minimality of m. |
(24.15) (Trace). — Let L/K be a finite Galois field extension. Its trace is this:
tr: L —- K by tr(z):= Z o(z).

oc€Gal(L/K)

Clearly, tr is K-linear. It is nonzero by (24.14) applied with G := L*.
Consider the symmetric K-bilinear Trace Pairing:

LxL—K by (zy)w tr(zy). (24.15.1)

It is nondegenerate for this reason. As tr is nonzero, there is z € L with tr(z) # 0.
Now, given & € L™, set y := z/x. Then tr(zy) # 0, as desired.

LEMMA (24.16). — Let R be a normal domain, K its fraction field, L/K a finite
Galois field extension, and x € L integral over R. Then tr(xz) € R.

ProOOF: Let 2" 4+ a12" "' 4 -+ + a, = 0 be an equation of integral dependence
for  over R. Let o € Gal(L/K). Then

(o)™ + al(cr:c)”*l + -t a, =0

so oz is integral over R. Hence tr(z) is integral over R, and lies in K. Thus
tr(z) € R since R is normal. O

THEOREM (24.17) (Finiteness of integral closure). — Let R be a normal Noether-
ian domain, K its fraction field, L/K a finite separable field extension, and R’ the
integral closure of R in L. Then R’ is module finite over R, and is Noetherian.

PROOF: Let Ly be the Galois closure of L/K, and R} the integral closure of R
in Ly. Let z1,...,2, € Ly form a K-basis. Using (11.25), write z; = y;/a; with
yi € R} and a; € R. Clearly, y1,...,y, form a basis of L;/K contained in R].

Let x1,...,x, form the dual basis with respect to the Trace Pairing, (24.15.1),
so that tr(z;y;) = d;;. Given b € R, write b =) ¢;x; with ¢; € K. Fix j. Then

tr(by;) = tr(Zi cixiyj) =3 . citr(xy;) =¢; for each j.
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But by; € R;. So ¢; € R by (24.16). Thus R’ C ) Rx;. Since R is Noetherian,
R’ is module finite over R-module and Noetherian owing to (16.19). O

COROLLARY (24.18). — Let R be a Dedekind domain, K its fraction field, L/K a
finite separable field extension. Then the integral closure R’ of R in L is Dedekind.

PRroOOF: First, R’ is module finite over R by (24.17); so R’ is Noetherian by
(16.19). Second, R’ is normal by (10.32). Finally, dim(R’) = dim(R) by (15.12),
and dim(R) =1 as R is Dedekind. Thus R is Dedekind. O

THEOREM (24.19). — A ring of algebraic integers is a Dedekind domain.

PROOF: By (24.2), Z is a Dedekind domain; whence, so is its integral closure in
any field that is a finite extension of Q by (24.18). O

THEOREM (24.20) (Noether on Finiteness of Integral Closure). — Let k be a field
of characteristic 0, and R an algebra-finite domain over k. Set K := Frac(R). Let
L/K be a finite field extension (possibly L = K ), and R’ the integral closure of R
in L. Then R’ is module finite over R and is algebra finite over k.

PROOF: By the Noether Normalization Lemma, (15.1), R is module finite over
a polynomial subring P. Then P is normal by Gauss’s Theorem, (10.33), and
Noetherian by the Hilbert Basis Theorem, (16.12); also, L/ Frac(P) is a finite field
extension, which is separable as k is of characteristic 0. Thus R’ is module finite
over P by (24.17), and so R’ is plainly algebra finite over k. d

(24.21) (Other cases). — In (24.18), even if L/K is inseparable, the integral
closure R’ of R in L is still Dedekind; see (26.18).

However, Akizuki constructed an example of a DVR R and a finite inseparable
extension L/Frac(R) such that the integral closure of R is a DVR, but is not
module finite over R. The construction is nicely explained in [11, Secs.9.4(1) and
9.5]. Thus separability is a necessary hypothesis in (24.17).

Noether’s Theorem, (24.20), remains valid in positive characteristic, but the
proof is more involved. See [4, (13.13), p.297].

25. Fractional Ideals

A fractional ideal is defined to be a submodule of the fraction field of a domain.
A fractional ideal is called invertible if its product with another fractional ideal
is equal to the given domain. We characterize the invertible fractional ideals as
those that are nonzero, finitely generated, and principal locally at every maximal
ideal. We prove that, in a Dedekind domain, any two nonzero ordinary ideals
have an invertible fractional ideal as their quotient. We characterize Dedekind
domains as those domains whose ordinary ideals are, equivalently, all invertible, all
projective, or all finitely generated and flat. Further, we prove a Noetherian domain
is Dedekind if and only if every torsionfree module is flat. Finally, we prove the
ideal class group is equal to the Picard group; the former is the group of invertible
fractional ideals modulo those that are principal, and the latter is the group, under
tensor product, of isomorphism classes of modules local free of rank 1.

DEFINITION (25.1). — Let R be a domain, and set K := Frac(R). We call an
R-submodule M of K a fractional ideal. We call M principal if there is an
r € K with M = Rx.

Given another fractional ideal N, form these two new fractional ideals:

MN :={> a2y |zieMandy; € N} and (M:N):={z€K|zNCM}.
We call them the product of M and N and the quotient of M by N.

EXERCISE (25.2). Let R be a domain, M and N nonzero fractional ideals.
Prove that M is principal if and only if there exists some isomorphism M ~ R.
Construct the following canonical surjection and canonical isomorphism:

T M®N-—»MN and ¢: (M:N)—=5Hom(N,M).

PROPOSITION (25.3). — Let R be a domain, and K := Frac(R). Consider these
finiteness conditions on a fractional ideal M :

(1) There exist ordinary ideals a and b with b # 0 and (a : b) = M.
(2) There exists an x € K* with tM C R.

(3) There exists a nonzero x € R with xM C R.

(4) M is finitely generated.

Then (1), (2), and (3) are equivalent, and they are implied by (4). Further, all four
conditions are equivalent for every M if and only if R is Noetherian.

PROOF: Assume (1) holds. Take any nonzero x € b. Given m € M, clearly
xm € a C R; so tM C R. Thus (2) holds.

Assume (2) holds. Write z = a/bwith a,b € Rand a,b# 0. ThenaM C bR C R.
Thus (3) holds.

If (3) holds, then £ M and xR are ordinary, and M = (xM : zR); thus (1) holds.

Assume (4) holds. Say y1/x1,...,Yn/Tn € K* generate M with z;,y; € R. Set
2 :=[[®;. Then z # 0 and zM C R. Thus (3) holds.

Assume (3) holds and R is Noetherian. Then M C R. So zM is finitely
generated, say by y1,...,yn. Then y1/z,...,yn/x generate M. Thus (4) holds.

Finally, assume all four conditions are equivalent for every M. If M is ordinary,
then (3) holds with z := 1, and so (4) holds. Thus R is Noetherian. O
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LEMMA (25.4). — Let R be a domain, M and N fractional ideals. Let S be a
multiplicative subset. Then

STYMN) = (ST'M)(ST!N) and S™HM:N)cC (ST'M:S7IN),
with equality if N is finitely generated.

PROOF: Givenz € STYMN), write z = (3, m;n;)/s withm; € M, withn; € N,
and with s € S. Then x = 3 (m;/s)(n;/1), and so z € (S71M)(S~1N). Thus
STHMN) C (ST*M)(S™IN).

Conversely, given z € (STIM)(S™IN), say = = 3 (m;/s;)(ni/t;) with m; € M
and n; € N and s;,t; € S. Set s :=[[s; and t := [[ ¢;. Then

x = (myn;/sit;) = minl/st € STHMN)
with m} € M and n} € N. Thus S~H(MN) D (ST'M)(S~IN), so equality holds.

Given z € S~YM : N), write z = x/s with € (M : N) and s € S. Given
y € STIN, write y = n/t withn € N and t € S. Then z-n/t = xn/st and zn € M
and st € S. So z € (S™*M : STIN). Thus S™'(M : N) C (S7'M : STIN).

Conversely, say N is generated by ni,...,n,. Given z € (S™'M : STIN), write
zn;/1 = m;/s; with m; € M and s; € S. Set s := [[s;. Then sz-n; € M. So
sz € (M : N). Hence z € S~Y(M : N), as desired. O

DEFINITION (25.5). — Let R be a domain. We call a fractional ideal M locally
principal if, for every maximal ideal m, the localization My, is principal over Ry,.

EXERCISE (25.6). — Let R be a domain, M and N fractional ideals. Prove that
the map 7: M ® N — M N is an isomorphism if M is locally principal.

(25.7) (Invertible fractional ideals). — Let R be a domain. A fractional ideal M
is said to be invertible if there is some fractional ideal M ! with MM~! = R.

For example, a nonzero principal ideal Rz is invertible, as (Rz)(R-1/z) = R.
PROPOSITION (25.8). — Let R be a domain, M an invertible fractional ideal.
Then M~ is unique; in fact, M—! = (R: M).

ProoF: Clearly M~! C (R: M) as MM~! = R. But, if z € (R : M), then
z-le (R MMMt Cc MY sox e M~!. Thus (R: M) C M~} as desired. [
EXERCISE (25.9). — Let R be a domain, M and N fractional ideals.

(1) Assume N is invertible, and show that (M : N) = M - N~

(2) Show that both M and N are invertible if and only if their product M N is,
and that if so, then (M N)~! = N~1pM L.

LEMMA (25.10). — An invertible ideal is finitely generated and nonzero.

PROOF: Let R be the domain, M the ideal. Say 1 =Y m;n; with m; € M and
n; € M~1. Let m € M. Then m = S mymn;. But mn; € R as m € M and
n; € M~1. So the m; generate M. Trivially, M # 0. a

LEMMA (25.11). — Let A be a local domain, M a fractional ideal. Then M is
invertible if and only if M is principal and nonzero.

PROOF: Assume M is invertible. Say 1 =Y m;n; with m; € M and n; € M 1.
As A is local, A — A* is an ideal. So there’s a j with m;yn; € A*. Let m € M.
Then mn; € A. Set a := (mn;)(m;jn;)~! € A. Then m = am;. Thus M = Am;.

Conversely, if M is principal and nonzero, then it’s invertible by (25.7). O
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EXERCISE (25.12). — Let R be a UFD. Show that a fractional ideal M is invertible
if and only if M is principal and nonzero.

THEOREM (25.13). — Let R be a domain, M a fractional ideal. Then M is
invertible if and only if M is finitely generated and locally principal.

PROOF: Say MN = R. Then M is finitely generated and nonzero by (25.10).
Let S be a multiplicative subset. Then (S~'M)(S™IN) = S7'R by (25.4). Let m
be a maximal ideal. Then, therefore, My, is an invertible fractional ideal over R,.
Thus My, is principal by (25.11), as desired.

Conversely, set a := M(R : M) C R. Assume M is finitely generated. Then
(25.4) yields ayy = Mu(Rm : My). In addition, assume My, is principal and
nonzero. Then (25.7) and (25.8) yield a, = Ry. Hence (13.35) yields a = R, as
desired. d

THEOREM (25.14). Let R be a Dedekind domain, a, b nonzero ordinary ideals,
M := (a:b). Then M is invertible, and has a unique factorization into powers of
primes p: if vy, denotes the valuation of R, and if p¥ := (p~1)™Y when v < 0, then

M= Hva(M) where vy (M) :=min{vy(z) |z € M }.
Further, vy (M) = min{vy(z;)} if the x; generate M.
ProOOF: First, R is Noetherian. So (25.2) yields that M is finitely generated
and that there is a nonzero x € R with M C R. Also, each R, is a DVR by
(24.7). So zM, is principal by (23.1.3). Thus M is invertible by (25.13).

The Main Theorem of Classical Ideal Theory, (24.10), yields zM = []p» =M
and zR = [[p*»@). But v,(xM) = vp(x) + ve(M). Thus (25.9) yields

M = (x]\/[ : I‘R) = Hpvw($)+1’v(M) . Hp_”p(z) — Hpvp(]w)'
Further, given z € M, say x = >, a;x; with a; € R. Then (23.1.1) yields
vp(x) > min{vp(a;x;)} > min{v,(x;)}
by induction on n. Thus v, (M) = min{v,(x;)}. O

EXERCISE (25.15). — Show that a ring is a PID if and only if it’s a Dedekind
domain and a UFD.

(25.16) (Invertible modules). — Let R be an arbitrary ring. We call a module M
invertible if there is another module N with M ® N ~ R.

Up to (noncanonical) isomorphism, N is unique if it exists: if N’ ® M ~ R, then
N=R@N~(NeoM)N=N@(M®&N)~N @R=N"
EXERCISE (25.17). — Let R be an ring, M an invertible module. Prove that M

is finitely generated, and that, if R is local, then M is free of rank 1.

EXERCISE (25.18). — Show these conditions on an R-module M are equivalent:
(1) M is invertible.
(2) M is finitely generated, and My ~ Ry, at each maximal ideal m.
(3) M is locally free of rank 1.

Assuming these conditions hold, show that M @ Hom(M, R) = R.

PROPOSITION (25.19). Let R be a domain, M a fractional ideal. Then the
following conditions are equivalent:
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(1) M is an invertible fractional ideal.
(2) M is an invertible abstract module.
(3) M is a projective abstract module.

PROOF: Assume (1). Then M is locally principal by (25.13). So (25.6) yields
M®M~Y = MM~ by (1). But MM~ = 1. Thus (2) holds.

If (2) holds, then M is locally free of rank 1 by (25.18); so (13.51) yields (3).

Finally, assume (3). By (5.23), there’s an M’ with M @ M’ ~ R®A. Let
p: R®M — M be the projection, and set 5 := p(ex) where ey is the standard basis
vector. Define ¢y: M < R®A — R to be the composition of the injection with the
projection ¢y on the Ath factor. Then given 2 € M, we have py(x) = 0 for almost
all Aand z =37, ., oa(z)zA.

Fix a nonzero y € M. For X € A, set ¢y := igo)\(y) € Frac(R). Set N := )" Rqy.
Given any nonzero z € M, say x = a/b and y = ¢/d with a,b,c,d € R. Then
a,c € M; whence, adpx(y)pxr(ac) = bepa(z). Thus zgyn = pa(z) € R. Hence
M- N C R Buty=> ox(y)yx; so1l = yxgr. Thus M - N = R. Thus (1)
holds. O

THEOREM (25.20). — Let R be a domain. Then the following are equivalent:

(1) R is a Dedekind domain or a field.

(2) Ewvery nonzero ordinary ideal a is invertible.

(3) Every nonzero ordinary ideal a is projective.

(4) Every nonzero ordinary ideal a is finitely generated and flat.

PROOF: Assume R is not a field; otherwise, (1)—(4) hold trivially.

If R is Dedekind, then (25.14) yields (2) since a = (a : R).

Assume (2). Then a is finitely generated by (25.10). Thus R is Noetherian. Let
p be any nonzero prime of R. Then by hypothesis, p is invertible. So by (25.13), p
is locally principal. So R, is a DVR by (23.10). Hence R is Dedekind by (24.7).
Thus (1) holds. Thus (1) and (2) are equivalent.

By (25.19), (2) and (3) are equivalent. But (2) implies that R is Noetherian by
(25.10). Thus (3) and (4) are equivalent by (16.19) and (13.51). O

THEOREM (25.21). — Let R be a Noetherian domain, but not a field. Then R is
Dedekind if and only if every torsionfree module is flat.

PRrROOF: (Of course, as R is a domain, every flat module is torsionfree by (9.28).)

Assume R is Dedekind. Let M be a torsionfree module, m a maximal ideal.
Let’s see that My, is torsionfree over Ry. Let 2 € Ry be nonzero, and say z = x/s
with z,s € R and s ¢ m. Then p,: M — M is injective as M is torsionfree. So
Hg: My — My is injective by the Exactness of Localization. But pg/s = piept1/s
and pu/, is invertible. So i/, is injective. Thus My, is torsionfree.

Since R is Dedekind, Ry is a DVR by (24.7), so a PID by (24.1). Hence My,
is flat over Ry by (9.28). But m is arbitrary. Thus by (13.46), M is flat over R.

Conversely, assume every torsionfree module is flat. In particular, every nonzero
ordinary ideal is flat. But R is Noetherian. Thus R is Dedekind by (25.20). O

(25.22) (The Picard Group). — Let R be a ring. We denote the collection of
isomorphism classes of invertible modules by Pic(R). By (25.17), every invertible
module is finitely generated, so isomorphic to a quotient of R™ for some integer n.
Hence, Pic(R) is a set. Further, Pic(R) is, clearly, a group under tensor product
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with the class of R as identity. We call Pic(R) the Picard Group of R.

Assume R is a domain, not a field. Set K := Frac(R). Given an invertible
abstract module M, we can embed M into K as follows. Set S := R — 0, and form
the canonical map M — S~'M. Tt is injective owing to (12.17) if the multiplication
map p,: M — M is injective for any x € S. Fix z, and let’s prove pu, is injective.

Let m be a maximal ideal. Clearly, M, is an invertible Ry,-module. So My, ~ Ry,
by (25.17). Hence pi;: My — My, is injective. Therefore, p,: M — M is injective
by (13.43). Thus M embeds canonically into S™1M. Now, ST M is a localization
of My, so is a 1-dimensional K-vector space, again as My, ~ R,. Choose an
isomorphism S~'M ~ K. It yields the desired embedding of M into K.

Hence, (25.19) implies M is also invertible as a fractional ideal.

The invertible fractional ideals N, clearly, form a group F(R). Sending an N to
its isomorphism class yields a map k: F(R) — Pic(R) by (25.16). By the above,
k is surjective. Further, k is a group homomorphism by (25.6). It’s not hard to
check that its kernel is the group P(R) of principal ideals and that P(R) = K*/R*.
We call F(R)/P(R) the Ideal Class Group of R. Thus F(R)/P(R) = Pic(R); in
other words, the Ideal Class Group is canonically isomorphic to the Picard Group.

Every invertible fractional ideal is, by (25.13), finitely generated and nonzero, so
of the form (a : b) where a and b are nonzero ordinary ideals by (25.3). Conversely,
by (25.14) and (25.20), every fractional ideal of this form is invertible if and only
if R is Dedekind. In fact, then F(R) is the free abelian group on the prime ideals.
Further, then Pic(R) = 0 if and only if R is UFD, or equivalently by (25.15), a
PID. See [2, Ch.11, Sects. 1011, pp. 424-437] for a discussion of the case in which
R is a ring of quadratic integers, including many examples where Pic(R) # 0.



26. Arbitrary Valuation Rings

A valuation ring is a subring of a field such that the reciprocal of any element
outside the subring lies in it. Valuation rings are normal local domains. They
are maximal under domination of local rings; that is, one contains the other, and
the inclusion map is a local homomorphism. Given any domain, its normalization
is equal to the intersection of all the valuation rings containing it. Given a 1-
dimensional Noetherian domain and a finite extension of its fraction field with
a proper subring containing the domain, that subring too is 1-dimensional and
Noetherian, this is the Krull-Akizuki Theorem. So normalizing a Dedekind domain
in any finite extension of its fraction field yields another Dededind domain.

DEFINITION (26.1). — A subring V of a field K is said to be a valuation ring
of K if, whenever z € K —V, then 1/z € V.

PROPOSITION (26.2). — Let V be a valuation ring of a field K, and set
m:={1/z|ze K -V}U{0}.
Then V' is local, m is its mazximal ideal, and K is its fraction field.

PrROOF: Clearly m = V—V*. Let’s show m is an ideal. Take a nonzeroa € V and
nonzero x,y € m. Suppose ax ¢ m. Then ax € V*. So a(l/ax) € V. So 1/x € V.
So xz € V*, a contradiction. Thus az € m. Now, by hypothesis, either z/y € V or
y/x e V. Say y/x € V. Then 1+ (y/z) € V. Soz+y = (1 + (y/x))z € m. Thus
m is an ideal. Hence V is local and m is its maximal ideal by (3.6). Finally, K is
its fraction field, because whenever z € K —V, then 1/z € V. O

EXERCISE (26.3). — Let V be a domain. Show that V is a valuation ring if and
only if, given any two ideals a and b, either a lies in b or b lies in a.

EXERCISE (26.4). — Let V be a valuation ring of K, and V. C W C K a subring.
Prove that W is also a valuation ring of K, that its maximal ideal p lies in V', that
V/p is a valuation ring of the field W/p, and that W = Vj,.

EXERCISE (26.5). — Prove that a valuation ring V' is normal.

LEMMA (26.6). — Let R be a domain, a an ideal, K := Frac(R), and xz € K*.
Then either 1 ¢ aR[z] or 1 ¢ aR[1/x].
PROOF: Assume 1 € aR[z] and 1 € aR[1/z]. Then there are equations
l=ap+ ---+apz” and 1=byg+---+by/z™ withall a;b; €a.
Assume n, m minimal and m < n. Multiply through by 1 — by and a,z", getting
1—bp=(1—bo)ag+ -+ (1 —bo)ayz™ and
(1 =bo)anz™ = anb1z" L anby ™.
Combine the latter equations, getting
1—bo=(1—bg)ag+ -+ (1— bo)an,lx"’fl Faphiz" N+ anby™ ™.
Simplify, getting an equation of the form 1 = ¢y +- - -4 ¢, 12"~ ! with ¢; € a, which

contradicts the minimality of n. O
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(26.7) (Domination). — Let A, B be local rings, and m, n their maximal ideals.
We say B dominates A if B D A and nN A = m; in other words, the inclusion
map ¢: A — B is a local homomorphism.

PROPOSITION (26.8). — Let K be a field, A any local subring. Then A is domi-
nated by a valuation ring V' of K with algebraic residue field extension.

PROOF: Let m be the maximal ideal of A. Let 8 be the set of pairs (R, n) where
R C K is a subring containing A and where n C R is a maximal ideal with nN4A =m
and with R/n an algebraic extension of A/m. Then (4, m) € 8. Order § as follows:
(R,n) < (R,n') if RC R and n = ' N R. Let (Rx,ny) form a totally ordered
subset. Set B :=J Ry and 91 = (ny. Plainly 91N Ry = ny and B/M = [ Ra/nx
for all A\. So any y € B/ is in Ry/ny for some A\. Hence B/ is a field and is
algebraic over A/m. Thus by Zorn’s Lemma, 8 has a maximal element, say (V, 2).

For any nonzero z € K, set V/ := V[z] and V" := V[1/z]. By (26.6), either
1¢MV or 1 ¢ MV"”. Say 1 ¢ MV'. Then MV’ is proper, so it is contained in a
maximal ideal 9’ of V’. Since M' NV D M and V NM’ is proper, M' NV = M.
Further V'/90U is generated as a ring over V/9 by the residue 2’ of z. Hence 2’ is
algebraic over V/9; otherwise, V' /9 would be a polynomial ring, so not a field.
Hence (V/, M) € 8, and (V/, M) > (V, M). By maximality, V = V’; so z € V.
Thus V is a valuation ring of K. So V is local, and 901 is its unique maximal ideal.
Finally, (V, I) € 8; so V dominates A with algebraic residue field extension. [

EXERCISE (26.9). — Let K be a field, 8 the set of local subrings ordered by
domination. Show that the valuation rings of K are the maximal elements of 8.

THEOREM (26.10). — Let R be any subring of a field K. Then the integral closure
R of R in K is the intersection of all valuation rings V of K containing R. Further,
if R is local, then the V' dominating R with algebraic residue field extension suffice.

PRrOOF: Every valuation ring V is normal by (26.5). So if V O R, then V > R.
Thus (Ny5zV) D R.

To prove the opposite inclusion, take any z € K — R. To find a valuation ring V'
with V D Rand z ¢ V, set y := 1/x. If 1/y € R[y], then for some n,

l/y:aoy"+a1y”_1+~~+an with ay € R.

Multiplying by z" yields x"*! — a,2™ — -+ —ag = 0. So = € R, a contradiction.
Thus 1 ¢ yR[y]. So there is a maximal ideal m of R[y] containing y. Then
the composition R — R[y] — R[y]/m is surjective as y € m. Its kernel is m N R,
so m N R is a maximal ideal of R. By (26.8), there is a valuation ring V' that
dominates R[y]n with algebraic residue field extension; whence, if R is local, then
V also dominates R, and the residue field of R[y]. is equal to that of R. But y € m;
sox=1/y ¢V, as desired. O

(26.11) (Valuations). — We call an additive abelian group I" totally ordered if
I" has a subset '} that is closed under addition and satisfies I'y L {0} U —-T'y =T
Given z,y € I', write x > y if x —y € I';. Note that either x > y or x = y or
y > z. Note that, if > y, then x + 2z > y + 2 for any z € T.
Let V be a domain, and set K := Frac(V) and T" := K*/V*. Write the group T’
additively, and let v: K* — I' be the quotient map. It is a homomorphism:

v(zy) = v(z) + v(y). (26.11.1)



Arbitrary Valuation Rings (26.14) 159

Set I'y := v(V — 0) —0. Then I'; is closed under addition. Clearly, V is a valuation
ring if and only if —I'; U{0} Uy =T, so if and only if I is totally ordered.
Assume V is a valuation ring. Let’s prove that, for all z,y € K*,

v(z +y) > min{v(z), v(y)} if z#—y. (26.11.2)
Indeed, say v(x) > v(y). Then z:=z/y € V. So v(z + 1) > 0. Hence
v(z+y) =v(z+1) +ov(y) =2 v(y) = min{o(z), v(y)},
Note that (26.11.1) and (26.11.2) are the same as (1) and (2) of (23.1).

Conversely, start with a field K, with a totally ordered additive abelian group I,
and with a surjective homomorphism v: K* — T satisfying (26.11.2). Set

Vi={zxe K*|v(z)>0}U{0}.

Then V is a valuation ring, and I' = K% /V*. We call such a v a valuation of K,
and I' the value group of v or of V.

For example, a DVR V of K is just a valuation ring with value group Z, since
any z € K* has the form z = ut™ with v € V> and n € Z.

EXAMPLE (26.12). Fix totally ordered additive abelian group I', and a field
k. Form the k-vector space R with basis the symbols X® for a € I'. Define
XX?:= X and extend this product to R by linearity. Then R is a k-algebra
with Xo = 1. We call R the group algebra of I'. Define v: (R —0) — I by
v(}reX?) :=min{a | re # 0}

Then for z,y € (R — 0), clearly v(zy) = v(z) + v(y) because k is a domain and I’
is ordered. Hence R is a domain. Moreover, if v(x + y) = a, then either v(z) < a
or v(y) < a. Thus v(z + y) > min{v(z), v(y)}.

Set K := Frac(R), and extend v to a map v: K* — I' by v(z/y) := v(z) — v(y)
if y # 0. Clearly v is well defined, surjective, and a homomorphism. Further, for
z,y € K*, clearly v(x +y) > min{v(z), v(y)}. Thus v is a valuation with group T.

Set R :={z € R|v(z) >0} and p := {z € R | v(z) > 0}. Clearly, R’ is a ring,
and p is a prime of R'. Further, R), is the valuation ring of v.

There are many choices for I' other than Z. Examples include the additive
rationals, the additive reals, its subgroup generated by two incommensurate reals,
and the lexicographically ordered product of any two totally ordered abelian groups.

PROPOSITION (26.13). Let v be a valuation of a field K, and x1,...,z, € K*
with n > 2. Set m := min{v(x;)}.

(1) If n =2 and if v(z1) # v(z2), then v(x1 + x2) = m.

(2) If &1+ -+ + x5 =0, then m = v(z;) = v(x;) for some i # j.

PRrROOF: For (1), say v(z1) > v(z2); so v(xg) = m. Set z := z1/xe. Then

v(z) > 0. Also v(—z) = v(z) + v(—1) > 0. Now,

0=v(l)=v(z+1—2) >min{v(z+ 1), v(—2)} > 0.
Hence v(z +1) = 0. Now, 1 + z2 = (2 + 1)z2. Therefore, v(z1 + z2) = v(z2) = m.
Thus (1) holds.

For (2), reorder the z; so v(x;) = m for i < k and v(z;) > m for ¢ > k.
By induction, (26.11.2) yields v(zp41 + -+ + ) > min;si{v(z;)}. Therefore,
v(xpg1+-+x,) >m. I k=1, then (1) yields v(0) = v(z1 + (2 +- - +24)) = m,
a contradiction. So k > 1, and v(z1) = v(x2) = m, as desired. O
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EXERCISE (26.14). — Let V be a valuation ring, such as a DVR, whose value
group I' is Archimedean; that is, given any nonzero «, 3 € I, there’s n € Z such
that na > 8. Show that V is a maximal proper subring of its fraction field K.

EXERCISE (26.15). — Let V be a valuation ring. Show that
(1) every finitely generated ideal a is principal, and
(2) V is Noetherian if and only if V' is a DVR.

LEMMA (26.16). — Let R be a 1-dimensional Noetherian domain, K its fraction
field, M a torsionfree module, and © € R nonzero. Then ¢{(R/xzR) < co. Further,
0(M/xM) < dimg (M @ K) ((R/2R), (26.16.1)

with equality if M is finitely generated.

PROOF: Set r := dimg (M ®r K). If r = oo, then (26.16.1) is trivial; so we
may assume r < 00.

Set S := R—{0}. Given any module N, set N := S™!N. Recall Ny = N@p K.

First, assume M is finitely generated. Choose any K-basis mi/s1,...,m;/s,
of Mg with m; € M and s; € S. Then my/1,...,m,/1 is also a basis. Define
an R-map a: R" — M by sending the standard basis elements to the m;. Then
its localization ax is an K-isomorphism. But Ker(a) is a submodule of R", so
torsionfree. Further, S~!Ker(a) = Ker(ax) = 0. Hence Ker(a) = 0. Thus « is
injective.

Set N := Coker(a). Then Nxg =0, and N is finitely generated. Hence, Supp(V)
is a proper closed subset of Spec(R). But dim(R) = 1 by hypothesis. Hence,
Supp(N) consists entirely of maximal ideals. So ¢(N) < co by (19.4).

Similarly, Supp(R/xR) is closed and proper in Spec(R). So {(R/zR) < occ.

Consider the standard exact sequence:

0—+N —-N-—N-—=N/xN—0 where N’ :=Ker(us).

Apply Additivity of Length, (19.9); it yields ¢{(N’) = ¢(N/zN).
Since M is torsionfree, p,: M — M is injective. Consider this commutative
diagram with exact rows:

0—>R H%M—>N—=0

o] ]

0> R 3M—N—=0
Apply the snake lemma (5.13). It yields this exact sequence:
0— N — (R/zR)" — M/zM — N/zN — 0.

Hence ((M/xM) = (((R/xR)") by additivity. But ¢((R/zR)") = r{(R/zR) also
by additivity. Thus equality holds in (26.16.1) when M is finitely generated.

Second, assume M is arbitrary, but (26.16.1) fails. Then M possesses a finitely
generated submodule M’ whose image H in M/xM satisfies {(H) > r{(R/zR).
Now, Mg D Mp; so r > dimg (M}). Therefore,

{M'/xM') > ((H) > r{(R/zR) > dimg (M) ((R/zR).

However, together these inequalities contradict the first case with M’ for M. O
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THEOREM (26.17) (Krull-Akizuki). — Let R be a 1-dimensional Noetherian do-
main, K its fraction field, K' a finite extension field, and R' a proper subring of
K’ containing R. Then R’ is, like R, a 1-dimensional Noetherian domain.

PROOF: Given a nonzero ideal a’ of R', take any nonzero z € a’. Since K'/K
is finite, there is an equation a,z™ + --- + a9 = 0 with a; € R and ap # 0. Then
aop € a’ N R. Further, (26.16) yields {(R/agR) < oc.

Clearly, R’ is a domain, so a torsionfree R-module. Further, R’ @ K C K’;
hence, dimg (R’ ®g K) < co. Therefore, (26.16) yields {g(R'/agR') < oc.

But a'/agR’ C R'/aoR'. So {r(a’/apR') < co. So a’/aoR’ is finitely generated
over R by (19.2)(3). Hence a' is finitely generated over R’. Thus R’ is Noetherian.

Set R := R'/apR'. Clearly, {gn R’ < {rR". So {rvR" < co. So, in R”, every
prime is maximal by (19.4). So if a’ is prime, then a’/aoR’ is maximal, whence a’
maximal. So in R, every nonzero prime is maximal. Thus R’ is 1-dimensional. [

COROLLARY (26.18). — Let R be a 1-dimensional Noetherian domain, such as a
Dedekind domain. Let K be its fraction field, K' a finite extension field, and R’
the normalization of R in K'. Then R’ is Dedekind.

PRroOF: Since R is 1-dimensional, it’s not a field. But R’ is the normalization of
R. So R’ is not a field by (14.1). Hence, R’ is Noetherian and 1-dimensional by
(26.17). Thus R’ is Dedekind by (24.1). O

COROLLARY (26.19). Let K'/K be a field extension, V' a valuation ring of K'
not containing K. Set V :=V'NK. ThenV is a DVR if V' is, and the converse
holds if K'/K is finite.

PROOF: It follows easily from (26.1) that V is a valuation ring, and from (26.11)
that its value group is a subgroup of that of V’. Now, a nonzero subgroup of Z is
a copy of Z. Thus V is a DVR if V" is.

Conversely, assume V is a DVR, so Noetherian and 1-dimensional. Now, V' 2 K,
so V! C K'. Hence, V' is Noetherian by (26.17), so a DVR by (26.15)(2). O

EXERCISE (26.20). — Let R be a Noetherian domain, K := Frac(R), and L a
finite extension field (possibly L = K). Prove the integral closure R of R in L is
the intersection of all DVRs V of L containing R by modifying the proof of (26.10):
show y is contained in a height-1 prime p of R[y] and apply (26.18) to R[y],.

Solutions

1. Rings and Ideals

EXERCISE (1.5). — Let ¢: R — R’ be a map of rings, a an ideal of R, and b an
ideal of R’. Set a® := p(a)R’ and b° := ¢ ~1(b). Prove these statements:

(1) Then a®® D a and b C b. (2) Then a® = a® and b°°° = b°.

(3) If b is an extension, then b€ is the largest ideal of R with extension b.

(4) If two extensions have the same contraction, then they are equal.

SoruTioN: For (1), given = € a, note p(z) = z-1 € aR’. So z € ¢~ !(aR'),
or z € a®. Thus a C a®. Next, ¢(p~'b) C b. But b is an ideal of R’. So
©(p7tb)R’ C b, or b° C b. Thus (1) holds.

For (2), note a®“® C a® by (1) applied with b := a®. But a C a®® by (1); so
a® C a®“. Thus a® = a®*“. Similarly, b°“ D b° by (1) applied with a := b°. But
b C b by (1); so b C b°. Thus b = b°. Thus (2) holds.

For (3), say b = a®. Then b = a®*. But a®*“ = a°® by (2). Hence b° has
extension b. Further, it’s the largest such ideal, as a®® D a by (1). Thus (3) holds.

For (4), say b§ = b§ for extensions b;. Then b5¢ = b; by (3). Thus (4) holds. O

EXERCISE (1.7). — Let R be a ring, a an ideal, and P := R[X},...,X,] the
polynomial ring. Prove P/aP = (R/a)[X1,..., X,].

SOLUTION: The two R-algebras are equal, as they have the same UMP: each
is universal among R-algebras R’ with distinguished elements z, ..., z, and with
aR’ = 0. Namely, the structure map p: R — R’ factors through a unique map
m: P — R’ such that m(X;) = x; for all i by (1.3); then 7 factors through a unique
map P/aP — R’ as aR’ = 0 by (1.6). On the other hand, ¢ factors through a
unique map ¢: R/a — R’ as aR’ = 0 by (1.6); then ¢ factors through a unique
map (R/a)[X1,...,X,] = R’ such that n(X;) = z; for all i by (1.3). O

EXERCISE (1.10). — Let R be ring, and P := R[Xy,...,X,] the polynomial ring.
Let m < n and a1,...,am € R. Set p := (X1 — a1,...,Xm — am). Prove that
Plp = R[Xmi1,..., Xyl

SoLuTION: First, assume m = n. Set P’ := R[X1,...,X,_1] and
p/ = <X1 — a1y Xpo1 — an_1> cP.
By induction on n, we may assume P’/p’ = R. However, P = P’[X,]. Hence

P/p'P = (P'/p)[X,] by (1.7). Thus P/p'P = R[X,,].

We have P/p = (P/p'P)/p(P/p'P) by (1.9). But p = p'P + (X,, — a,)P. Hence
p(P/p'P) = (X,, —an)(P/p’'P). So P/p = R[X,]/(X,—an). So P/p =R by (1.8).

In general, P = (R[X1, ..., Xn])[Xm+1,--., Xpn]. Thus P/p = R[ X1, ..., Xy
by (1.7). O
EXERCISE (1.14) (Chinese Remainder Theorem). — Let R be a ring.

(1) Let a and b be comaximal ideals; that is, a + b = R. Prove

(a) ab=anb and (b) R/ab=(R/a)x (R/b).
162
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(2) Let a be comaximal to both b and b’. Prove a is also comaximal to bb’.
(3) Let a, b be comaximal, and m,n > 1. Prove a™ and b™ are comaximal.
(4) Let ay,...,a, be pairwise comaximal. Prove

(a) a; and ag - - - a, are comaximal;
(b) ey N---Na, =ag---ay;
(¢) R/(a1--a,) == [[(R/ay).

SoLuTION: To prove (1)(a), note that always ab C anb. Conversely, a +b =R
implies z+y = 1 with x € aand y € b. So given z € aNb, we have z = zz+yz € ab.

To prove (1)(b), form the map R — R/a x R/b that carries an element to its
pair of residues. The kernel is a N b, which is ab by (1). So we have an injection

@: R/ab— R/a x R/b.

To show that ¢ is surjective, take any element (Z,y) in R/a X R/b. Say T and j
are the residues of x and y. Since a4+ b = R, we can find a € a and b € b such that
a+b=y—ax Then p(z+a) = (F,7), as desired. Thus (1) holds.

To prove (2), note that

R=(a+b)(a+b)=(a®>+batab)+bb Ca+bb CR.

To prove (3), note that (2) implies a and b™ are comaximal for any n > 1 by
induction on n. Hence, b™ and a™ are comaximal for any m > 1.

To prove (4)(a), assume a; and dg - - - a,_1 are comaximal by induction on n. By
hypothesis, a; and a,, are comaximal. Thus (2) yields (a).

To prove (4)(b) and (4)(c), again proceed by induction on n. Thus (1) yields

apN(agN---Nay,) =a;N(ag---a,) =ajaz---a;

R/(ar--an) = R/a1 x R/(az---a,) = [[(R/a:). 0

EXERCISE (1.15). — First, given a prime number p and a k > 1, find the idempo-
tents in Z/{p*). Second, find the idempotents in Z/(12). Third, find the number
of idempotents in Z/(n) where n = Hivzl pi* with p; distinct prime numbers.

SOLUTION: First, let m € Z be idempotent modulo p*. Then m(m—1) is divisible
by p*. So either m or m — 1 is divisible by p*, as m and m — 1 have no common
prime divisor. Hence 0 and 1 are the only idempotents in Z/(p*).

Second, since —3 + 4 = 1, the Chinese Remainder Theorem (1.14) yields

Z/(12) =7Z/(3) X Z/{4).
Hence m is idempotent modulo 12 if and only if m is idempotent modulo 3 and
modulo 4. By the previous case, we have the following possibilities:

m=0 (mod3) and m=0 (mod4);
m=1 (mod3) and m=1 (mod4);
m=1 (mod3) and m=0 (mod4);
m=0 (mod3) and m=1 (mod4).

Therefore, m =0, 1, 4, 9 (mod 12).

Third, for each ¢, the two numbers pi* - - - p?j’l and p}* have no common prime
divisor. Hence some linear combination is equal to 1 by the Euclidean Algorithm.
So the principal ideals they generate are comaximal. Hence by induction on IV, the

1
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Chinese Remainder Theorem yields

N
z)(n) = [12/ 7).

So m is idempotent modulo n if and only if m is idempotent modulo p™ for all i;
hence, if and only if m is 0 or 1 modulo p™ for all ¢ by the first case. Thus there
are 2V idempotents in Z/(n). O

EXERCISE (1.16). — Let R := R’ x R” be a product of rings, a C R an ideal.
Show a = a’ x a” with a’ C R’ and a’/ C R” ideals. Show R/a = (R'/a’) x (R"/a").

SOLUTION: Set o' := {2’ | (2/,0) € a} and a” := {2 | (0,2”) € a}. Clearly
o/ C R and a” C R” are ideals. Clearly,

adad x0+0xa”"=a xa”
The opposite inclusion holds, because if a 3 (z/,z"), then
a3 (2,2") (1,0) = (2/,0) and a3 (2/,2")-(0,1) = (0,2").

Finally, the equation R/a = (R/d’) x (R/a”) is now clear from the construction of
the residue class ring. g

EXERCISE (1.17). — Let R be a ring, and e, €’ idempotents. (See (10.7) also.)
(1) Set a:= (e). Show a is idempotent; that is, a? = a.
(2) Let a be a principal idempotent ideal. Show a(f) with f idempotent.
(3) Set e’ :=e+¢€' —ee’. Show (e, €') = (¢} and €” is idempotent.
(4) Let eq,...,e, be idempotents. Show (eq,...,e,) = (f) with f idempotent.
(5) Assume R is Boolean. Show every finitely generated ideal is principal.

SoLuTIoN: For (1), note a2 = (e2) since a = (¢). But ¢ = e. Thus (1) holds.

For (2), say a = {g). Then a?> = (¢?). But a®> = a. So g = zg? for some z. Set
f:=xg. Then f € a;so (f) Ca. And g = fg. So a C {f). Thus (2) holds.

For (3), note (e”) C (e, €’). Conversely, ee” = €2 + ee’ —e?¢’ = e +ee’ —ee’ =e.
By symmetry, €’¢” =¢'. So {e, ') C (") and €% = ee” + ¢'e” —ee’e” = ¢”. Thus
(4) holds.

For (4), induct on r. Thus (3) yields (4).

For (5), recall that every element of R is idempotent. Thus (4) yields (5). O

2. Prime Ideals

EXERCISE (2.2). — Let a and b be ideals, and p a prime ideal. Prove that these
conditions are equivalent: (1) a C p or b C p; and (2) anb C p; and (3) ab C p.

SoLuTION: Trivially, (1) implies (2). If (2) holds, then (3) follows as ab C anb.
Finally, assume a ¢ p and b ¢ p. Then there are x € a and y € b with z, y ¢ p.
Hence, since p is prime, zy ¢ p. However, xy € ab. Thus (3) implies (1). d

EXERCISE (2.4). — Given a prime number p and an integer n > 2, prove that the

residue ring Z/(p™) does not contain a domain as a subring.

SOLUTION: Any subring of Z/(p™) must contain 1, and 1 generates Z/(p") as an
abelian group. So Z/(p™) contains no proper subrings. However, Z/{p™) is not a
domain, because in it, p - p"~! = 0 but neither p nor p”~! is 0. g
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EXERCISE (2.5). — Let R := R’ x R” be a product of two rings. Show that R is
a domain if and only if either R’ or R” is a domain and the other is 0.

SOLUTION: Assume R is a domain. As (1,0)-(0,1) = (0,0), either (1,0) = (0,0)
or (0,1) = (0,0). Correspondingly, either R = 0 and R = R”, or R” = 0 and
R = R”. The assertion is now obvious. a

EXERCISE (2.18). — Let R be a ring, p a prime ideal, R[X] the polynomial ring.
Show that pR[X] and pR[X]+(X) are prime ideals of R[X], and that if p is maximal,
then so is pR[X] + (X).

SoLuTION: Note R[X]/pR[X] = (R/p)[X] by (1.7). But R/p is a domain by
(2.9). So R[X]/pR[X] is a domain by (2.3). Thus pR[X] is prime by (2.9).

Note (pR[X] + (X))/pR[X] is equal to (X) C (R/p)[X]. But (R/p)[X]/(X) is
equal to R/p by (1.8). So R[X]/(pR[X]+ (X)) is equal to R/p by (1.9). But R/p
is a domain by (2.9). Thus pR[X] + (X) is prime again by (2.9).

Assume p is maximal. Then R/p is a field by (2.17). But, as just noted, R/p is
equal to R[X]/(pR[X]+ (X)). Thus pR[X]+ (X) is maximal again by (2.17). O

EXERCISE (2.11). Let R := R’ x R” be a product of rings, p C R an ideal.
Show p is prime if and only if either p = p’ x R” with p’ C R’ prime or p = R’ x p”
with p” C R” prime.

SOLUTION: Simply combine (1.16), (2.9), and (2.5). O

EXERCISE (2.16). Let k be a field, R a nonzero ring, ¢: k — R a ring map.
Prove ¢ is injective.

SoLUTION: By (1.1), 1 # 0 in R. So Ker(¢) # k. So Ker(¢) = 0 by (2.15).

Thus ¢ is injective. g

EXERCISE (2.10). Let R be a domain, and R[X,...,X,] the polynomial ring

in n variables. Let m < n, and set p := (X3,..., X,,). Prove p is a prime ideal.
SOLUTION: Simply combine (2.9), (2.3), and (1.10). O

EXERCISE (2.12). — Let R be a domain, and z,y € R. Assume (x) = (y). Show
x = uy for some unit u.

SOLUTION: By hypothesis, x = uy and y = vz for some u,v € R. So z = 0 if and
only if y = 0; if so, take u := 1. Assume = # 0. Now, z = uvz, or z(1 — uv) = 0.
But R is a domain. So 1 — uv = 0. Thus u is a unit. ]
EXERCISE (2.19). — Let B be a Boolean ring. Show that every prime p is maximal,
and B/p = Fs.

SOLUTION: Given z € B/p, plainly z(z —1) = 0. But B/p is a domain by (2.9).
So z =0,1. Thus B/p = Fy. Plainly, F5 is a field. So p is maximal by (2.17). O

EXERCISE (2.20). Let R be a ring. Assume that, given « € R, there is n > 2
with " = z. Show that every prime p is maximal.

SoLUTION: Given y € R/p, say y(y" ' —1) = 0 with n > 2. But R/p is a
domain by (2.9). Soy =0 or yy" 2 =1. So R/p is a field. Thus p is maximal by
(2.17). O

EXERCISE (2.22). — Prove the following statements, or give a counterexample.
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(1) The complement of a multiplicative subset is a prime ideal.

(2) Given two prime ideals, their intersection is prime.

(3) Given two prime ideals, their sum is prime.

(4) Given a ring map ¢: R — R’, the operation ¢~
R’ to maximal ideals of R.

(5) In (1.9), an ideal n’ C R/a is maximal if and only if x~1n’ C R is maximal.

1 carries maximal ideals of

SOLUTION: (1) False. In the ring Z, consider the set S of powers of 2. The
complement 7" of S contains 3 and 5, but not 8; so 7" is not an ideal.

(2) False. In the ring Z, consider the prime ideals (2) and (3); their intersection
(2) N (3) is equal to (6), which is not prime.

(3) False. Since 2-3 —5 =1, we have (3) + (5) = Z.

(4) False. Let ¢: Z — Q be the inclusion map. Then ¢~1{0) = (0).

(5) True. By(1.9), the operation b’ ~— xk~!b’ sets up an inclusion-preserving
bijective correspondence between the ideals b’ D n’ and the ideals b D x~'n’. O

EXERCISE (2.23). — Let k be a field, P := k[X;y,...,X,] the polynomial ring,
f € P nonzero. Let d be the highest power of any variable appearing in f.

(1) Let S C k have at least d + 1 elements. Proceeding by induction on n, find
ai,...,an € S with f(ay,...,a,) #0.

(2) Using the algebraic closure K of k, find a maximal ideal m of P with f ¢ m.

SoLUTION: Consider (1). Assume n = 1. Then f has at most d roots by [2,
(1.8), p.392]. So f(a1) # 0 for some aq € S.

Assume n > 1. Say f =3}, ngf with g; € k[X2,..., X,]. But f #0. So g; #0
for some . By induction, g;(as,...,a,) # 0 for some as,...,a, € S. By n =1,
find a; € S such that f(a1,...,an) =3, g;(az, .. . an)al # 0. Thus (1) holds.

Consider (2). As K is infinite, (1) yields aq,...,a, € K with fi(a1,...,a,) #0.
Define ¢: P — K by ¢(X;) = a;. Then Im(p) C K is the k-subalgebra generated
by the a;. It is a field by [2, (2.6), p. 495]. Set m := Ker(¢). Then m is maximal by
(1.6.1) and (2.17), and f; ¢ m as ¢o(f;) = fi(a1,...,a,) # 0. Thus (2) holds. O

EXERCISE (2.26). — Prove that, in a PID, elements = and y are relatively prime
(share no prime factor) if and only if the ideals (z) and (y) are comaximal.

SOLUTION: Say (z) + (y) = (d). Then d = ged(z, y), as is easy to check. The
assertion is now obvious. O

EXERCISE (2.29). — Preserve the setup of (2.28). Let f :=aoX"+---+ay be a
polynomial of positive degree n. Assume that R has infinitely many prime elements
p, or simply that there is a p such that p{ ag. Show that (f) is not maximal.

SOLUTION: Set a:= (p, f). Then a 2 (f), because p is not a multiple of f. Set
k := R/(p). Since p is irreducible, k is a domain by (2.6) and (2.8). Let f’ € k[X]
denote the image of f. By hypothesis, deg(f’) = n > 1. Hence f’ is not a unit by
(2.8) since k is a domain. Therefore, (f’) is proper. But P/a == k[X]/(f’) by
(1.7) and (1.9). So a is proper. Thus (f) is not maximal. O

3. Radicals

EXERCISE (38.3). — Let R be a ring, a C rad(R) an ideal, w € R, and v’ € R/a
its residue. Prove that w € R* if and only if w’ € (R/a)*. What if a ¢ rad(R)?



Solutions: (3.16) 167

SOLUTION: Plainly, w € R* implies w’ € (R/a)*, whether a C rad(R) or not.

Assume a C rad(R). As every maximal ideal of R contains rad(R), the operation
m — m/a establishes a bijective correspondence between the maximal ideals of R
and those of R/a owing to (1.9). So w belongs to a maximal ideal of R if and only
if w’ belongs to one of R/a. Thus w € R* if and only if w’ € (R/a)* by (2.31).

Assume a ¢ rad(R). Then there is a maximal ideal m C R with a ¢ m. So
a+m = R. So there are @ € a and v € m with a + v = w. Then v ¢ R*, but the
residue of v is w’, even if w’ € (R/a)*. For example, take R := Z and a := (2) and
w:= 3. Then w ¢ R*, but the residue of wis 1 € (R/a)*. O

EXERCISE (3.8). — Let A be a local ring. Find its idempotents e.

SOLUTION: Let m be the maximal ideal. Then 1 ¢ m, so either e ¢ mor 1—e ¢ m.
Say e ¢ m. Then e is a unit by (3.6). But e(1 —e) = 0. Thus e = 1. Similarly, if
1—e¢m,thene=0.

Alternatvely, (3.7) implies that A is not the product of two nonzero rings. So
(1.13) implies that either e =0 or e = 1. O

EXERCISE (3.9). — Let A be a ring, m a maximal ideal such that 1 + m is a unit
for every m € m. Prove A is local. Is this assertion still true if m is not maximal?

SOLUTION: Take y € A—m. Since m is maximal, (y) +m = A. Hence there exist
x € R and m € m such that xy +m = 1, or in other words, zy =1 —m. So zy is a
unit by hypothesis; whence, y is a unit. Thus A is local by (3.6).

No, the assertion is not true if m is not maximal. Indeed, take any ring that is
not local, for example Z, and take m := (0). d

EXERCISE (3.13). — Let ¢: R — R’ be a map of rings, p an ideal of R. Prove

(1) there is an ideal q of R’ with ¢ ~1(q) = p if and only if o~ (pR’) = p;
(2) if p is prime with ¢~} (pR’) = p, then there’s a prime q of R’ with ¢ =1(q) = p.

SoLuTION: In (1), given q, note p(p) C q, as always (o~ 1(q)) C q. So pR’ C q.
Hence =Y (pR') C ¢~ 1(q) = p. But, always p C ¢ 1 (pR’). Thus ¢ 1(pR') = p.
The converse is trivial: take q := pR/'.

In (2), set S := p(R—p). Then SNpR' =0, as p(z) € pR’ implies z € ¢~ L (pR')
and =1 (pR’) = p. So there’s a prime q of R’ containing pR’ and disjoint from S by
(8.12). Sop~'(q) D¢ ' (pR') =pand ¢~ (q)N(R—p) = 0. Thusp~'(q) =p. O

EXERCISE (3.14). — Use Zorn’s lemma to prove that any prime ideal p contains
a prime ideal q that is minimal containing any given subset s C p.

SOLUTION: Let 8 be the set of all prime ideals q such that s C ¢ C p. Thenp € 8,
so 8 # . Order 8 by reverse inclusion. To apply Zorn’s Lemma, we must show
that, for any decreasing chain {qx} of prime ideals, the intersection q := () qy is a
prime ideal. Plainly q is always an ideal. So take x,y ¢ q. Then there exists A such
that z,y ¢ qx. Since gy is prime, zy ¢ qx. So zy ¢ q. Thus q is prime. O

EXERCISE (3.16). — Let R be a ring, S a subset. Show that S is saturated
multiplicative if and only if R — .S is a union of primes.
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SOLUTION: First, assume S is saturated multiplicative. Take x € R — S. Then
zy ¢ S for all y € R; in other words, (z) NS = (. Then (3.12) gives a prime
p D (z) with pnN S =0. Thus R — S is a union of primes.

Conversely, assume R — S is a union of primes p. Then 1 € S as 1 lies in no p.
Take x,y € R. Then x,y € S if and only if z, y lie in no p; if and only if xy lies in no
p, as every p is prime; if and only if zy € S. Thus S is saturated multiplicative. [

EXERCISE (3.17). — Let R be a ring, and S a multiplicative subset. Define its
saturation to be the subset

S:={z € R|thereis y € R with 2y € S }.

(1) Show (a) that S O S, and (b) that S is saturated multiplicative, and (c) that
any saturated multiplicative subset 7' containing S also contains S.

(2) Show that R — S is the union U of all the primes p with p NS = ().

(3) Let a be an ideal; assume S =1+ a; set W = J,,p. Show R — S=w.

(4) Given f € R, let Sy denote the saturation of the multiplicative subset of all
powers of f. Given f,g € R, show Sy C Sy if and only if \/m D \/@

SoLuTION: Consider (1). Trivially, if z € S, then z -1 € S. Thus (a) holds.

Hence 1 € S as 1 € S. Now, take x,2/ € S. Then there are y,y’ € R with
xy, 'y’ € S. But S is multiplicative. So (z2”)(yy’) € S. Hence zz’ € S. Thus S
is multiplicative. Further, take x,2’ € R with za’ € S. Then there is y € R with
z2'y € S. So x,2’ € S. Thus S is saturated. Thus (b) holds

Finally, consider (c). Given z € S, there is y € R with 2y € S. So 2y € T. But
T is saturated multiplicative. So 2 € T. Thus 7' > S. Thus (c) holds.

Consider (2). Plainly, R—U contains S. Further, R—U is saturated multiplicative
by (3.16). So R—U D S by (1)(c). Thus U C R— S. Conversely, R — S is a union
of primes p by (3.16). Plainly, pnS = for all p. So U > R —S. Thus (2) holds.

For (3), first take a prime p with pN.S = 0. Then 1 ¢ p+ a; else, 1 = p+ a with
peEpanda€a,andsol —p=a€pnNS. Sop+ alies in a maximal ideal m by
(3.12). Then a C m;so m C W. But also p C m. Thus U C W.

Conversely, take p D a. Then 1+p C 1+a=S. But pn(1+p) =0. SopnS =10.
Thus U D W. Thus U = W. Thus (2) yields (3).

Consider (4). By (1), S; € S, if and only if f € S,. By definition of saturation,
f €8, if and only if hf = ¢g" for some h and n. By definition of radical, hf = g"
for some h and n if and only if ¢ € \/(f). Plainly, g € /(f) if and only if

V{g) € /{f). Thus (4) holds. O

EXERCISE (3.18). — Let R be a nonzero ring, S a subset. Show S is maximal
in the set & of multiplicative subsets T' of R with 0 ¢ T if and only if R — S is a
minimal prime — that is, it is a prime containing no smaller prime.

SOLUTION: First, assume S is maximal in &. Then S is equal to its saturation
S, as S C S and S is multiplicative by (3.17) (1) (a), (b) and as 0 € S would imply
0=0-y € S for some y. So R— S is a union of primes p by (3.16). Fix a p. Then
(3.14) yields in p a minimal prime q. Then S C R —q. But R — q € & by (2.1).
As S is maximal, S = R—gq,or R— S =q. Thus R — S is a minimal prime.

Conversely, assume R — S is a minimal prime q. Then S € & by (2.1). Given
T € & with S C T, note R —T = (Jp with p prime by (3.16). Fix a p. Now,
ScT cT. Soq>Dyp. Butqis minimal. So q = p. But p is arbitrary, and
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Up=R-T. Hence q= R—T. So S =T. Hence S = T. Thus S is maximal. [

EXERCISE (3.20). — Let k be a field, 8 C k a subset of cardinality d at least 2.

(1) Let P := k[Xy,...,X,] be the polynomial ring, f € P nonzero. Assume the
highest power of any X; in f is less than d. Proceeding by induction on n, show
there are aq,...,a, € 8 with f(a1,...,a,) #0.

(2) Let V be a k-vector space, and Wi, ..., W, proper subspaces. Assume r < d.
Show |J, W; # V.

(3) In (2), let W C |J, W; be a subspace. Show W C W; for some 4.

(4) Let R a k-algebra, a,ay,...,a, ideals with a C |J; a;. Show a C a; for some i.

SoLuTION: For (1), first assume n = 1. Then f has degree at most d, so at most
d roots by [2, (1.8), p.392]. So there’s a; € 8 with f(a1) # 0.

Assume n > 1. Say f = ngij with g; € k[Xo,...,X,]. But f # 0. So
gi # 0 for some i. By induction, there are ag,...,a, € 8 with g;(as,...,a,) # 0.
So there’s a; € 8 with f(ay,...,a,) = Z]' gj(ag, ... ,an)a{ # 0. Thus (1) holds.

For (2), for all 4, take v; € V — W;. Form their span V' C V. Set n := dim V"’
and W/ :=W; NV’. Then n < oo, and it suffices to show |J, W/ # V'.

Identify V' with k™. Form the polynomial ring P := k[X}, ..., X,]. For each i,
take a linear form f; € P that vanishes on W/. Set f := fy--- f,. Then r is the
highest power of any variable in f. But r < d. So (1) yields aq,...,a, € 8 with
f(a1,...,an) #0. Then (a1,...,a,) € V' = U, W;.

For (3), for all 4, set U; :== W NW;. Then |J, U; = W. So (2) implies U; = W for
some . Thus W C W;.

Finally, (4) is a special case of (3), as every ideal is a k-vector space. g

EXERCISE (3.21). — Let k be a field, R := k[X,Y] the polynomial ring in two
variables, m := (X,Y’). Show m is a union of strictly smaller primes.

SOLUTION: Since R is a UFD, and m is maximal, so prime, any nonzero f € m
has a prime factor p € m. Thus m = Up(p), but m # (p) as m is not principal. O

EXERCISE (3.23). — Find the nilpotents in Z/(n). In particular, take n = 12.

SOLUTION: An integer m is nilpotent modulo n if and only if some power m* is
divisible by n. The latter holds if and only if every prime factor of n occurs in m.

In particular, in Z/(12), the nilpotents are 0 and 6. O

EXERCISE (3.24). — Let R be a ring. (1) Assume every ideal not contained in
nil(R) contains a nonzero idempotent. Prove that nil(R) = rad(R). (2) Assume R
is Boolean. Prove that nil(R) = rad(R) = (0).

SOLUTION: or (1), recall (3.22.1), that nil(R) C rad(R). To prove the opposite
inclusion, set R’ := R/nil(R). Assume rad(R’) # (0). Then there is a nonzero
idempotent e € rad(R’). Then e(1 —e) = 0. But 1 — e is a unit by (3.2). Soe =0,
a contradiction. Hence rad(R’) = (0). Thus (1.9) yields (1).

For (2), recall from (1.2) that every element of R is idempotent. So nil(R) = (0),
and every nonzero ideal contains a nonzero idempotent. Thus (1) yields (2). O

EXERCISE (3.25). — Let ¢: R — R’ be a ring map, b C R’ a subset. Prove

e Vb = /o 1b.
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SOLUTION: Below, (1) is clearly equivalent to (2); and (2), to (3); and so forth:

(1) @ €9~V (2) pa € Vo
(3) (pz)™ € b for some n;  (4) @(z™) € b for some n;
(5) 2™ € p~1b for some n; (6) x € \/p~1b. O

EXERCISE (3.38). — Let R be a ring, X a variable. Show that
rad(R[X]) = nil(R[X]) = nil(R)R[X].

SOLUTION: First, recall that rad(R[X]) D nil(R[X]) by (8.22.1). Next, recall
that nil(R[X]) D nil(R)R[X] by (3.31). Finally, given f := ap+ -+ + a, X" in
rad(R[X]), note that 1 + X f is a unit by (3.2). So ao,...,a, are nilpotent by
(3.36)(2). So f € nil(R)R[X]. Thus nil(R)R[X] D rad(R[X]), as desired. O

EXERCISE (3.26). — Let e,¢’ € Idem(R). Assume +/(e) = \/(e’). Show e = ¢'.

SOLUTION: By hypothesis, e” € (¢’) for some n > 1. But e2 = e, so e” = e. So
e = we' for some z. So e = we’? = ee’. By symmetry, ¢’ = e’e. Thus e = ¢’. O

EXERCISE (3.27). — Let R be a ring, a1, as comaximal ideals with ajas C nil(R).
Show there are complementary idempotents e; and ey with e; € a;.

SOLUTION: Since a; and as are comaximal, there are x; € a; with z; + 22 = 1.
Given n > 1, expanding (@1 + 22)?" ! and collecting terms yields a;x} + agx} = 1
for suitable a; € R. Now, x12z9 € nil(R); take n > 1 so that (z122)" = 0. Set
e; = a;x} € a;. Then e; +e3 =1 and ejep = 0. Thus e; and e are complementary
idempotents by (1.11). O

EXERCISE (3.28). — Let R be a ring, a an ideal, x: R — R/a the quotient map.
Assume a C nil(R). Prove that Idem(x) is bijective.

SOLUTION: Note that Idem(x) is injective by (3.22.1) and (3.4).

As to surjectivity, given e’ € Idem(R/a), take z € R with residue e’. Then (z)
and (1 — 2) are trivially comaximal. And (z)(1 — z) C a C nil(R) as k(2 — 2%) = 0.
So (8.27) yields complementary idempotents e; € (z) and ez € (1 — z).

Say e; = xz with 2 € R. Then r(e1) = ze’. So k(e1) = ze’? = k(ep)e’. Similarly,
r(e2) = k(e2)(1 —¢€'). So k(ez)e’ =0. But x(ez) =1 — k(er). So (1 —k(er))e’ =0,
or e’ = k(ey)e’. But k(er) = k(er)e’. So k(er) = €'. Thus Idem(k) is surjective. O

EXERCISE (3.30). — Let R be a ring. Prove the following statement equivalent:

(1) R has exactly one prime p;
(2) every element of R is either nilpotent or a unit;
(3) R/nil(R) is a field.

SOLUTION: Assume (1). Let € R be a nonunit. Then z € p. So z is nilpotent
by the Scheinnullstellensatz (3.29). Thus (2) holds.

Assume (2). Then every z ¢ nil(R) has an inverse. Thus (3) holds.

Assume (3). Then nil(R) is maximal by (2.15). But any prime of R contains
nil(R) by (8.29). Thus (1) holds. O

EXERCISE (3.32). — Let R be a ring, and a an ideal. Assume /a is finitely
generated. Show (\/E)n C a for all large n.
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SOLUTION: Let x1,..., 2, be generators of v/a. For each i, there is n; such that
xi? € a. Let n > Y (n; — 1). Given a € v/a, write a= 2211 yix; with y; € R.
Then a™ is a linear combination of terms of the form z7' - -+ 2m with 31", j; = n.
Hence j; > n; for some ¢, because if j; < n; — 1 for all ¢, then )" j; < > (n; —1).
Thus a™ € a, as desired. O

EXERCISE (3.33). — Let R be a ring, ¢ an ideal, p a finitely generated prime.
Prove that p = /g if and only if there is n > 1 such that p D q D p™.

SoLuTION: If p = /g, then p D q D p™ by (8.32). Conversely, if g D p”, then
clearly \/q D p . Further, since p is prime, if p D g, then p D /9. g

EXERCISE (3.35). Let R be a ring. Assume R is reduced and has finitely many
minimal prime ideals p1,...,p,. Prove that o: R — [[(R/p;) is injective, and for
each 4, there is some (z1,...,2,) € Im(p) with ; # 0 but z; = 0 for j # 1.

SoLuTION: Clearly Ker(¢) = (p;. Now, R is reduced and the p; are its minimal
primes; hence, (3.29) and (3.14) yield

(0)= \/@: ﬂpi-

Thus Ker(p) = (0), and so ¢ is injective.
Finally, fix i. Since p; is minimal, p; 2 p; for j # 4; say a; € p; — p;. Set
a:= H#i a;. Then a € p; — p; for all j # 4. So take (z1,...,2,) = p(a). a

EXERCISE (3.36). — Let R be a ring, X a variable, f :=ap + a1 X + -+ + a, X"
and g := bg + 01X + -+ + b, X™ polynomials with a, # 0 and b,, # 0. Call f
primitive if (ao,...,a,) = R. Prove the following statements:

(1) Then f is nilpotent if and only if ao, ..., a, are nilpotent.

(2) Then f is a unit if and only if ag is a unit and ay, ..., a, are nilpotent.

(3) If f is a zerodivisor, then there is a nonzero b € R with bf = 0; in fact, if

fg = 0 with m minimal, then fb,, =0 (or m = 0).
(4) Then fg is primitive if and only if f and g are primitive.

SorLuTION: In (1), if ag,...,a, are nilpotent, so is f owing to (3.31). Conversely,
say a; ¢ nil(R). Then the Scheinnullstellensatz (3.29) yields a prime p C R with
a; ¢ p. So f ¢ pR[X]. But pR[X] is prime by (2.18). So plainly f ¢ nil(R[X]).

Alternatively, say f* = 0. Then (a,X™)* = 0. So f — a,X™ is nilpotent owing
to (3.31). So ag,...,a,—1 are nilpotent by induction on n. Thus (1) holds.

For (2), suppose ag is a unit and ay, ..., a, are nilpotent. Then a1 X +---+a, X"
is nilpotent by (1), so belongs to rad(R) by (3.22.1). Thus f is a unit by (3.2).

Conversely, suppose fg = 1. Then agbp = 1. Thus ag and by are units.

Further, given a prime p C R, let x,: R[X] — (R/p)[X] be the canonical map.
Then £, (f)kp(g) = 1. But R/p is a domain by (2.9). So degk,(f) = 0 owing to
(2.3.1). So ay,...,a, € p. But p is arbitrary. Thus ay,...,a, € nil(R) by (3.2).

Alternatively, let’s prove a;“bm,,. = 0 by induction on r. Set ¢; := ZHk:i a;by.
Then > ¢; X! = fg. But fg =1. So¢; = 0 for i > 0. Taking i :== m + n yields
anbm = 0. Then cpqp—r = 0 yields anbm—r + an—1bpm—(r—1) + -+ = 0. Multiplying
by a’ yields a’*1b;,— = 0 by induction. So a™*1by = 0. But by is a unit. So
a1 = 0. So a, X" € rad(R[X]) by (3.22.1). But f is a unit. So f —a, X" is a
unit by (3.3). So a1, ...,an—1 are nilpotent by induction on n. Thus (2) holds.

For (3), suppose fb,, # 0. Say a,by, # 0, but a,4;b, =0 for all i > 0. Fixi >0
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and set h := a;4+;g. Then fh=01if fg =0. Also h =0 or deg(h) < m. So h=0
if m is minimal. In particular, a,4i;bpy,—; = 0. But ¢ > 0 is arbitrary. Also fg =0
yields ayby, 4+ ar+1bm—1 + -+ = 0. So a,b,, = 0, a contradiction. Thus (3) holds.
For (4), given m C R maximal, let Ky : R[X] — (R/m)[X] be the canonical map.
Then h € R[X] is primitive if and only if ki (k) # 0 for all m, owing to (2.30). But
R/m is a field by (2.17). So (R/m)[X] is a domain by (2.3). Hence k,(fg) = 0 if
and only if k,(f) = 0 or ky(g) = 0. Thus (4) holds. O

EXERCISE (3.37). — Generalize (3.36) to the polynomial ring P := R[X;,..., X,].
For (3), reduce to the case of one variable Y via this standard device: take d suitably
large, and define ¢: P — R[Y] by o(X;) := Y.

SOLUTION: Let f, g € P. Write f = Za(,;)X@ where (1) := (i1,...,%,) and
X@ = X{'-.- X!, Call f primitive if the a(; generate R. Set (0) := (0,...,0).
Then (1)-(4) generalize as follows:

") Then f is nilpotent if and only if a(;) is nilpotent for all (7).

") Then f is a unit if and only if a(q) is a unit and a;) is nilpotent for (i) # (0).
") Assume f is a zerodivisor. Then there is a nonzero ¢ € R with ¢f = 0.

4’) Then fg is primitive if and only if f and g are primitive.

To prove (1')-(2'), set R’ := R[Xa,...,X,], and say f = . f; X} with f; € R’

In (1), if f is nilpotent, so are all f; by (3.36)(1); hence by induction on r, so
are all a(;). Conversely, if all a(;) are nilpotent, so is f by (3.31). Thus (1’) holds.

(1
(2
(3
(

In (2'), if a(g) is a unit and a;) is nilpotent for (i) # (0), then 3= (o a@pnXW
is nilpotent by (1), so belongs to rad(R) by (3.22.1). Then f is a unit by (3.2).

Conversely, suppose f is a unit. Then fy is a unit, and f; is nilpotent for ¢ > 0
by (3.36)(2). So a(g is a unit, and a;) is nilpotent if iy = 0 and (i) # (0), by
induction on 7. Also, a(;) is nilpotent if i3 > 0 by (1’). Thus (2’) holds.

In (3'), there’s a nonzero g € P with fg = 0. Take d larger than any exponent of
any X; found in f or g. Form the R-algebra map p: P — R[Y] with ¢(X;) = yd
Then o(f)¢(g) = 0. But (X @) = yiat-+i-d"™" §o ; carries distinct monomials
in f to distinct monomials in ¢(f), and the same for g. So ¢(f) has the same
coefficients as f, and ¢(g) the same as g. So ¢(g) # 0. Hence ¢(f) is a zerodivisor.
So (3.386)(3) yields a nonzero ¢ € R with co(f) = 0. Hence cagy = 0 for all a;.
So ¢f = 0. Thus (3') holds.

For (4'), use the solution of (3.36)(4) with X replaced by Xi,...,X,. O

EXERCISE (3.39). — Let R be a ring, a an ideal, X a variable, R[[X]] the formal
power series ring, 9 C R[[X]] anideal, and f := " a, X™ € R[[X]]. Set m := MNR
and 2 := { > b, X" | b, € a}. Prove the following statements:

(1) If f is nilpotent, then a,, is nilpotent for all n. The converse is false.

(2) Then f € rad(R[[X]]) if and only if ag € rad(R).

(3) Assume X € M. Then X and m generate 9.

(4) Assume 9 is maximal. Then X € 9t and m is maximal.

(5) If a is finitely generated, then aR[[X]] = 2. The converse may fail.

SoLuTION: For (1), assume f and a; for i < n are nilpotent. Set g :=Y,5, a; X"
Then g = f —Y,.,, a:X". So g is nilpotent by (3.31); say g™ = 0 with m > 1.
Then a7 = 0. Thus by induction a,, is nilpotent for all n.

The converse is false. For example, set P := Z[X2, X3, ...] for variables X,,. Set



Solutions: (4.16) 173

R:= P/(X2,X3,...). Let a, be the residue of X,,. Then a” = 0, but > a, X" is
not nilpotent. Thus (1) holds.

For (2), given g = > b, X" € rad(R[[X]]), note that 1 + fg is a unit if and only
if 1 4+ apbo is a unit by (3.10). Thus (3.2) yields (2) holds.

For (3), note 9 contains X and m, so the ideal they generate. But f = ag+ Xg
for some g € R[[X]]. So if f € M, then ap € M N R = m. Thus (3) holds.

For (4), note that X € rad(R[[X]]) by (2). So X and m generate I by (3). So
P/n= R/m by (3.10). Thus (2.17) yields (4).

In (5), plainly aR[[X]] C 2. Now, assume f := Y a,X" € 2, or all a,, € a. Say

b1,...,bm € a generate. Then a,, = Zyil cnib; for some ¢,; € R. Thus, as desired,
m m
=y (Z cm-bi)X” = bi(z c,,”-X") € aR[[X]].
n>0 i=1 i=1  m>0
For a counterexample, take ag,ay,... to be variables. Take R := Z[aj,az,...]

and a := (a1,a2,...). Given g € aR[[X]], say g = > v, big; with b; € a and
i = Y n>0binX™. Choose p greater than the maximum n such that a, occurs
in any b;. Then > /" b;by, € {(a1,...,ap-1), but a, & {(a1,...,ap—1). Therefore,
g# f:=> a,X™ Thus f ¢ aR[[X], but f € 2 d

4. Modules

EXERCISE (4.3). — Let R be a ring, M a module. Consider the set map
p: Hom(R, M) — M defined by p(0) :=6(1).
Show that p is an isomorphism, and describe its inverse.
SoLuTION: First off, p is R-linear, because
p(z +2'0") = (20 + 2'0)(1) = 20(1) + 2’0" (1) = zp(0) + 2'p(0").
Set H := Hom(R, M). Define a: M — H by a(m)(z) := zm. It is easy to check
that ap = 1 and pa = 157. Thus p and « are inverse isomorphisms by (4.2). O

EXERCISE (4.12). — Let R be a domain, and € R nonzero. Let M be the
submodule of Frac(R) generated by 1, =1, 72,.... Suppose that M is finitely

generated. Prove that 7! € R, and conclude that M = R.

SOLUTION: Suppose M is generated by mi,...,mg. Say m; = Z?;o a;;x~7 for

some n; and a;; € R. Set n:= max{n;}. Then 1, z~!,..., 27" generate M. So

=) =g b azT +ag

for some a; € R. Thus

zl=an+ - +a2" ! +ag2z™ € R.

Finally, as 27! € R and R is a ring, also 1,271, 272,... € R; so M C R.
Conversely, M D Ras 1€ M. Thus M = R. g
EXERCISE (4.13). — A finitely generated free module has finite rank.

SOLUTION: Say ey for A € A form a free basis, and m;,..., m, generate. Then
m; = inje,\j for some z;;. Consider the ey; that occur. Plainly, they are finite
in number, and generate. So they form a finite free basis, as desired. O

174 Solutions: (4.20)

EXERCISE (4.16). — Let A be an infinite set, Ry a nonzero ring for A € A. Endow
[1 Rx and €@ R, with componentwise addition and multiplication. Show that [ Rx
has a multiplicative identity (so is a ring), but that € R does not (so is not a ring).

SoLUTION: Consider the vector (1) whose every component is 1. Obviously, (1)
is a multiplicative identity of [] Rx. On the other hand, no restricted vector (z,)
can be a multiplicative identity in @ R»; indeed, because A is infinite, x,, must be
zero for some p. So (xa) - (yx) # (ya) if yu # 0. a
EXERCISE (4.17). — Let R be a ring, M a module, and M’, M" submodules.
Show that M = M’ & M" if and only if M = M’ + M"” and M' N M" = 0.

SOLUTION: Assume M = M’ @ M"”. Then M is the set of pairs (m/,m’) with
m’ € M" and m"” € M" by (4.15); further, M’ is the set of (m/,0), and M’ is that
of (0,m”). So plainly M = M’ + M"” and M' N M" =0.

Conversely, consider the map M’ & M"” — M given by (m/,m") — m/+m”. Tt is
surjective if M = M’ + M". Tt is injective if M’ N M" = 0; indeed, if m’ +m” = 0,
then m’ = —m” ¢ M'NM"” =0, and so (m/,m”) = 0 as desired. O

EXERCISE (4.18). — Let L, M, and N be modules. Consider a diagram
a B
LeMzN
P o
where a, 8, p, and ¢ are homomorphisms. Prove that
M=L®N and a=iy, f=7N, O=1IN, p=TL
if and only if the following relations hold:
Ba=0, fo=1, po =0, pal, and ap+ o = 1.
SOLUTION: If M = L& N and a = ¢y, B = N, oLN, p = 7L, then the definitions
immediately yield ap + o8 =1 and fa =0, Bo =1, po =0, pa = 1.
Conversely, assume ap + o =1 and fa =0, fo =1, pod =0, pa = 1. Consider

the maps ¢o: M — L@® N and 0: L & N — M given by ¢om := (pm, fm) and
6(l,n) := al + on. They are inverse isomorphisms, because

©d(l,n) = (pal + pon, pal + Bon) = (I,n) and 6Opm = apm + ofm = m.
Lastly, 8 = mnw and p = wpe by definition of ¢, and o = 0y, and ¢ = Ouy by
definition of 6. O
EXERCISE (4.19). — Let L be a module, A a nonempty set, M, a module for
A € A. Prove that the injections ¢, : M,; — € M) induce an injection

@ Hom(L, M) — Hom(L, € M,),

and that it is an isomorphism if L is finitely generated.

SOLUTION: For A € A, let ay: L — M) be maps, almost all 0. Then

(Z L)\Oé)\)(l) = (Oo\(l)) S @M)\.
So if " uxan = 0, then oy = 0 for all \. Thus the ¢,, induce an injection.

Assume L is finitely generated, say by l1,...,lx. Let a: L — @ M) be a map.
Then each «(l;) lies in a finite direct subsum of @ M. So «(L) lies in one too. Set
oy, = meafor all Kk € A. Then almost all a, vanish. So () lies in € Hom(L, M),
and Ytz = a. Thus the ¢,; induce a surjection, so an isomorphism. O
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EXERCISE (4.20). — Let a be an ideal, A a nonempty set, M a module for A € A.
Prove a(@D M) = @ aM,. Prove a(J[[ M)) = [ aM, if a is finitely generated.

SOLUTION: First, a(@ M,\) C @ aM) because a - (my) = (amy). Conversely,
u(@ M)\) D @ aM) because (axmy) = > axtamy since the sum is finite.

Second, a([TM,) C [TaM, as a(my) = (amy). Conversely, say a is generated
by fi,..., fn. Then a(ITMy) D [TaM,. Indeed, take (m}) € [JaMy. Then for
each A, there is ny such that m) = Z;ﬁl axjmy; with ay; € a and my; € M.
Write ay; = > ., @xj; fi with the z;; scalars. Then

nyx n n nx
) = (X3 fomoms ) = S (S ewoms ) <o([[). 0
j=11i=1 =1 Nj=1
5. Exact Sequences

EXERCISE (5.5). — Let M’ and M"” be modules, N C M’ a submodule. Set
M :=M'® M". Using (5.2)(1) and (5.3) and (5.4), prove M/N = M'/N & M".

SoLuTION: By (5.2)(1) and (5.3), the two sequences 0 — M"” — M"” — 0 and
0— N — M — M'/N — 0 are exact. So by (5.4), the sequence

0—-N—->MeoeM - (M/N)eM"—0

is exact. Thus (5.3) yields the assertion. O
EXERCISE (5.6). Let 0 = M" — M — M"” — 0 be a short exact sequence.
Prove that, if M’ and M" are finitely generated, then so is M.

SOLUTION: Let mY,...,m!/ € M map to elements generating M". Let m € M,
and write its image in M"” as a linear combination of the images of the m/. Let
m” € M be the same combination of the m;. Set m’ := m —m”. Then m’ maps
to 0 in M”; so m/ is the image of an element of M’.

Let m},...,m; € M be the images of elements generating M’. Then m’ is a
linear combination of the mf. So m is a linear combination of the m; and m/.
Thus the m; and m/ together generate M. a

EXERCISE (5.11). — Let M’, M" be modules, and set M := M’ @ M". Let N be
a submodule of M containing M’, and set N” := NN M". Prove N = M' & N".

SoLUTION: Form the sequence 0 — M’ — N — mp N — 0. It splits by (5.9)
as (myr|N) o tap = 1p. Finally, if (m’, m”) € N, then (0, m"”) € N as M’ C N,
hence, N = N, O

EXERCISE (5.12). — Criticize the following misstatement of (5.9): given a 3-term
exact sequence M’ = M ENSYE , there is an isomorphism M ~ M’ @& M" if and
only if there is a section o: M — M of 3 and « is injective.

SOLUTION: We have a: M' — M, and tp: M’ — M’ @& M"”, but (5.9) requires
that they be compatible with the isomorphism M ~ M’ @& M", and similarly for
B: M — M" and 7y : M @ M" — M".

Let’s construct a counterexample (due to B. Noohi). For each integer n > 2, let
M, be the direct sum of countably many copies of Z/(n). Set M := @ M,,.

First, let us check these two statements:
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(1) For any finite abelian group G, we have G & M ~ M.
(2) For any finite subgroup G C M, we have M/G ~ M.

Statement (1) holds since G is isomorphic to a direct sum of copies of Z/(n) for
various n by the structure theorem for finite abelian groups [2, (6.4), p.472], [8,
Thm. 13.3, p. 200].

To prove (2), write M = B M’, where B contains G and involves only finitely
many components of M. Then M’ ~ M. Therefore, (5.11) and (1) yield

M/G ~ (B/G)& M' ~ M.

To construct the counterexample, let p be a prime number. Take one of the
Z/{p?) components of M, and let M’ C Z/(p?) be the cyclic subgroup of order p.
There is no retraction Z/(p?) — M’, so there is no retraction M — M’ either, since
the latter would induce the former. Finally, take M" := M/M’. Then (1) and (2)
yield M ~ M’ & M". O

EXERCISE (5.14). — Referring to (4.8), give an alternative proof that 3 is an
isomorphism by applying the Snake Lemma to the diagram
00— M N N/M 0
| |

0 — M/L — N/L 2 (N/L)/(M/L) — 0

SOLUTION: The Snake Lemma yields an exact sequence,

LY L— Ker(B) — 0;

hence, Ker(8) = 0. Moreover, (3 is surjective because k and A are. O

EXERCISE (5.15) (Five Lemma). — Consider this commutative diagram:

My 25 My S5 My 225 My, 25 My

’Y4l ’YSJ, ’Yzl ’Y1l 'Yol
Ny 25 Ny LNy, 25 N 2 N,

Assume it has exact rows. Via a chase, prove these two statements:

(1) If 3 and 77 are surjective and if ~g is injective, then 7 is surjective.
(2) If 3 and 77 are injective and if 4 is surjective, then 75 is injective.

SOLUTION: Let’s prove (1). Take my € Na. Since 7 is surjective, there is
my € My such that v1(mq1) = Ba2(n2). Then a1 (m1) = f1y1(m1) = B1P2(n2) =0
by commutativity and exactness. Since 7 is injective, a1 (m1) = 0. Hence exactness
ylelds mo € ]‘/[2 with ag(mg) =ma. So 52(’}/2(7712) - Tlg) = ’ylag(mg) — ,62(712) =0.

Hence exactness yields ng € N3 with 83(ns) = y2(msa)—nga. Since 73 is surjective,
there is mg € M3 with v3(mg) = ns. Then yoas(ms) = B3y3(ms) = y2(ma) — na.
Hence vy2(mg — as(ms)) = na. Thus vo is surjective.

The proof of (2) is similar. O
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EXERCISE (5.16) (Nine Lemma). — Consider this commutative diagram:
0 0 0

1]

0—=L —L—L"—0

L]

00— M — M —M' =0

L]

00— N — N—N'—=0

|1

0 0 0

Assume all the columns are exact and the middle row is exact. Prove that the first
row is exact if and only if the third is.

SoLUTION: The first row is exact if the third is owing to the Snake Lemma
(5.13) applied to the bottom two rows. The converse is proved similarly. g

EXERCISE (5.17). — Consider this commutative diagram with exact rows:

VN Y Ny V

N LN LN
Assume o and v are surjective. Given n € N and m” € M" with o/'(m”) = +'(n),
show that there is m € M such that a(m) = n and y(m) = m”.

SOLUTION: Since v is surjective, there is my € M with y(m1) = m”. Then
7' (n—a(my)) = 0 as o’ (m”") = /(n) and as the right-hand square is commutative.
So by exactness of the bottom row, there is n’ € N” with 8'(n’) = n— «(m;). Since
o is surjective, there is m’ € M’ with o/(m’) = n/. Set m := my + S(m'). Then
v(m) =m' as y8 = 0. Further, a(m) = a(m1)+ F'(n") = n as the left-hand square
is commutative. Thus m works. O

EXERCISE (5.22). — Show that a free module R®* is projective.

SOLUTION: Given 8: M — N and a: R®* — N, use the UMP of (4.10) to
define v: R®* — M by sending the standard basis vector ey to any lift of a(ey),
that is, any my € M with B(my) = a(er). (The Axiom of Choice permits a
simultaneous choice of all my if A is infinite.) Clearly @ = By. Thus R®" is
projective. O

EXERCISE (5.24). Let R be aring, P and N finitely generated modules with P
projective. Prove Hom(P, N) is finitely generated, and is finitely presented if N is.

SOLUTION: Since P is finitely generated, there is a surjection R®™ % P for
some m by (4.10). Set K := Ker(a). Since P is projective, the sequence
0—+K—=R* 5P -0
splits by (5.23). Hence Hom(P, N) & Hom(K, N) = Hom(R®™, N) by (4.15.2).

But Hom(R®™ N) = Hom(R, N)®™ = N®™ by (4.15.2) and (4.3). So since N
is finitely generated, Hom(R®™, N) is finitely generated too. Now, Hom(P, N) is a
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quotient of Hom(R®™, N) by (5.9). So Hom(P, N) is finitely generated too.
Suppose now there is a finite presentation F» — F; — N — 0. Then (5.22) and
(5.23) yield the exact sequence
Hom(R®™, Fy) — Hom(R®™, F1) — Hom(R®™ N) — 0.

But the Hom(R®™ F;) are free of finite rank by (4.15.1) and (4.15.2). Thus
Hom(R®™, N) is finitely presented.
As above, Hom(K, N) is finitely generated. Consider the (split) exact sequence
0 — Hom(K, N) — Hom(R%®™, N) — Hom(P, N) — 0.
Thus (5.28) implies Hom(P, N) is finitely presented. O

EXERCISE (5.26). — Let R be a ring, and 0 - L — R™ — M — 0 an exact
sequence. Prove M is finitely presented if and only if L is finitely generated.

SOLUTION: Assume M is finitely presented; say R! — R™ — M — 0 is a finite
presentation. Let L' be the image of R'. Then L' @ R™ ~ L & R™ by Schanuel’s
Lemma (5.25). Hence L is a quotient of R! @ R™. Thus L is finitely generated.

Conversely, assume L is generated by ¢ elements. They yield a surjection R¢ — L
by (4.10)(1). It yields a sequence R — R™ — M — 0. The latter is, plainly, exact.
Thus M is finitely presented. 0

EXERCISE (5.27). — Let R be a ring, X7, Xo,... infinitely many variables. Set
P:= R[X1,Xs,...] and M := P/(X1,X2,...). Is M finitely presented? Explain.

SoLUTION: No, otherwise by (5.26), the ideal (X, X5, ...) would be generated
by some fi,..., fn € P, so also by X1,...,X,, for some m, but plainly it isn’t. O

EXERCISE (5.29). — Let 0 — L 5 M £, N = 0 be a short exact sequence with
M finitely generated and N finitely presented. Prove L is finitely generated.

SOLUTION: Let R be the ground ring. Say M is generated by m elements. They
yield a surjection p: R™ — M by (4.10)(1). As in (5.28), u induces the following
commutative diagram, with A surjective:

0 —>K—R"—N—=0
Al #l lNl
0—L -5 M5N—=0

By (5.26), K is finitely generated. Thus L is too, as A is surjective. |

EXERCISE (5.36). — Let R be aring, and a1, ...,a,, € R with (a1) D -+ D (am).
Set M := (R/{a1)) ®--- @ (R/{am)). Show that F.(M) = (a1 - - @Gm—r).
SoLUTION: Form the presentation R™ = R™ — M — 0 where a has matrix
ay 0
A=
0 am

Set s :=m —r. Now, a; € (a;—1) for all ¢ > 1. Hence a;, ---a;, € (a1 ---as) for all
1<i4 <+ <is <m. Thus I;(A) = (a1 - - - as), as desired. O
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EXERCISE (5.37). — In the setup of (5.36), assume a; is a nonunit.

(1) Show that m is the smallest integer such that F,,(M) = R.

(2) Let n be the largest integer such that F, (M) = (0); set k := m —n. Assume
R is a domain. Show (a) that a; # 0 for ¢ < k and a; = 0 for ¢ > k, and (b) that
M determines each a; up to unit multiple.

SoLuTION: For (1), note there’s a presentation R™ — R™ — M — 0; see the
solution to (5.36). So F,,,(M) = Rby (5.35). On the other hand, F,,,_1 (M) = (a1)
by (5.36). So F,,—1(M) # R as a; is a nonunit. Thus (1) holds.

For (2)(a), note F,,41(M) # (0) and F, (M) = (0). Hence a;1---ap—1 # 0 and
ay---ar = 0 by (5.36). But R is a domain. Hence aj,...,a; # 0 for i < k and
ar = 0. But (ax) D -+ D (ay,). Hence a; =0 for ¢ > k. Thus (2)(a) holds.

For (2)(b), given b1,...,b, € R with by a nonunit, with (b) D -+ D (b,) and
M = (R/{b1)) @--- & (R/(bp)), note that (1) yields p = m and that (2)(a) yields
b; #0 for i < k and b; = 0 for i > k.

Given 4, (5.36) yields (a1 ---a;) = (b1---b;). But R is a domain. So (2.12)
yields a unit u; such that ay ---a; = u;by -+ - b;. So

Ui—1by - bi_1a; = upby - by

If i < k, then by - - b;—1 # 0; whence, u;—1a; = u;b;. Thus (2)(b) holds. O

6. Direct Limits

EXERCISE (6.3). — (1) Show that the condition (6.2)(1) is equivalent to the
commutativity of the corresponding diagram:

Home(B,C) — Home: (F(B),F(C))

| | (6.3.1)

Home(A,C) — Home (F(A),F(C))

(2) Given v: C — D, show (6.2)(1) yields the commutativity of this diagram:
Home(B,C) — Home (F(B), F(C))

| |

Home(A, D) — Home (F(A), F(D))

SoLUTION: In (6.3.1), the left-hand vertical map is given by composition with
a, and the right-hand vertical map is given by composition with F(a). So the
composition of the top map and the right-hand map sends 8 to F(8)F(«), whereas
the composition of the left-hand map with the bottom map sends 8 to F(Ba).
These two images are always equal if and only if (6.3.1) commutes. Thus (1) holds
if and only if (6.3.1).

As to (2), the argument is similar. O

EXERCISE (6.5). — Let C and € be categories, F': € — €’ and F': ¢/ — € an
adjoint pair. Let ¢4 a-: Home/ (FA, A’) = Home (A, F'A’) denote the natural
bijection, and set 74 := va,ra(1ra). Do the following:
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(1) Prove n4 is natural in A; that is, given g: A — B, the induced square
A F'RA

gl lF/Fg
B % F'FB
is commutative. We call the natural transformation A — 74 the unit of (F, F”).

(2) Given f': FA — A’, prove pa 4 (f') = F'f ona.

(3) Prove the natural map na: A — F'FA is universal from A to F’; that is,
given f: A — F’'A’, there is a unique map f': FA — A’ with F'f'ona = f.

(4) Conversely, instead of assuming (F, F’) is an adjoint pair, assume given a
natural transformation n: le — F'F satisfying (1) and (3). Prove the equation in
(2) defines a natural bijection making (F, F’) an adjoint pair, whose unit is 7.

(5) Identify the units in the two examples in (6.4): the “free module” functor
and the “polynomial ring” functor.

(Dually, we can define a counit e: FF' — 1le/, and prove similar statements.)

SoLuTION: For (1), form this canonical diagram, with horizontal induced maps:

Home (FA, FA) — %2, Home (FA, FB) 2" Home (FB, FB)

LPA,FAl SaA)FBl, <PB,FBJV
(F'Fg).

Home (A, F'FA) L1 Home(A, F'FB) < — Home(B, F'FB)

It commutes since ¢ is natural. Follow 1p4 out of the upper left corner to find

F'Fgona = ¢a re(Fg) in Home(A, F'FB). Follow 1pp out of the upper right

corner to find ¢4, pp(Fg) = npogin Home(A, F'FB). Thus (F'Fg)ona =ngog.
For (2), form this canonical commutative diagram:

Home (FA, FA) —'* 5 Home (FA, A")

‘PA.FA‘L S‘JA,A’l
Home (4, F'FA) 1% Home(A, F/A)

Follow 14 out of the upper left-hand corner to find pa a/(f") = F'f' ona.

For (3), given an f, note that (2) yields ¢4, a/(f') = f; whence, f' = go;lA,(f).
Thus f’ is unique. Further, an f’ exists: just set f’ := go;lA,(f).

For (4), set 4,4/ (f") :== F'f' ona. As na is universal, given f: A — F’A’, there
is a unique f': FA — A’ with F'f" ona = f. Thus ¢ 4,4/ is a bijection:

d)A,A’: HOme/(FA, Al) - Home(A, F,A,).

Also, 14,4/ is natural in A, as 14 is natural in A and F” is a functor. And, 94 as
is natural in A’, as F” is a functor. Clearly, 14, pa(1rpa) = na. Thus (4) holds.
For (5), use the notation of (6.4). Clearly, if F' is the “free module” functor, then
na: A = R®M carries an element of A to the corresponding standard basis vector.
Further, if F' is the “polynomial ring” functor and if A is the set of variables
X1,..., Xn, then na(X;) is just X; viewed in R[X1,...,X,]. O

EXERCISE (6.9). — Let a: L — M and 8: L — N be two maps in a category C.
Their pushout is defined as the object of € universal among objects P equipped
with a pair of maps v: M — P and §: N — P such that ya = §3. Express the
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pushout as a direct limit. Show that, in ((Sets)), the pushout is the disjoint union
M U N modulo the smallest equivalence relation ~ with m ~ n if there is £ € L
with «(¢) = m and §(¢) = n. Show that, in ((R-mod)), the pushout is equal to the
direct sum M @ N modulo the image of L under the map (a, —f3).

SOLUTION: Let A be the category with three objects A, u, and v and two non-
identity maps A — p and A — v. Define a functor A — My by My := L, M, := M,
M, =N, al); ‘= a, and o) := . Set Q := li_r)nM)\. Then writing

NS L L% M
nul ﬂxl 'qul as 5l "Iul
Q¢ Q8 Q N Q

we see that () is equal to the pushout of a and j3; here v =1, and § = 7,.

In ((Sets)), take v and ¢ to be the inclusions followed by the quotient map.
Clearly ya = §3. Further, given P and maps v': M — P and §': N — P, they
define a unique map M LU N — P, and it factors through the quotient if and only
if y’a = §'8. Thus (M U N)/ ~ is the pushout.

In ((R-mod)), take v and J to be the inclusions followed by the quotient map.
Then for all £ € L, clearly tpra(€) —enS(€) = (a(£), —B(€)). Hence tara(l) —unB(€)
is in Im(L). Hence, tpra(f) and ¢y (3(¢) have the same image in the quotient. Thus
~ya = 68. Giveny': M — P and §': N — P, they define a unique map M@N — P,
and it factors through the quotient if and only if v’ = ¢’3. Thus (M @& N)/Im(L)
is the pushout. O

EXERCISE (6.16). — Let € be a category, ¥ and A small categories.
(1) Prove €*A = (€M% with (0,A) = M, ) corresponding to o — (A > M,y).
(2) Assume C has direct limits indexed by ¥ and by A. Prove that € has direct
limits indexed by ¥ x A and that lign)\eA hﬂaez = lig(m)\)ezx/\.

SoLuTION: Consider (1). In ¥ x A, a map (0, A) — (7, p) factors in two ways:
(@A) = (1, A) = (Tp) and  (0,)) = (0, 1) = (7, ).

So, given a functor (o, ) — M, », there is a commutative diagram like (6.13.1).
It shows that the map ¢ — 7 in ¥ induces a natural transformation from A — M x
to A+ M, x. Thus the rule o — (A — M) is a functor from ¥ to cA,

A map from (o, \) — M, x to a second functor (o, \) — N, » is a collection of
maps 0y x: My — Ny such that, for every map (o, A) — (7, ), the square

Moy — M,,

9a,xl J/e‘r,u,

Noyx — N,-#

is commutative. Factoring (o, ) — (7, 1) in two ways as above, we get a commu-
tative cube. Tt shows that the 6, define a map in (C*)*.

This passage from C¥*4 to (€)% is reversible. Thus (1) holds.

As to (2), assume € has direct limits indexed by ¥ and A. Then €A has
direct limits indexed by ¥ by (6.13). So the functors lim €A — € and
ligaezz (CM* — @A exist, and they are the left adjoints of the diagonal func-

tors € — G and €* — (€)* by (6.6). Hence the composition lim,  lim o is
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the left adjoint of the composition of the two diagonal functors. But the latter is
just the diagonal C — C¥*" owing to (1). So this diagonal has a left adjoint, which
is necessarily h_r)n(a‘))ezxA owing to the uniqueness of adjoints. Thus (2) holds. O
EXERCISE (6.17). — Let A — M) and A — N be two functors from a small
category A to ((R-mod)), and {0x: My — N,} a natural transformation. Show

lim Coker(0x) = Coker(lim My — thA).

Show that the analogous statement for kernels can be false by constructing a
counterexample using the following commutative diagram with exact rows:

727 —7/(2) =0

o o o

77— 7/(2) =0

SOLUTION: By (6.8), the cokernel is a direct limit, and by (6.14), direct limits
commute; thus, the asserted equation holds.

To construct the desired counterexample using the given diagram, view its rows
as expressing the cokernel Z/(2) as a direct limit over the category A of (6.8). View
the left two columns as expressing a natural transformation {65}, and view the third
column as expressing the induced map between the two limits. The latter map is
0; so its kernel is Z/(2). However, Ker(6y) = 0 for X € A; so li_n}Ker(QA) =0. O

7. Filtered direct limits

EXERCISE (7.2). — Let R be a ring, M a module, A a set, M) a submodule for
each A € A. Assume |J My = M. Assume, given A\, p € A, there is v € A such that
My, M, C M,.. Order A by inclusion: A < p if My C M,,. Prove M = @MA.

SOLUTION: Let us prove that M has the UMP characterizing ligjw)\. Given
homomorphisms 8y: My — P with 8y = B,|My when X\ < v, define 8: M — P
by B(m) := pa(m) if m € M. Such a X exists as [JMy = M. If also m € M,
and My, M, C M,, then Sx(m) = B,(m) = Bu(m); so § is well defined. Clearly,
B: M — P is the unique set map such that 8|My = Bx. Further, given m,n € M
and x € R, there is v such that m,n € M,. So f(m+n) = B,(m+n) = B(m)+5(n)
and B(zm) = By (xm) = zB(m). Thus B is R-linear. Thus M = lim M. O

EXERCISE (7.3). Show that every module M is the filtered direct limit of its
finitely generated submodules.

SOLUTION: Every element m € M belongs to the submodule generated by m;
hence, M is the union of all its finitely generated submodules. Any two finitely
generated submodules are contained in a third, for example, their sum. So the
assertion results from (7.2) with A the set of all finite subsets of M. O

EXERCISE (7.4). Show that every direct sum of modules is the filtered direct
limit of its finite direct subsums.
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SoLUTION: Consider an element of the direct sum. It has only finitely many
nonzero components. So it lies in the corresponding finite direct subsum. Thus
the union of the subsums is the whole direct sum. Now, given any two finite direct
subsums, their sum is a third. Thus the finite subsets of indices form a directed
partially ordered set A. So the assertion results from (7.2). O

EXERCISE (7.6). — Keep the setup of (7.5). For each n € A, set N,, :=Z/(n); if
n = ms, define a': N, — N,, by af*(z) := s (mod n). Show lim N, = Q/z.

SoLuTION: For each n € A, set Q,, := M, /Z C Q/Z. If n = ms, then clearly
Diagram (7.5.1) induces this one:

ay
Np, —= N,

I CENE

'
Qm — Qn
where 7" is the inclusion. Now, | J @y, = Q/Z and @y, @n' C Qnns- So (7.2) yields
Q/Zzliﬂ]ﬁn. Thus @Nn:Q/Z. O

EXERCISE (7.9). — Let R := lim Ry be a filtered direct limit of rings.
(1) Prove that R = 0 if and only if Ry = 0 for some .
(2) Assune that each R is a domain. Prove that R is a domain.
(3) Assume that each Rj is a field. Prove that R is a field.

SoruTION: For (1), first assume R = 0. Fix any . Then 1 € R, maps to 0 € R.
So (7.8)(3) with Z for R yields some transition map af: R, — Ry with a§1 = 0.
But a§1 =1. Thus 1 =0in Rx. So Ry =0 by (1.1).

Conversely, assume Ry = 0. Then 1 =0 in Ry. So 1 =0 in R, as the transition
map ay: Ry — R carries 1 to 1 and 0 to 0. Thus R = 0 by (1.1). Thus (1) holds.

In (2), given x, y € R with zy = 0, we can lift ;, y back to some xy, yx € Ry for
some A by (7.8)(1) and (7.1)(1). Then x\yx maps to 0 € R. So (7.8)(3) yields a
transition map ;) with a))(zayx) = 0 in R,. But a)(zaya) = aj(za)a)(ya), and
R, is a domain. So either o) (xx) = 0 or aj,(yx) = 0. Hence, either z =0 or y = 0.
Thus R is a domain. Thus (2) holds.

For (3), given z € R — 0, we can lift = back to some z) € Ry for some A by
(7.8)(1). Then z) # 0 as = # 0. But R is a field. So there is yx € Ry with
zxyx = 1. Say yx maps to y € R. Then zy = 1. So R is a field. Thus (3) holds. O

EXERCISE (7.10). — Let M := lim My be a filtered direct limit of modules, with
transition maps aﬁ: My — M, and insertions ay: My — M. For each A, let
Ny C M)y be asubmodule, and let N C M be a submodule. Prove that N = a;lN
for all X if and only if (a) Ny = (ozl);)*lNH for all aﬁ and (b) JaaNy = N.

SOLUTION: First, assume Ny = a;lN for all A\. Recall ay = aua;} for all al);.
Soa'N = (a/’))*laglN. Thus (a) holds.

Further, Ny = a;lN implies ax Ny C N. So [JaaxNx C N. Finally, for any
m € M, there is A\ and my € My with m = aym) by (7.8)(1). But N, := a;lN;
hence, if m € N, then my € Ny, so m € ayNy. Thus (b) holds too.

Conversely, assume (b). Then axNy C N, or Ny C oz;lN, for all \.

Assume (a) too. Given A and my € o 'N, note aymy € N = Ja,N,. So there
is u and n, € N, with a,n, = aymy. So (7.8)(2) yields v and o and o] with
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atn, = ajmy. But a#N, C N, and (a))"'N, = N, by (a). Hence my € N,.
Thus Ny D a;lN. Thus Ny = a;lN, as desired. O

EXERCISE (7.15). — Let R := lim Ry be a filtered direct limit of rings, ay C Ry
an ideal for each A. Assume a;\ta)\ C a, for each transition map oz,);. Set a :=limay.
If each ay is prime, show a is prime. If each ay is maximal, show a is maximal.

SoLuTION: The functor A — ay induces functors A — a, and \ — (Rk/ak).
So (7.7) implies that a := limay and li_n}(R,\/a)\) exist, and (7.14) implies that
ligrl(R)\/aA) = R/a. Thus (7.9) yields the assertions. O

EXERCISE (7.16). — Let M := lim My be a filtered direct limit of modules, with
transition maps ozﬁ: My — M, and insertions ax: My — M. Let Ny C M) be a
be a submodule for all \. Assume a;\tNA C N, for all a;\t. Prove ligN)\ =JaxNy.

SoLuTION: The functor A — M) induces a functor A — Ny. So lim V) exists by
(7.7). Also, by (7.14), the inclusions Ny < M) induce an injection lii>nN)\ — M
such that the insertions ay: M) — M restrict to the insertions Ny — lim Ny.
Hence lim Ny 5 JaxN,. Finally, let n € lim Ny. Then (7.8)(1) yields a A and a
ny € Ny with n = ayny € ayN. ThusligN)\ZUOQ\NA. O

EXERCISE (7.17). — Let R := lim Ry be a filtered direct limit of rings. Prove that
lignlil(RA) = nil(R).

SOLUTION: Set ny := nil(Ry) and n := nil(R). As usual, denote the transition
maps by aﬁ: Ry — R, and the insertions by a: Ry — R. Then a;}n)\ C n, for all
). So (7.16) yields limny = U aana. Now, azny C n for all A. So [Jaxny C .

Conversely, given x € n, say 2 = 0. Then (7.8)(1) yields A and =) € Ry with
axzy = z. So apz = 0. So (7.8)(3) yields ozf; with a2 = 0. Set x, := ozf‘txx

Then 2}, = 0. So 2, € ny,. Thus x € ayn,. Thus Jaxny = n, as desired. O

EXERCISE (7.18). — Let R := lim Ry be a filtered direct limit of rings. Assume
each ring R) is local, say with maximal ideal my, and assume each transition map
a;}: Ry — R, is local. Set m := limmy. Prove that R is local with maximal ideal
m and that each insertion «): Ry — R is local.

SOLUTION: As each aﬁ is local, (af;)_lmA =m,. So a;\LmA C my. So (7.16)
yields m = [Jaxmy. Now, given € R — m, there is A and z) € Ry with ayzy ==z
by (7.8)(1). Then z) ¢ my as x ¢ m = [Jaxmy. So z) is invertible as R is local
with maximal ideal my. Hence x is invertible. Thus R is local with maximal ideal
m by (3.5). Finally, (7.10) yields a; 'm = my; that is, a is local. O

EXERCISE (7.20). — Let A and A’ be small categories, C: A’ — A a functor.
Assume A’ is filtered. Assume C' is cofinal; that is,
(1) given A € A, there is a map A — C\ for some X € A/, and
(2) given ¢, @: A = CN, there is x: N — | with (Cx)y = (Cx)e.
Let A — M), be a functor from A to € whose direct limit exists. Show that
lim,, o Moy =ling, \ My;
more precisely, show that the right side has the UMP characterizing the left.
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SOLUTION: Let P be an object of €. For X € A’, take maps vy : Moy — P
compatible with the transition maps Mgy — Mgy . Given A € A, choose a map
A — CX, and define Bx: My — P to be the composition

/3)\: My — Mcy ﬂ)P

Let’s check that 8, is independent of the choice of A — C\.

Given a second choice A — C\’, there are maps A’ — p/ and A — p/ for some
1 € A since A’ is filtered. So there is a map p/ — pf such that the compositions
A= CN = Cuy — Cuj and A — CN' — Cp’ — Cpf are equal since C is cofinal.
Therefore, A\ — C\” gives rise to the same 3, as desired.

Clearly, the 8y are compatible with the transition maps M, — M,. So the ()
induce a map : lim My — P with Sa) = B, for every insertion ay : My — lim M.
In particular, this equation holds when A = C)X for any X' € A/, as required. O

EXERCISE (7.21). — Show that every R-module M is the filtered direct limit over
a directed set of finitely presented modules.

SOLUTION: By (5.20), there is a presentation R®®1 & R®®: _ M — 0. For
i = 1,2, let A; be the set of finite subsets ¥; of ®;, and order A; by inclusion.
Clearly, an inclusion ¥; < ®; yields an injection R®¥: < R®®: which is given by
extending vectors by 0. Hence (7.2) yields lim R®Y: = RO®:,

Let A C Ay x Ay be the set of pairs A := (¥y, ¥3) such that « induces a map
ay: RO®Y1 — R®Y2. Order A by componentwise inclusion. Clearly, A is directed.
For A € A, set M) := Coker(ay). Then M) is finitely presented.

For ¢ = 1,2, the projection C;: A — A; is surjective, so cofinal. Hence, (7.20)
yields lim R®CA = lim, R®¥:, Thus (6.17) yields lim M = M. O

8. Tensor Products

EXERCISE (8.4). — Let R be a ring, R’ an R- algebra, and M an R’-module.
Set M’ := R' @z M. Define a: M — M' by am := 1 ® m. Prove M is a direct
summand of M’ with o = ¢, and find the retraction (projection) mpr: M — M.

SOLUTION: As the canonical map R’ x M — M’ is bilinear, « is linear. Define
u: M x R — M by u(z,m) := zm. Plainly g is R-bilinear. So p induces an
R-linear map p : M’ — M. Then p is a retraction of «, as p(a(m)) = 1-m. Let
B: M — Coker(a) be the quotient map. Then (5.9) implies that M is a direct
summand of M’ with a = ¢p; and p = mpy. O

EXERCISE (8.7). — Let R be a domain, a a nonzero ideal. Set K := Frac(R).
Show that a ®@g K = K.

SOLUTION: Define a map §: ax K — K by 5(z,y) := xy. It is clearly R-bilinear.
Given any R-bilinear map «: ax K — P, fix a nonzero z € a, and define an R-linear
map v: K — P by v(y) := a(z,y/2). Then a = v as

a(z,y) = a(zz,y/2) = a(z,zy/z) = v(zy) = 7B(z, y).
Clearly, 3 is surjective. So v is unique with this property. Thus the UMP implies
that K = a®p K. (Also, as + is unique, v is independent of the choice of z.)

Alternatively, form the linear map ¢: a® K — K induced by the bilinear map 5.
Since 3 is surjective, so is ¢. Now, given any w € a® K, say w = Y a; ® x;/z with
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all z; and z in R. Set a:= Y a;z; € a. Then w = a ® (1/z). Hence, if p(w) =0,
then a/xz = 0; so a = 0 and so w = 0. Thus ¢ is injective, so bijective. 0

EXERCISE (8.9). — Let R be a ring, R’ an R-algebra, M, N two R’-modules.
Show there is a canonical R-linear map 7: M @ g N — M Qg N.

Let K C M ®gr N denote the R-submodule generated by all the differences
(@'m)®n—m® (z'n) for 2’ € R’ and m € M and n € N. Show K is equal to
Ker(7), and 7 is surjective. Show 7 is an isomorphism if R’ is a quotient of R.

SoLuTION: The canonical map 8': M x N — M ®pg N is R’-bilinear, so R-
bilinear. Hence, by (8.3), it factors: 8’ = 78 where 8: M x N - M ®g N is the
canonical map and 7 is the desired map.

Set @ := (M ®g N)/K. Then 7 factors through a map 7': Q - M ®p N since
each generator (z'm) ® n —m ® (a'n) of K maps to 0 in M ®p N.

By (8.8), there is an R’-structure on M ®g N with y'(m ®n) = m® (y'n), and
so by (8.6)(1), another one with y'(m®mn) = (y'm)®n. Clearly, K is a submodule
for each structure, so @ is too. But on @ the two structures coincide. Further,
the canonical map M x N — @ is R’-bilinear. Hence the latter factors through
M ®p N, furnishing an inverse to 7. So 7/: Q@ = M ®p N. Hence Ker(7) is
equal to K, and 7 is surjective.

Finally, suppose R’ is a quotient of R. Then every ' € R’ is the residue of some
z € R. So each (z'm)®@n —m ® (2'n) is equal to 0 in M @z N as 'm = xm and
z'n = zn. Hence Ker(7) vanishes. Thus 7 is an isomorphism. O

EXERCISE (8.12). — In the setup of (8.11), find the unit nas of each adjunction.

SoLUTION: Consider the left adjoint FM := M ®r R’ of restriction of scalars.
A map 6: FM — P corresponds to the map M — P carrying m to 8(m ® 1g/).
Take P := FM and 0 := 1pps. Thus na: M — FM is given by nyym = m ® 1.

Consider the right adjoint F'P := Hompg(R', P) of restriction of scalars. A map
wu: M — P corresponds to the map M — F'P carrying m to the map v : R' — P
defined by vz := z(um). Take P := M and p := 1p. Thus npy: M — F'M is
given by (nam)(z) = am. O

EXERCISE (8.15). — Let M and N be nonzero k-vector spaces. Prove M @ N # 0.

SOLUTION: Vector spaces are free modules; say M = k®® and N = k®Y. Then
(8.13) yields M @ N = k®(®*¥) as k@ k = k by (8.6)(2). Thus M@ N #0. O

EXERCISE (8.16). — Let R be a ring, a and b ideals, and M a module.
(1) Use (8.13) to show that (R/a) ® M = M/aM.
(2) Use (1) to show that (R/a) ® (R/b) = R/(a+b).

SoLUTION: To prove (1), view R/a as the cokernel of the inclusion a — R. Then
(8.13) implies that (R/a)® M is the cokernel of a@ M — R® M. Now, R M = M
and z ® m = zm by (8.6)(2). Correspondingly, a ® M — M has aM as image.
The assertion follows. (Caution: a ® M — M needn’t be injective; if it’s not, then
a® M # aM. For example, take R := Z, take a := (2), and take M :=Z/(2); then
a® M — M is just multiplication by 2 on Z/(2), and so aM = 0.)

To prove (2), apply (1) with M := R/b. Note a(R/b) = (a+b)/b by (4.8.1). So

R/a@ R/b = (R/b)/((a+b)/b).
The latter is equal to R/(a+ b) by (4.8.2). O
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EXERCISE (8.17). — Show Z/(m) ®z Z/{n) = 0 if m and n are relatively prime.
SOLUTION: The hypothesis yields (m) 4+ (n) = Z. Thus (8.16)(2) yields
Z/(m) @z Z/(n) = Z/({m) + (n)) = 0. 0

EXERCISE (8.19). — Let F: ((R-mod)) — ((R-mod)) be a linear functor. Show
that F always preserves finite direct sums. Show that 6(M): M ® F(R) — F(M)
is surjective if F' preserves surjections and M is finitely generated, and that 6(M)
is an isomorphism if F' preserves cokernels and M is finitely presented.

SoLUTION: The first assertion follows from the characterization of the direct sum
of two modules in terms of maps (4.18), since F preserves the relations there.

The second assertion follows from the first via the second part of the proof of
Watt’s Theorem (8.18), but with ¥ and A finite. O

EXERCISE (8.24). — Let R be a ring, M a module, X a variable. Let M[X] be
the set of polynomials in X with coefficients in M, that is, expressions of the form
S omiX® with m; € M. Prove M ®g R[X] = M[X] as R[X]|-modules.

SoLuTION: Plainly, M[X] is an R[X]-module. Define b: M x R[X] — M[X]
by b(m, 3" a;X?) := > a;mX*. Then b is R-bilinear, so induces an R-linear map
B: M ®g R[X] — M[X]. Plainly, 8 is R[X]-linear. By (8.21), any t € M ®g R[X]
can be written as t = Y. m; ® X* for some m; € M. Then 8t = > m;X?. If
Bt = 0, then m; = 0 for all 4, and so t = 0. Given u := > m;X? € M[X], set
t:=> m; ® X’. Then Bt = u. Thus f is bijective, as desired.

Alternatively, for any R[X]-module P, define an R-linear map

¢um,p: Hompx)(M[X], P) — Homp(M,P) by ¢npa:=alM.

If oar,pa = 0, then (> m; X% = > (am;)X? = 0, because « is R[X]-linear and
alM = 0; thus @ar p is injective. Given v: M — P, define a: M[X] — P by
a(>"m; X =3 y(m;) X" Then « is R[X]-linear, and ¢y po = 5. Thus ¢ p is
surjective, so bijective. Thus M — M[X] is a left adjoint of restriction of scalars.
But M — M ®pg R[X] is too by (8.11). Thus M[X] = M ®g R[X]. O

EXERCISE (8.25). — Let R be aring, (R )y,ex a family of algebras. For each finite
subset J of X, let R/, be the tensor product of the R, for o € J. Prove that the
assignment J — R/, extends to a filtered direct system and that liglRf] exists and
is the coproduct of the family (R )sex-

SOLUTION: Let A be the set of subsets of 3, partially ordered by inclusion. Then
A is a filtered small category by (7.1). Further, the assignment J +— R/, extends
to a functor from A to ((R-alg)) as follows: by induction, (8.22) implies that R/,
is the coproduct of the family (R.)scs, so that, first, for each o € J, there is a
canonical algebra map t,: R, — R/;, and second, given J C K, the ¢, for 0 € K
induce an algebra map af: R, — Rj. So thf] exists in ((R-alg)) by (7.7).

Given a family of algebra maps ¢, : R, — R”, for each J, there is a compatible
map ¢;: R, — R”, since R/} is the coproduct of the R . Further, the various ¢
are compatible, so they induce a compatible map ¢: M R'; — R". Thus h_n)lRfI is
the coproduct of the R],.
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EXERCISE (8.26). — Let X be a variable, w a complex cubic root of 1, and /2
the real cube root of 2. Set k := Q(w) and K := k[¥/2]. Show K = k[X]/(X® —2)
and then K @ KK x K x K.

SOLUTION: Note w is a root of X2 + X + 1, which is irreducible over Q; hence,
[k : Q] = 2. But the three roots of X3 — 2 are V/2 and wv/2 and w?/2. Therefore,
X3 —2has no root in k. So X3 -2 is irreducible over k. Thus k[X]/({X3-2) = K.

Note K[X] = K @y, k[X] as k-algebras by (8.23). So (8.6)(2) and (8.11) and
(8.16)(1) yield

K[X]/(X? = 2) @1 K = k[X]/{X? - 2) @xx) (K[X] @k K)
= k[X]/(X? - 2) @xx) K[X] = K[X]/(X? - 2).
However, X3 — 2 factors in K as follows:
X3 —2=(X - V2)(X —wV2)(X —w?V2).
So the Chinese Remainder Theorem, (1.14), yields
KIX]/(X?-2)=K x K x K,

because K[X]/(X — w¥/2) == K for any i by (1.8). O
9. Flatness
EXERCISE (9.4). Let R be a ring, R’ an algebra, F' an R-linear functor from

((R-mod)) to ((R'-mod)). Assume F' is exact. Prove the following equivalent:

(1) F is faithful.
(2) An R-module M vanishes if FM does.
(3) F(R/m) # 0 for every maximal ideal m of R.

(4) A sequence M’ % M Ly M" is exact if FM' 22 Far E2 par7 s,

SoLUTION: To prove (1) implies (2), suppose FM = 0. Then 1pp = 0. But
always 1pa = F(1p). Hence (1) yields 157 = 0. So M = 0. Thus (2) holds.

Conversely, assume (2). Given a: M — N with Fa =0, set [ :=Im(a). As F is
exact, (9.3) yields FI = Im(F«). Hence FI =0. So (2) yields I = 0. Thus o = 0.
Thus (1) holds. Thus (1) and (2) are equivalent.

To prove (2) implies (3), take M := R/m.

Conversely, assume (3). Given 0 # m € M, form o: R — M by a(z) := zm.
Set a := Ker(«). Let m D a be a maximal ideal. We get a surjection R/a —» R/m
and an injection R/a < M. They induce a surjection F(R/a) —» F(R/m) and an
injection F(R/a) < FM as F is exact. But F(R/m) # 0 by (3). So F(R/a) # 0.
So FM # 0. Thus (2) holds. Thus (1) and (2) and (3) are equivalent.

To prove (1) implies (4), set I := Im(a) and K := Ker(3). Now, F(Ba) =0. So
(1) yields fa = 0. Hence I C K. But F is exact; so F(K/I) = FK/FI, and (9.3)
yields FI = Im(Fa) and FK = Ker(F/3). Hence F(K/I) = 0. But (1) implies (2).
So K/I =0. Thus (4) holds.

Conversely, assume (4). Given a: M — N with Fa = 0, set K := Ker(a). As
F is exact, (9.3) yields FK = Ker(Fa). Hence FK — FM — 0 is exact. So (4)
implies K — M — 0 is exact. So &« = 0. Thus (1) holds, as desired. O

EXERCISE (9.8). — Show that a ring of polynomials P is faithfully flat.



Solutions: (9.15) 189

SOLUTION: The monomials form a free basis, so P is faithfully flat by (9.7). O

EXERCISE (9.10). — Let R be a ring, M and N flat modules. Show that M ® N
is flat. What if “flat” is replaced everywhere by “faithfully flat”?

SOLUTION: Associativity (8.10) yields (M @ N) @ ¢ = M ® (N ® e); in other
words, (M @ N)@e = (M ®e)o (N ®e). So (M ® N)® e is the composition of
two exact functors. Hence it is exact. Thus M ® N is flat.

Similarly if M and N are faithfully flat, then M ® N ® e is faithful and exact.
So M ® N is faithfully flat. a

EXERCISE (9.11). — Let R be aring, M a flat module, R’ an algebra. Show that
M ®@g R’ is flat over R’. What if “flat” is replaced everywhere by “faithfully flat”?

SOLUTION: Cancellation (8.11) yields (M ®g R') ®r 0 = M Q@pre. But M Qp e
is exact, as M is flat over R. Thus M ®gr R’ is flat over R'.

Similarly, if M is faithfully flat over R, then M Qg e is faithful too. Thus M @z R’
is faithfully flat over R’. d

EXERCISE (9.12). — Let R be aring, R’ a flat algebra, M a flat R’-module. Show
that M is flat over R. What if “flat” is replaced everywhere by “faithfully flat”?

SoLUTION: Cancellation (8.11) yields M @z e = M Qg (R’ ®pre). But R’ @p e
and M ®p/ e are exact; so their composition M ®g e is too. Thus M is flat over R.
Similarly, as the composition of two faithful functors is, plainly, faithful, the
assertion remains true if “flat” is replaced everywhere by “faithfully flat.” d

EXERCISE (9.13). — Let R be aring, R’ an algebra, R” an R’-algebra, and M an
R”-module. Assume that M is flat over R and faithfully flat over R’. Prove that
R’ is flat over R.

SoLuTION: Let N’ — N be an injective map of R-modules. Then the map
N' ®@r M — N ®p M is injective as M is flat over R. But by Cancellation (8.11),
that map is equal to this one:

(N®rR)®r M = (N®r R) @r M.

And M is faithfully flat over R’. Hence the map N’ ®r R’ —+ N ®pr R’ is injective
by (9.4). Thus R’ is flat over R. O

EXERCISE (9.14). — Let R be aring, a an ideal. Assume R/a is flat. Show a = a2.

SOLUTION: Since R/a is flat, tensoring it with the inclusion a — R yields an
injection a ® (R/a) < R ®pg (R/a). But the image vanishes: a @ r =1 Q@ ar = 0.
Further, a @ (R/a) = a/a® by (8.16). Hence a/a®> = 0. Thus a = a%. O

EXERCISE (9.15). — Let R be a ring, R’ a flat algebra. Prove equivalent:

(1) R'is faithfully flat over R.

2) For every R-module M, the map M % M ®g R’ by am = m®1 is injective.
3) Every ideal a of R is the contraction of its extension, or a = =1 (aR’).

) Every prime p of R is the contraction of some prime q of R, or p = p~1q .
) Every maximal ideal m of R extends to a proper ideal, or mR’ # R'.

) Every nonzero R-module M extends to a nonzero module, or M ®r R’ # 0.

(
(
(4
(5
(6
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SoLUTION: Assume (1). In (2), set K := Kera. Then the canonical sequence

0—K®R —sMeR 5, MoR @R

is exact. But a ® 1 has a retraction, namely m®z @y — m ®@ xy. So a® 1 is
injective. Hence K @ g R’ = 0. So (1) implies K = 0 by (9.4). Thus (2) holds.

Assume (2). Then R/a — (R/a) ® R is injective. But (R/a) ® R’ = R'/aR’ by
(8.16)(1). So ¢~ 1(aR') = a. Thus (3) holds.

Assume (3). Then (3.13)(2) yields (4).

Assume (4). Then every maximal ideal m of R is the contraction of some prime
q of R'. So mR’ C q. Thus (5) holds.

Assume (5). Consider (6). Take a nonzero m € M, and set M’ := Rm. As R’ is
flat, the inclusion M’ — M yields an injection M’ @ R’ — M ® R’.

Note M’ = R/a for some a by (4.7). So M’ ®r R’ = R'/aR’ by (8.16)(1).
Take a maximal ideal m D a. Then aR’ C mR’. But mR’ G R’ by (5). Hence
R'/aR' #0. So M' ®r R’ # 0. Hence M ® R’ # 0. Thus (6) holds.

Finally, (6) and (1) are equivalent by (9.4). O

EXERCISE (9.17). — Let R be aring, 0 — M’ % M — M” — 0 an exact sequence

with M flat. Assume N ® M’ Y% N @ M is injective for all N. Prove M" is flat.

SOLUTION: Let f: N — P be an injection. It yields the following commutative
diagram with exact rows by hypothesis and by (8.13):

00— NOM — NOM — NoM" — 0
ﬂ@M’l B®MJ lﬂ@]w”
0 —POIM —— PM — PM' —0

l l

0— P/IN®M' — P/N®M

Since M is flat, Ker(8 ® M) = 0. So the Snake Lemma (5.13) applied to the top
two rows yields Ker(8 ® M") = 0. Thus M" is flat. O

EXERCISE (9.18). — Prove that an R-algebra R’ is faithfully flat if and only if the
structure map ¢: R — R’ is injective and the quotient R'/¢R is flat over R.

SOLUTION: Assume R’ is faithfully flat. Then for every R-module M, the map
M % M ®g R’ is injective by (9.15). Taking M := R shows ¢ is injective. And,
since R’ is flat, R'/p(R) is flat by (9.17).

Conversely, assume ¢ is injective and R'/p(R) is flat. Then M — M ®pr R’ is
injective for every module M by (9.16)(1), and R’ is flat by (9.16)(2). Thus R’ is
faithfully flat by (9.15) O

EXERCISE (9.21). — Let R be a ring, R’ an algebra, M and N modules. Show
that there is a canonical map
o: HOIIIR(M, N) Qr R — HOHIR/(M [ R/, N ®pr R/).
Assume R’ is flat over R. Show that if M is finitely generated, then o is injective,

and that if M is finitely presented, then ¢ is an isomorphism.

SOLUTION: Simply put R’ := R and P := R in (9.20), put P := N ®gr R’ in
the second equation in (8.11), and combine the two results. O
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EXERCISE (9.25) (Equational Criterion for Flatness). — Prove that Condition
(9.24)(4) can be reformulated as follows: Given any relation ), z;y; = 0 with
z; € R and y; € M, there are z;; € R and yg € M such that

Zj mijy; =y, for all ¢ and ), x;;x; = 0 for all j. (9.25.1)

SOLUTION: Assume (9.24)(4) holds. Let ey, ..., e, be the standard basis of R™.
Given a relation Z;" z;y; = 0, define a: R™ — M by «(e;) := y; for each i. Set
k:=>zie;. Then a(k) = 0. So (9.24)(4) yields a factorization a: R™ %> R™ LNV,
with ¢(k) = 0. Let ef,...,e;, be the standard basis of R", and set y} := §(e]) for
each j. Let (z;;) be the n x m matrix of ¢; that is, p(e;) = > xje}. Then
Yyi = >_xjiy;. Now, (k) = 0; hence, }°, ; j;7;ej = 0. Thus (9.25.1) holds.

Conversely, given o: R™ — M and k € Ker(«), write K = ) x;e;. Assume
(9.25.1). Let o: R™ — R™ be the map with matrix (z;;); that is, p(e;) = > ;).
Then ¢(k) = >_ zixjie; = 0. Define 3: R™ — M by B(e}) := yj. Then Byp(e;) = yi;
hence, B¢ = a. Thus (9.24)(4) holds. O

EXERCISE (9.28). — Let R be a ring, M a module. Prove (1) if M is flat, then for
z € R and m € M with zm = 0, necessarily m € Ann(z)M, and (2) the converse
holds if R is a Principal Ideal Ring (PIR); that is, every ideal a is principal.

SoLuTION: For (1), assume M is flat and am = 0. Then (9.25) yields z; € R
and mj € M with )" a;m; =m and ;2 = 0 for all 5. Thus m € Ann(z)M.

Alternatively, 0 — Ann(z) — R % R is always exact. Tensoring with M gives
0 — Ann(z) ® M — M 25 M, which is exact as M is flat. So Im(Ann(z) ® M) is
Ker(py). But always Im(Ann(x) ® M) is Ann(z)M. Thus (1) holds.

For (2), it suffices, by (9.26), to show a: a® M — alM is injective. Since R is a
PIR, a = () for some z € R. So, given z € a ® M, there are y; € R and m; € M
such that z = ), y;& ® m;. Set m =3, y;m;. Then

2= ,EQym, =T ® Yy, yim; =T m.
Suppose z € Ker(a). Then zm = 0. Hence m € Ann(z)M by hypothesis. So
m =3, zjn; for some z; € Ann(z) and n; € M. Hence
z=x®);zm; =, 2T ®@n; =0.
Thus « is injective. Thus (2) holds. d

10. Cayley—Hamilton Theorem

EXERCISE (10.6). — Let R be a nonzero ring, a.: R™ — R™ a map of free modules.
Assume « is surjective. Show that m > n.

SOLUTION: Let m be a maximal ideal. Then « induces a R™/mR™ — R™/mR",
which is surjective. Plainly, that map can be rewritten as (R/m)™ —» (R/m)". But
R/mis a field. Thus m > n. O

EXERCISE (10.7). — Let R be a ring, a an ideal. Assume a is finitely generated
and idempotent (or a = a2). Prove there is a unique idempotent e with (e) = a.
SoLUTION: By (10.3) with a for M, there is e € a such that (1 —e)a = 0. So
for all z € a, we have (1 —e)z =0, or x = ex. Thus a = (¢) and e = ¢2.
Finally, e is unique by (3.26). O
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EXERCISE (10.8). — Let R be a ring, a an ideal. Prove the following conditions
are equivalent:

(1) R/a is projective over R.

(2) R/ais flat over R, and a is finitely generated.

(3) ais finitely generated and idempotent.

(4) ais generated by an idempotent.

(5) ais a direct summand of R.

SOLUTION: Suppose (1) holds. Then R/a is flat by (9.7). Further, the sequence
0 —a— R — R/a— 0 splits by (5.23). So (5.9) yields a surjection p: R — a.
Hence a is principal. Thus (2) holds.

If (2) holds, then (3) holds by (9.14). If (3) holds, then (4) holds by (10.7). If
(4) holds, then (5) holds by (1.13). If (5) holds, then R ~ a@ R/a, and so (1)
holds by (5.23). O

EXERCISE (10.9). — Prove the following conditions on a ring R are equivalent:
(1) R is absolutely flat; that is, every module is flat.
(2) Every finitely generated ideal is a direct summand of R.
(3) Every finitely generated ideal is idempotent.
(4) Every principal ideal is idempotent.

SOLUTION: Assume (1). Let a be a finitely generated ideal. Then R/a is flat by
hypotheses. So a is a direct summand of R by (10.8). Thus (2) holds.

Conditions (2) and (3) are equivalent by (10.8).

Trivially, if (3) holds, then (4) does. Conversely, assume (4). Given a finitely
generated ideal a, say a = (1, ..., 2,). Then each (z;) is idempotent by hypothesis.
So (z;) = (f;) for some idempotent f; by (1.17)(2). Then a = (f1,..., fn). Hence
a is idempotent by (1.17)(4), (1). Thus (3) holds.

Assume (2). Let M be a module, and a a finitely generated ideal. Then a is a
direct summand of R by hypothesis. So R/a is flat by (9.6). Hence a®@ M —- aM
by (9.16)(1); cf. the proofof (8.16)(1). So M is flat by (9.26). Thus (1) holds. O

EXERCISE (10.10). — Let R be a ring.

(1) Assume R is Boolean. Prove R is absolutely flat.

(2) Assume R is absolutely flat. Prove any quotient ring R’ is absolutely flat.
(3) Assume R is absolutely flat. Prove every nonunit z is a zerodivisor.

(4) Assume R is absolutely flat and local. Prove R is a field.

SoLuTION: In (1), as R is Boolean, every element is idempotent. Hence every
principal ideal is idempotent by (1.17)(1). Thus (10.9) yields (1).

For (2), let b C R’ be principal, say b = (). Let € R lift Z. Then (z) is
idempotent by (10.9). Hence b is also idempotent. Thus (10.9) yields (2).

For (3) and (4), take a nonunit z. Then (z) is idempotent by (10.9). So x = az?
for some a. Then z(axz —1) = 0. But z is a nonunit. So az—1 # 0. Thus (3) holds.

Suppose R is local, say with maximal ideal m. Since z is a nonunit, x € m. So
ar €m. Soax —1 ¢ m. So ax —1 is a unit. But z(az —1) =0. So z = 0. Thus 0
is the only nonunit. Thus (4) holds. O

EXERCISE (10.14). — Let R be a ring, a an ideal, and a: M — N a map of
modules. Assume that a C rad(R), that N is finitely generated, and that the
induced map @: M/aM — N/aN is surjective. Show that « is surjective.
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SOLUTION: Since @ is surjective, «(M)+aN = N. Since N is finitely generated,
so is N/a(N). Hence a(M) = N by (10.13)(1). Thus « is surjective. O

EXERCISE (10.15). — Let R be a ring, m C rad(R) an ideal. Let o, 8: M = N
be two maps of finitely generated modules. Assume that « is an isomorphism and
that B(M) C mN. Set v := a+ . Show that v is an isomorphism.

SOLUTION: As « is surjective, given n € N, there is m € M with a(m) = n. So
n=a(m)+ B(m) — B(m) € y(M) +mN.

But M/N is finitely generated as M is. Hence (M) = N by (10.13)(1). So a~lvis
surjective, and therefore an isomorphism by (10.4). Thus + is an isomorphism. [

EXERCISE (10.16). — Let A be a local ring, m the maximal ideal, M a finitely
generated A-module, and my,...,m, € M. Set k:= A/m and M’ := M/mM, and
write m) for the image of m; in M’. Prove that m},...,m), € M’ form a basis
of the k-vector space M’ if and only if mq,...,m, form a minimal generating
set of M (that is, no proper subset generates M), and prove that every minimal
generating set of M has the same number of elements.

SOLUTION: By (10.13), reduction mod m gives a bijective correspondence be-
tween generating sets of M as an A-module, and generating sets of M’ as an
A-module, or equivalently by (4.5), as an k-vector space. This correspondence
preserves inclusion. Hence, a minimal generating set of M corresponds to a min-
imal generating set of M’, that is, to a basis. But any two bases have the same
number of elements. g

EXERCISE (10.17). — Let A be a local ring, k its residue field, M and N finitely
generated modules. (1) Show that M = 0 if and only if M ®4 k = 0. (2) Show
that M @4 N # 0 if M # 0 and N # 0.

SOLUTION: Let m be the maximal ideal. Then M ® k = M/mM by (8.16)(1).
So (1) is nothing but a form of Nakayama’s Lemma (10.11).

In (2, M@k#0and N®k #0Dby (1). So (M ®k)® (N ®k)#0 by (8.15)
and (8.9). But (M ® k) ® (N®k) = (M ® N)® (k® k) by the associative and
commutative laws, (8.10) and (8.6). Finally, k ® k = k by (8.16)(1). O

EXERCISE (10.19). Let A — B be a local homomorphism, M a finitely gener-
ated B-module. Prove that M is faithfully flat over A if and only if M is flat over
A and nonzero. Conclude that, if B is flat over A, then B is faithfully flat over A.

SOLUTION: Plainly, to prove the first assertion, it suffices to show that M ® 4 e is
faithful if and only if M # 0. Now, if M ® 4 e is faithful, then M ® N # 0 whenever
N #0 by (9.4). But M ® A= M by the Unitary Law, and A # 0. Thus M # 0.

Conversely, suppose M # 0. Denote the maximal ideals of A and B by m and n.
Then nM # M by Nakayama’s Lemma (10.11). But mB C n as A — B is a local
homomorphism. So M/mM # 0. But M/mM = M ® (A/m) by (8.16)(1). Thus
(9.4) implies M ® 4 o is faithful. Finally, the second assertion is the special case
with M := B. g

EXERCISE (10.22). — Let G be a finite group of automorphisms of a ring R.
Form the subring R® of invariants. Show that every = € R is integral over R®, in
fact, over the subring R’ generated by the elementary symmetric functions in the
conjugates gx for g € G.
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SoruTiON: Givenan z € R, form F(X) := ][, (X —g). Then the coefficients
of F(X) are the elementary symmetric functions in the conjugates gx for g € Gj
hence, they are invariant under the action of G. So F(z) = 0 is a relation of integral
dependence for = over R®, in fact, over its subring R’. O

EXERCISE (10.24). — Let k be a field, P := k[X] the polynomial ring in one
variable, f € P. Set R := k[X?] C P. Using the free basis 1, X of P over R, find
an explicit equation of integral dependence of degree 2 on R for f.

SoLuTION: Write f = f. + f,, where f. and f, are the polynomials formed by

the terms of f of even and odd degrees. Say f, = gX. Then the matrix of u; is
(J;’ gfz ) Its characteristic polynomial is T? — 2f.T + f2 — f2. So the Cayley

Hamilton Theorem (10.1) yields f2 —2f.f + f2 — 2 =0. O

EXERCISE (10.29). — Let Ry, ..., R, be R-algebras that are integral over R. Show
that their product [] R; is a integral over R.

SOLUTION: Let y = (y1,...,yn) € HZL:1 R;. Since R;/R is integral, R[y;] is a
module-finite R-subalgebra of R; by (10.28). Hence []}_, R[y;] is a module-finite
R-subalgebra of [[;_, R; by (4.16) and induction on n. Now, y € []'_, Rly:].
Therefore, y is integral over R by (10.28). Thus []\ | R; is integral over R. O

EXERCISE (10.31). — For 1 <i <, let R; be a ring, R} an extension of R;, and
z; € R.. Set R:=[[R;, set R’ :=[] R., and set z := (z1,...,x,). Prove

(1) x is integral over R if and only if x; is integral over R; for each ¢;

(2) R is integrally closed in R’ if and only if each R; is integrally closed in R;.

SOLUTION: Assume z is integral over R. Say 2" + a1z ' 4+ --- 4+ a, = 0 with
aj € R. Say a; =: (aij,...,a,;). Fix i. Then 2? + a;2" 1 + -+ a;, = 0. So x;
is integral over R;.

Conversely, assume each z; is integral over R;. Say z}" +ai1xf’”1 4+ Fain, =0.

Set n := maxn,, set a;; := 0 for j > n;, and set a; := (a1,,...,ar;) € R for each j.
Then 2" + a2~ +--- 4+ a, = 0. Thus z is integral over R. Thus (1) holds.
Assertion (2) is an immediate consequence of (1). O

EXERCISE (10.35). — Let k be a field, X and Y variables. Set
R:=k[X,Y]/(Y? - X? - X3),

and let z,y € R be the residues of X,Y. Prove that R is a domain, but not a field.
Set t := y/x € Frac(R). Prove that k[t] is the integral closure of R in Frac(R).

SOLUTION: As k[X,Y]isa UFD and Y2 — X2 — X? is irreducible, (Y2 — X2 - X3)
is prime by (2.6); however, it is not maximal by (2.29). Hence R is a domain
by (2.9), but not a field by (2.17).

Note 2 — 22 — 23 = 0. Hence # =2 — 1 and y = 3 — t. So k[t] D k[z,y] = R.
Further, ¢ is integral over R; so k[t] is integral over R by (2)=-(1) of (10.28).

Finally, k[t] has Frac(R) as fraction field. Further, Frac(R) # R, so x and y
cannot be algebraic over k; hence, ¢ must be transcendental. So k[t] is normal by
(10.34)(1). Thus k[t] is the integral closure of R in Frac(R). a

11. Localization of Rings
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EXERCISE (11.2). — Let R be a ring, S a multiplicative subset. Prove S™!R =0
if and only if S contains a nilpotent element.

SoruTioN: By (1.1), S™'R = 0 if and only if 1/1 = 0/1. But by construction,
1/1=0/1if and only if 0 € S. Finally, since S is multiplicative, 0 € S if and only
if S contains a nilpotent element. O

EXERCISE (11.4). — Find all intermediate rings Z C R C Q, and describe each R
as a localization of Z. As a starter, prove Z[2/3] = S™1Z where S = {3¢ | i > 0}.

SoLuTION: Clearly Z[2/3] C Z[1/3] as 2/3 = 2-(1/3). But the opposite inclusion
holds as 1/3 = 1 — (2/3). Clearly S~'Z = Z[1/3].

Let P C Z be the set of all prime numbers that appear as factors of the de-
nominators of elements of R in lowest terms; recall that z = r/s € Q is in lowest
terms if r and s have no common prime divisor. Let S be the multiplicative subset
generated by P, that is, the smallest multiplicative subset containing P. Clearly,
S is equal to the set of all products of elements of P.

First note that, if p € P, then 1/p € R. Indeed, take an element = r/ps € R in
lowest terms. Then sz = r/p € R. Also the Euclidean algorithm yields m, n € Z
such that mp 4+ nr = 1. Then 1/p = m + nsx € R, as desired. Hence S™'Z C R.

But the opposite inclusion holds because, by the very definition of S, every element
of R is of the form r/s for some s € S. Thus S™'Z = R. d

EXERCISE (11.7). — Let R’ and R” be rings. Consider R := R’ x R” and set
S:={(1,1), (1,0) }. Prove ' = S~'R.

SOLUTION: Let’s show that the projection map 7: R’ x R” — R’ has the UMP
of (11.5). First, note that 7S = {1} C R’*. Let ¢: R’ x R” — B be a ring map
such that ¥(1,0) € B*. Then in B,

Hence 9(0,z) = 0 for all z € R"”. So 1 factors uniquely through 7 by (1.6). O
EXERCISE (11.8). — Take R and S as in (11.7). On R x S, impose this relation:
(z,8) ~ (y,t) if at=ys.

Prove that it is not an equivalence relation.
SoLUTION: Observe that, for any 2 € R”, we have
((1,2), (1,1)) ~ ((1,0), (1,0)).
However, if z # 0, then
((1,2), (1,1)) £ ((1,0), (1,1)).
Thus although ~ is reflexive and symmetric, it is not transitive if R” # 0. g

EXERCISE (11.9). — Let R be a ring, S C T a multiplicative subsets, S and T
their saturations; see (3.17). Set U := (S™1R)*. Show the following:

(1) U={=z/s|zr€Sandsc S} (2) p5'U=75.
(3) SS'IR=T"'Rifandonlyif S=T. (4) S 'R=S"'R.

196 Solutions: (11.17)

SoLuTioN: In (1), given z € S and s € S, take y € R such that zy € S. Then
x/s sy/zy =1in ST'R. Thus z/s € U. Conversely, say z/s-y/t = 1in STIR
with z,y € R and s,t € S. Then there’s u € S with xyu = stu in R. But stu € S.
Thus z € S. Thus (1) holds.

For (1), set V := g T. Then V is saturated multiplicative by (3.15). Further,
V O S by (11.1). Thus (1)(c) of (3.17) yields V O S. Conversely, take z € V.
Then /1 € T. So (1) yields /1 = y/s with y € S and s € S. So there’s t € S with
xst =yt in R. But S O S by (1)(a) of (3.17), and S is multiplicative by (1)(b) of
(3.17); so yt € S. But S is saturated again by (1)(b). Thus x € S. Thus V = S.

In (3), if ST'R = T~'R, then (2) implies S = T. Conversely, if S = T, then (4)
implies S™'R = T~ 'R.

As to (4), note that, in any ring, a product is a unit if and only if each factor is.
So a ring map ¢: R — R’ carries S into R'™ if and only if ¢ carries S into R'™.
Thus § 'R and S~'R are characterized by equivalent UMPs. Thus (4) holds. O

EXERCISE (11.10). — Let R be a ring, S C T C U and W multiplicative subsets.
(1) Show there’s a unique R-algebra map gp%: S™'R— T 'R and gpgcp% = cpg.
(2) Given a map ¢: ST'R — W™'R, show SC S CW and ¢ = LPSW.

(3) Let A be a set, Sx C S a multiplicative subset for all A € A. Assume

UJSx = S. Assume given A, € A, there is v such that Sy, S, C S,. Order A by

inclusion: XA < p if Sy C S,. Using (1), show @S)TIR =S7'R.

SoruTioN: For (1), note prS C orT C (T7*R)*. So (11.5) yields a unique
R-algebra map ¢3: ST'R — T~'R. By uniqueness, o} 5 = 2. Thus (1) holds.

For (2), note p(ST'R)* C (W™'R)*. So ¢g'(ST'R)* C ¢p/ (W™IR)*. But
05 (STIR)* =S and ¢l (WIR)* = W by (11.9). Also S C S by (3.17)(a).
Thus (2) holds.

For (3), notice A is directed. Given A < p, set a, := cpgi Then ata), = oy if
A< p<v. Thus ligS;lR exists as a filtered direct limit of R-algebras by (7.7).

Given A, set [y := apg*. Then Bua;)l = Bx. So the By induce an R-algebra map
B: 1135;11% — STIR with 8\ = Bay where o is the insertion of S;lR.

Take 2 € Ker(j3). There are A and z/s) € Sy 'R such that ay(zx/s)) = z by
(7.8)(1). Then Bx(xzr/sx) = 0. So there is s € S with szy = 0. But s € S, for
some p > A. Hence aﬁ(x)\/s,\) =0.Soz = auaﬁ(z)\/&) = 0. Thus 3 is injective.

As to surjectivity, take 2/s € ST'R. Then s € Sy for some ), so 2/s € S;lR.
Hence By (x/s) = x/s. Thus j is surjective, so an isomorphism. Thus (3) holds. O

EXERCISE (11.11). — Let R be a ring, Sy the set of nonzerodivisors.
(1) Show Sy is the largest multiplicative subset S with ¢g: R — S~ R injective.
(2) Show every element x/s of Sy 'R is either a zerodivisor or a unit.
(3) Suppose every element of R is either a zerodivisor or a unit. Show R = So_lR.

SoruTIiON: For (1), let s € S and € R with sz = 0. Then ¢g(sz) = 0. So
vs(s)ps(z) = 0. But pg(s) is a unit. So pg(z) = 0. But pg is injective. So z = 0.
Thus S C Sp; that is, (1) holds.

For (2), take #/s € Sy ' R, and suppose it is a nonzerodivisor. Then /1 is also a
nonzerodivisor. Hence z € Sy, for if zy = 0, then z/1-y/1 = 0, s0 ¢g,(y) =y/1 =0,
so y =0 as gg, is injective. Therefore, z/s is a unit. Thus (2) holds.

In (3), by hypothesis, Sy € R*. So R < Sy 'R by (11.6); that is, (3) holds. O
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EXERCISE (11.17). — Let R be a ring, S a multiplicative subset, a and b ideals.
Show (1) if a C b, then a® C b%; (2) (a%)% =0a®; and (3) (a°b%)% = (ab)®.

SoLuTION: For (1), take 2 € a®. Then there is s € S with sz € a. If a C b, then
sz € b, and so x € b°. Thus (1) holds.

To show (2), proceed by double inclusion. First, note a® D a by (11.16)(2). So
(a%)® o a% again by (11.16)(2). Conversely, given = € (a%)®, there is s € S with
sz € a®. So there is t € S with tsz € a. But ts € S. So x € a¥. Thus (2) holds.

To show (3), proceed by double inclusion. First, note a C a® and b C b° by
(11.16)(2). So ab € a®bS. Thus (1) yields (ab)® C (a6%)5.

Conversely, given z € ab, say = := 3 y;2; with y; € a¥ and 2; € b%. Then
there are s;,t; € S such that s;y; € a and t;2; € b. Set u := []s;t;. Thenu € S
and uz € ab. So x € (ab)®. Thus a6 C (ab)®. So (a®6%)% C ((ab)®)® by (1).
But ((ab)®)® = (ab)® by (2). Thus (3) holds. O

EXERCISE (11.18). — Let R be a ring, S a multiplicative subset. Prove that
nil(R)(S™'R) = nil(ST'R).

SoLUTION: Proceed by double inclusion. Given an element of nil(R)(S~!R), put
it in the form z/s with « € nil(R) and s € S using (11.14)(1). Then 2™ = 0 for
somen > 1. So (z/s)" = 0. So z/s € nil(S~R). Thus nil(R)(S™'R) C nil(S~!R).

Conversely, take x/s € nil(S™!'R). Then (z/s)™ = 0 with m > 1. So there’st € S
with tz™ = 0 by (11.16)(1). Then (tx)™ = 0. So tx € nil(R). But tz/ts = z/s.
So z/s € nil(R)(S™1R) by (11.14)(1). Thus nil(R)(S~1R) D nil(S~1R). O
EXERCISE (11.24). — Let R'/R be an integral extension of rings, and S a multi-
plicative subset of R. Show that S~1R’ is integral over S™!R.

SoLUTION: Given z/s € STIR! let 2" 4+ an_12" "' 4---+ag = 0 be an equation
of integral dependence of x on R. Then

(@/8)" + (an—1/1)(1/5)(x/s)" 7" + -+ ao(1/s)" =0
is an equation of integral dependence of z/s on S™!R, as required. d

EXERCISE (11.25). — Let R be a domain, K its fraction field, L a finite extension
field, and R the integral closure of R in L. Show that L is the fraction field of R.
Show that, in fact, every element of L can be expressed as a fraction b/a where b
isin R and a is in R.
SOLUTION: Let x € L. Then z is algebraic (integral) over K, say
" +y1z"’1 +- 0+ Yy =0
with y; € K. Write y; = a;/a with a4,...,a,,a € R. Then
(ax)™ +ay(az)" 4+ +a" ey = 0.

Set b:=ax. Then b € R and = = b/a. O
EXERCISE (11.26). — Let R C R’ be domains, K and L their fraction fields.

Assume that R’ is a finitely generated R-algebra, and that L is a finite dimensional
K-vector space. Find an f € R such that R} is module finite over Ry.

SOLUTION: Let x1,..., T, generate R’ over R. Using (11.25), write z; = b;/a;
with b; integral over R and a; in R. Set f := [[a;. The x; generate R} as an
Ry-algebra; so the b; do too. Thus R} is module finite over Ry by (10.28). O
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EXERCISE (11.29). — Let R be a ring, S and T multiplicative subsets.
(1) Set T" := pg(T) and assume S C T. Prove
T'R=T"YS7'R) =T (S7'R).
(2)Set U :={ste R|se SandteT} Prove
T YS 'Ry =S YT 'R)=U"'R.
SOLUTION: A proof similar to that of (11.27) shows T-'R = T'~}(S~1R). By
(11.28), 7-1(S71R) = T-1(S7'R). Thus (1) holds.

As 1 € T, obviously S C U. So (1) yields U"'R = U~ !(S7!R). Now, clearly
U-Y(S~'R) = T-Y(S~'R). Similarly, U"'RS~'(T'R). Thus (2) holds. O

EXERCISE (11.32) (Localization and normalization commute). — Given a domain
R and a multiplicative subset S with 0 ¢ S. Show that the localization of the
normalization S~!R is equal to the normalization of the localization S—1R.

SoLuTION: Since 0 ¢ S, clearly Frac(S™!R) = Frac(R) owing to (11.3). Now,
S~1R is integral over ST'R by (11.24). Thus S~'R C S—1R.
Conversely, given x € S~1R, consider an equation of integral dependence:

2" +a 2"+ 4 a, = 0.
Say a; = b;/s; with b; € R and s; € S; set s := [[s;. Multiplying by s™ yields
(s2)™ + sai(sz)" "t + - + s"a, = 0.
Hence sz € R. So z € S™'R. Thus S~'R D S—IR, as desired. g

12. Localization of Modules

EXERCISE (12.4). — Let R be aring, S a multiplicative subset, and M a module.
Show that M = S~'M if and only if M is an S~'R-module.

SoLuTioN: If M = S~'M, then M is an S~!R-module since S~ M is by (12.3).
Conversely, if M is an S~'R-module, then M equipped with the identity map has
the UMP that characterizes S~'M; whence, M = S~'M. O

EXERCISE (12.5). — Let R be a ring, S C T multiplicative subsets, M a module.
Set Ty := @s(T) € S~'R. Show T-'M =T-Y(S~'M) = T7 (S~ M).

SOLUTION: Let’s check that both T=1(S~*M) and T, (S~ M) have the UMP
characterizing T~'M. Let ¢»: M — N be an R-linear map into an 7' R-module.
Then the multiplication map ps: N — N is bijective for all s € T by (12.1),
so for all s € S since S C T. Hence v factors via a unique S~!R-linear map
p: S~M — N by (12.3) and by (12.1) again.

Similarly, p factors through a unique 7~!R-linear map p’': T~1(S™1M) — N.
Hence ¢ = p'orps, and p’ is clearly unique, as required. Also, p factors through
a unique Ty ' (S~ R)-linear map p}: T (S~'M) — N. Hence ¢ = p', o1, @5, and
p} is clearly unique, as required. ]
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EXERCISE (12.6). — Let R be a ring, S a multiplicative subset. Show that S
becomes a filtered category when equipped as follows: given s,t € S, set

Hom(s,t) :={z € R|zs =t}.

Given a module M, define a functor S — ((R-mod)) as follows: for s € S, set
M, := M; to each x € Hom(s, t), associate yz: My — M;. Define B,: My — S™1M
by Bs(m) :=m/s. Show the 85 induce an isomorphism li_n}]%s -~y STIM.

SoLUTION: Clearly, S is a category. Now, given s,t € S, set u := st. Then
u € S; also t € Hom(s,u) and s € Hom(¢,u). Given z,y € Hom(s,t), we have
zs =t and ys =t. So s € Hom(¢,u) and xs = ys in Hom(s,w). Thus S is filtered.

Further, given z € Hom(s,t), we have By, = (s since m/s = zm/t as xs = t.
So the s induce a homomorphism f: ling — S71M. Now, every element of
S™IM is of the form m/s, and m/s =: Bs(m); hence, 3 is surjective.

Each m € lim M, lifts to an m’ € M, for some s € S by (7.8)(1). Assume
pm = 0. Then Bsm’ = 0 as the §s induce 8. But Ssm’ = m'/s. So thereist € S
with tm’ = 0. So pym’ =0 in Mg, and pgm’ — m. So m = 0. Thus S is injective,
so an isomorphism. O

EXERCISE (12.7). — Let R be a ring, S a multiplicative subset, M a module.
Prove S7'M = 0 if Ann(M)N S # (). Prove the converse if M is finitely generated.

SOLUTION: Say f € Ann(M)NS. Let m/t € S~'M. Then f/1-m/t = fm/t = 0.
Hence m/t = 0. Thus S~'M = 0.

Conversely, assume S~'M = 0, and say my,...m, generate M. Then for each
i, there is f; € S with fym; = 0. Then [] f; € Ann(M) NS, as desired. a

EXERCISE (12.8). — Let R be a ring, M a finitely generated module, a an ideal.
(1) Set S :=1+ a. Show that S~'a lies in the radical of S™1R.
(2) Use (1), Nakayama’s Lemma (10.11), and (12.7), but not the determinant
trick (10.2), to prove this part of (10.3): if M = aM, then sM =0 for an s € S.

SoruTion: For (1), use (3.2) as follows. Take a/(1+b) € S™'a with a,b € a.
Then for x € R and ¢ € a, we have

1+ (a/(1+0))(z/(1+¢) = (14 (b+c+bc+az))/(1+b)(1+c).

The latter is a unit in S7'R, as b+ ¢+ be + azx € a. So a/(1 +b) € rad(S™'R) by
(3.2). Thus (1) holds.

For (2), assume M = aM. Then S™*M = S~1aS™1M by (12.2). So S™1M =0
by (1) and (10.11). So (12.7) yields an s € S with sM = 0. Thus (2) holds. O

EXERCISE (12.12). — Let R be a ring, S a multiplicative subset, P a projective
module. Then S™1P is a projective S~ R-module.

SOLUTION: By (5.23), there is a module K such that F := K & P is free.
So (12.10) yields that S™'F = S™'!P @ S™'K and that S~1F is free over S™1R.
Hence S~ P is a projective S~! R-module again by (5.23). O

EXERCISE (12.14). — Let R be a ring, S a multiplicative subset, M and N mod-
ules. Show ST{(M@rN)=S"'M@rN =S"'M®g 1S !N =5S"'M®rS™!N.
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SorLuTioN: By (12.13), S™'(M ®r N) = ST'R®r (M ®g N). The latter is
equal to (S"!R®pr M)®pr N by associativity (8.10). Again by (12.13), the latter
is equal to ST'M ®g N. Thus the first equality holds.

By cancellation (8.11), S™'M ®g N = S7'M ®g-15 (SR ®g N), and the
latter is equal to S™1M ®g-15 S~1N by (12.13). Thus the second equality holds.

Finally by (8.9), the kernel of the map S™!M ®r S™'N = STIM ®¢-15 STIN
is generated by elements (zm/s) ® (n/1) — (m/1) ® (xn/s) with m € M, n € N,
z € R, and s € S. Those elements are zero because s is an isomorphism on the
S~!'R-module S™'M ®r S™!N. Thus the third equality holds. O

EXERCISE (12.15). — Let R be a ring, R’ an algebra, S a multiplicative subset,
M a finitely presented module, and r an integer. Show

F.(M®rR)=F.(M)R and F.(S7'M)=F.(M)S™'R=S"'F.(M).
SOLUTION: Let R® 2 R™ — M — 0 be a presentation. Then, by (8.13),
(R)" 225 (Y™ 5> M @r R — 0
is a presentation. Further, the matrix A of « induces the matrix of a ® 1. Thus
F,(M®rR)=I,—(A)R = F,(M)R'.

For the last equalities, take R’ := S™'R. Then F,.(S™'M) = F.(M)S™'R by
(12.13). Finally, F,(M)S~'R = S~ F.(M) by (12.2). O

EXERCISE (12.18). — Let R be a ring, S a multiplicative subset.
(1) Let M, 2, M, be a map of modules, which restricts to a map N; — Ny of
submodules. Show a(N+) C N3'; that is, there is an induced map N{¥ — N5

(2) Let 0 — My 2 M, ﬁ> M3 be a left exact sequence, which restricts to a left
exact sequence 0 — N1 — No — N3 of submodules. Show there is an induced left
exact sequence of saturations: 0 — NP — N§ — N§.

SoLuTioN: For (1), take m € NY. Then there is s € S with sm € N;. So
a(sm) € Na. But a(sm) = sa(m). Thus (1) holds.

In (2), a(N{) C N5 and B(N§) C N§ by (1). Trivially, o|N{ is injective, and
Ba|N? = 0. Finally, given my € Ker(B|N5), there is s € S with sms € Ny, and
exactness yields m; € My with a(mi) = mg. Then B(sm2) = s8(mz) = 0. So
exactness yields n; € Ny with a(ny) = sma. Also a(smq) = sa(m;) = sma. But «
is injective. Hence sm; = n;. So m; € N, and a(m;) = my. Thus (2) holds. O

EXERCISE (12.19). — Let R be aring, M a module, and S a multiplicative subset.
Set T9M := (0)°. We call it the S-torsion submodule of M. Prove the following:
(1) TS(M/T*M) = 0. (2) TSM = Ker(ps).
(3) Let a: M — N be a map. Then o(T°M) c T°N.
(4) Let 0 — M’ — M — M" be exact. Thensois0 — T5M' — TSM — TSM".
(5) Let S; C S be a multiplicative subset. Then T5(S;7 M) = S;7H(T°M).

SoLuTioN: For (1), given an element of 7% (M/T°(M)), let m € M represent
it. Then there is s € S with sm € TS(M). So there is t € S with tsm = 0. So
m € T%(M). Thus (1) holds. Assertion (2) holds by (12.17)(3).

Assertions (3) and (4) follow from (12.18)(1) and (2).

For (5), given m/sy € S T5(M) with s; € S; and m € TS(M), take s € S with
sm =0. Then sm/s; = 0. Som/s; € T*(Sy*M). Thus S 7% (M) c T%(S;M).
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For the opposite inclusion, given m/s; € T5(S;7 M) with m € M and s; € Sy,
take t/t; with ¢t € S and ¢; € S; and t/t1 - m/s; = 0. Then tm/1 = 0. So there
is s’ € 81 with s’tm = 0 by (12.17)(3). But s't € S as S; C S. So m € T%(M).
Thus m/s; € S;7'T%(M). Thus (5) holds. O

EXERCISE (12.28). — Set R :=Z and S = Z — (0). Set M := €D,,5,Z/(n) and
N := M. Show that the map o of (12.25) is not injective.

SoLuTION: Given m > 0, let e, be the nth standard basis element for some
n > m. Then m -e, # 0. Hence ur: R — Hompg(M, M) is injective. But
S~M =0, as any = € M has only finitely many nonzero components; so kz = 0 for
some nonzero integer k. So Hom(S~'M, S~'M) = 0. Thus o is not injective. [

13. Support

EXERCISE (13.2). — Let R be aring, p € Spec(R). Show that p is a closed point —
that is, {p} is a closed set—if and only if p is a maximal ideal.

SoLUTION: If p is maximal, then V(p) = {p}; so p is closed.
Conversely, suppose p is not maximal. Then p g m for some maximal ideal m. If
p € V(a), then m € V(a) too. So {p} # V(a). Thus {p} is not closed. O

EXERCISE (13.3). — Let R be a ring, and set X := Spec(R). Let X3, X2 C X be

closed subsets. Show that the following four conditions are equivalent:

(1) X1UX2 = X and leXQ :@

(2) There are complementary idempotents e1, es € R with V({e;)) = X.

(3) There are comaximal ideals a1, as C R with a;a; =0 and V(a;) = X.

(4) There are ideals a1, az C R with a3 ® az = R and V(a;) = X;.

Finally, given any e; and a; satisfying (2) and either (3) or (4), necessarily e; € a;.
SOLUTION: Assume (1). Take ideals a1, as with V(a;) = X;. Then (13.1) yields

V(alag) = V(al) UV(az) =X = V(O) and
V(a1 + Cl2) = V(Cll) N V(az) =0 = V(R)

So /araz = 1/(0) and v/a; + az = VR again by (13.1). Hence (3.27) yields (2).
Assume (2). Set a; := {e;). As e; + ez = 1 and ejes = 0, plainly (3) holds.
Assume (3). As the a; are comaximal, the Chinese Remainder Theorem (1.14)

yields a; Nag = ajas. But ajaz = 0. So a3 @ az = R by (4.17). Thus (4) holds.

Assume (4). Then (13.1) yields (1) as follows:

X1 UXs = V(al) @] V(ag) = V(alag) = V(O) =X and
XiNnXy = V(al) N V(ag) = V(a1 + az) = V(R) = 0.

Finally, say e; and a; satisfy (2) and either (3) or (4). Then /{e;) = /&; by
(13.1). So e? € a; for some n > 1. But e = ¢;, so e = e;. Thus ¢; € a;. O
EXERCISE (13.4). — Let ¢: R — R’ be a map of rings, a an ideal of R, and b an
ideal of R’. Set ¢* := Spec(p). Prove these two statements:

(1) Every prime of R is a contraction of a prime if and only if ¢* is surjective.

(2) If every prime of R’ is an extension of a prime, then ¢* is injective.

Is the converse of (2) true?
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SoLuTION: Note ¢*(q) := ¢~ 1(q) by (13.1.2). Hence (1) holds.

Given two primes q; and g2 that are extensions, if qf = q$, then q1 = g2 by
(1.5). Thus (2) holds.

The converse of (2) is false. Take R to be a domain. Set R’ := R[X]/(X?). Then
R'/{(X) = R by (1.8). So (X) is prime by (2.9). But (X) is not an extension,
as X ¢ aR’ for any proper ideal a of R. Finally, every prime q of R’ contains the
residue = of X, as #2 = 0. Hence q is generated by qN R and z. But qN R = ¢*(q).
Thus ¢* is injective. ]

EXERCISE (13.5). — Let R be a ring, S a multiplicative subset. Set X := Spec(R)
and Y := Spec(ST!R). Set ¢} := Spec(ps) and S71X = Imyy C X. Show
(1) that S~1X consists of the primes p of R with p NS = 0 and (2) that ¢} is a
homeomorphism of Y onto S™1X.

SoLuTion: Note ¢%(q) := 5" (q) by (13.1.2). Hence (11.20)(2) yields (1) and
also the bijectivity of ¢%. But ¢% is continuous by (13.1). So it remains to show
that ¢% is closed. Given an ideal b C STIR, set a:= wgl(b). It suffices to show

¢5(V(b) = STIX N V(a). (13.5.1)

Given p € ¢%(V(b)), say p = ¢%(q) and g € V(b). Thenp = 5" (q) and g D b by
(138.1). Sop = 5'(q) D pg'(b) = a. Sop € V(a). But p € p5(V(b)) C S7'X.
Thus ¢%(V(b)) C STIX N V(a).

Conversely, given p € STIX(NV(a), say p = ¢%(q). Then p = wgl(q) and
pDa:=5'(b). Sops'(a) D ws'(b). Sopg'(a)R O p5'(b)R. Soq D b by
(11.19)(1)(b). So q € V(b). So p = ¢5(q) € ¢5(V(b)). Thus (13.5.1) holds, as
desired. Thus (2) holds. O

EXERCISE (13.6). — Let : R — R’ be a ring map, S C R a multiplicative subset.
Set X := Spec(R) and Y := Spec(R’) and 0* := Spec(f). Via (13.5)(2) and
(11.23), identify Spec(S™'R) and Spec(S~!R’) with their images S~'X C X and
S7Y c Y. Show (1) S71Y = 0*~1(S71X) and (2) Spec(S~10) = 0*|S*1Y4

SOLUTION: Given q € Y, elementary set-theory shows that q N 6(S) = 0 if and
only if 671(q) NS = 0. So q € S™'Y if and only if 671(q) € S~'X by (13.5)(1)
and (11.23). But p5'(q) =: ¢%(q) by (13.1.2). Thus (1) holds.

Finally, (S™'0)ps = ¢s6 by (12.9). So ¢5'(S710)""(a) = (S7'0)'p5'(a)-
Thus (13.1.2) yields (2). O

EXERCISE (13.7). — Let 8: R — R’ be a ring map, a C R an ideal. Set b := aR’.
Let 6: R/a — R'/b be the induced map. Set X := Spec(R) and Y := Spec(R’). Set
0* := Spec(d) and 0 := Spec(f). Via (13.1), identify Spec(R/a) and Spec(R'/b)
with V(a) € X and V(b) C Y. Show (1) V(b) = 6*~(V(a)) and (2) § = 6*| V(b).

SoLUTION: Given q € Y, observe that q D b if and only if §=1(q) D a, as follows.
By (1.5)(1) in its notation, ¢ D b := a® yields q° D a®® D a, and q° D a yields
q D q° D a®. Thus (1) holds.

Plainly, 8(q/b) = (0~'q)/a. Thus (13.1.2) yields (2). O

EXERCISE (13.8). — Let : R — R’ be a ring map, p C R a prime, k the residue
field of Ry,. Set 0* := Spec(d). Show (1) that 6*~!(p) is canonically homeomorphic
to Spec(R’' @g k) and (2) that p € Im6* if and only if R’ @ k # 0.
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SOLUTION: First, take S := R — p and apply (13.6) to obtain
Spec(Ry,) = 0 (Spec(R,)) and  Spec(fy) = 0*| Spec(Ry).
Next, take a := pR), and apply (13.7) to 0,: R, — R), to obtain
Spec(R'/pR’) = Spec(f,) " V(pR,).
But 0~ (pR,) = p by (11.20)(2); so V(pR,) = p. Therefore,

. -1 e
Spec(Ry /pR;) = (07 Spec(Ry)) ~ (n) = 0" (p).
But k := R, /pRy. So R'/pR' = k®@r R’. Thus (1) holds.
Finally, (1) implies p € Im 6* if and only if Spec(R'®gk) # @. Thus (2) holds. O

EXERCISE (13.9). — Let R be a ring, p a prime ideal. Show that the image of
Spec(Rp) in Spec(R) is the intersection of all open neighborhoods of p in Spec(R).

SOLUTION: By (13.5), the image X, consists of the primes contained in p. Given
f € R—p, note that D(f) contains every prime contained in p, or X, C D(f). But
the principal open sets form a basis of the topology of X by (13.1). Hence X, is
contained in the intersection, Z say, of all open neighborhoods of p. Conversely,
given a prime ¢ ¢ p, there is g € ¢ —p. So D(g) is an open neighborhood of p, and
q ¢ D(g). Thus X, = Z, as desired. O

EXERCISE (13.10). — Let ¢: R — R’ and ¢: R — R” be ring maps, and define
0: R— R ®r R" by 0(z) := p(z) @ ¥(z). Show
Im Spec(0) = Im Spec(¢) [ Im Spec ().
SOLUTION: Given p € X, set k := R, /pR,. Then (8.10) and (8.11) yield
(RRorR"Y®rk=R @r(R'®rk)=(R ®@rk)®, (R’ ®@rk).

So (R ®@r R")®r k # 0 if and only if R' ®g k # 0 and R ®g k # 0 by (8.15).
Hence (13.8)(2) implies that p € Im Spec(f) if and only if p € ImSpec(p) and
p € Im Spec(v), as desired. a

EXERCISE (13.11). — Let R be a filtered direct limit of rings Ry with transition
maps aﬁ and insertions «. For each A, let py: R’ — R, be a ring map with

Op = af;go,\ for all aﬁ, so that ¢ := a)py is independent of A. Show
Im Spec() = (1, Im Spec(px).
SOLUTION: Given q € Spec(R'), set k := R),/qR;. Then (8.13) yields
R®pr k= lig(R)\ Qp k).

So R®p k # 0 if and only if Ry ®ps k # 0 for all A by (7.9)(1). Hence (13.8)(2)
implies that p € Im Spec(p) if and only if p € Im Spec(p,) for all A, as desired. O

EXERCISE (13.12). — Let A be a domain with just one nonzero prime p. Set
K :=Frac(A) and R := (A/p) x K. Define ¢: A — R by ¢(z) := (2, z) with 2’ the
residue of z. Set ¢* := Spec(p). Show ¢* is bijective, but not a homeomorphism.

SoLuTION: Note p is maximal; so A/p is a field. The primes of R are (0, K)
and (A4/p, 0) by (1.16). Plainly, ¢=3(0, K) = p and ¢~ !(A/p, 0) = 0. So ¢* is
bijective. Finally, Spec(R) is discrete, but Spec(A4) has p € V(0); so ¢* is not a
homeomorphism. O
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EXERCISE (13.13). — Let ¢: R — R’ be a ring map, and b an ideal of R'. Set
©* := Spec(p). Show (1) that the closure ¢*(V (b)) in Spec(R) is equal to V(¢ ~1b)
and (2) that ¢*(Spec(R’)) is dense in Spec(R) if and only if Ker(y) C nil(R).

SoLuTioN: For (1), given p € ¢*(V (b)), say p = ¢~ '(P) where 9 is a prime
of R with 8 D b. Then o 1 D ¢~ b. Sop D ¢ 'b, or p € V(o tb). Thus
©*(V (b)) C V(p1b). But V(p1b) is closed. So o*(V(b) C V(o 1b).

Conversely, given p € V(p~1b), note p D /p~1b. Take a neighborhood D(f)
of p; then f ¢ p. Hence f ¢ \/p~1b. But \/p=1b = ¢~ 1(vb) by (3.25). Hence
©(f) ¢ Vb. So there’s a prime P D b with p(f) ¢ P by the Scheinnullstellensatz
(8.29). So ¢~ IP € p*(V(b)). Further, f ¢ ¢ B, or o~ P € D(f). Therefore,
E}L‘B € p*(V(6)) ND(f). So ¢*(V(b)) ND(f) # 0. So p € v*(V(b)). Thus (1)

olds.

For (2), take b := (0). Then (1) yields ¢*(V (b)) = V(Ker(y)). But by (13.1),
V(b) = Spec(R’) and Spec(R) = V((0)). So ¢*(Spec(R’)) = Spec(R) if and only if
V({0)) = V(Ker(p)). The latter holds if and only if nil(R) = \/Ker(y) by (13.1),
so plainly if and only if nil(R) D Ker(p). Thus (2) holds. O

EXERCISE (13.14). Let R be a ring, R’ a flat algebra with structure map .
Show that R’ is faithfully flat if and only if Spec(yp) is surjective.

SOLUTION: Owing to the definition of Spec(p) in (13.1), the assertion amounts
to the equivalence of (1) and (3) of (9.15). a

EXERCISE (13.15). — Let ¢: R — R’ be a flat map of rings, ¢ a prime of R’, and
p = ¢ '(q). Show that the induced map Spec(Rj;) — Spec(Ry) is surjective.

SoLuTION: Since p = ¢~ 1(q), clearly (R —p) C (R’ — q). Thus ¢ induces a
local homomorphism R, — R;. Moreover, R} is flat over Ry, as R, = R, ®r R’
by (12.13), and R, ®g R’ is flat over R, by (9.11). Also Ry is flat over R), by
(12.21). Hence Ry is flat over Ry by (9.12). So Ry is faithfully flat over R, by
(10.19). Hence Spec(R;) — Spec(Ry) is surjective by (9.15). a

EXERCISE (13.16). — Let R be a ring. Given f € R, set Sy := {f™ | n > 0}, and
let Sy denote its saturation; see (83.17). Given f, g € R, show that the following
conditions are equivalent:

(1) D(g) < D(). (2) V{g) D V(). (3) Vg < VID.
(4) 85 C Sy (5) g€ (6) f€S,

(7) there is a unique R-algebra map ¢ : ?;1}3 — S;IR.

(8) there is an R-algebra map Ry — R,.

Show that, if these conditions hold, then the map in (8) is equal to gog.

SoLuTION: First, (1) and (2) are equivalent by (13.1), and (2) and (3) are
too. Plainly, (3) and (5) are equivalent. Further, (3) and (4) are equivalent by
(3.17)(4). Always f € Sy; so (4) implies (6). Conversely, (6) implies Sy C Sg;
whence, (3.17)(1)(c) yields (4). Finally, (8) implies (4) by (11.10)(2). And (4)
implies (7) by (11.10)(1). But 5; R = S;'R and 5, R = S;'R by (11.9);
whence, (7) implies both (8) and the last statement. O
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EXERCISE (13.17). — Let R be aring. (1) Show that D(f) — Ry is a well-defined
contravariant functor from the category of principal open sets and inclusions to ((R-
alg)). (2) Given p € Spec(R), show lii>nD(f>9p Ry =R,.

SoLuTION: Consider (1). By (13.16), if D(g) C D(f), then there is a unique
R-algebra map <p£: E;IR — E;IR. By uniqueness, if D(h) C D(g) C D(f), then
wﬁgogqo,{; also ap; = 1. Further, if D(g) = D(f), then S; C Sy and S, C Sy, so
5; =S, and ¢! = 1. Finally, R =5, R by (11.9). Thus (1) holds.

For (2), notice (13.16) yields an inclusion-reversing bijective correspondence
between the principal open sets D(f) and the saturated multiplicative subsets S'¢.
Further, D(f) > p if and only if f ¢ p by (13.1).

Set S := R —p. By (3.16), S is saturated multiplicative. So S D Sy if and only

if £ ¢ p by (3.17)(1)(c). Also, S = Uy, 5. But Ry =5, Ry by (11.9). Thus

. . <1
iy yop B = il oS5 R
By the definition of saturation in (3.17), S, 3 f, g. By (8.17)(1)(b), Sy, is
saturated multiplicative. So Sfq D Sy, S, by (3.17)(1)(c). So h_n}g;lR =SSR
by (11.10)(2). But S~'R = R, by definition. Thus (2) holds.

EXERCISE (13.18). — A topological space is called irreducible if it’s nonempty
and if every pair of nonempty open subsets meet. Let R be aring. Set X := Spec(R)
and n := nil(R). Show that X is irreducible if and only if n is prime.

SOLUTION: Given g € R, take f := 0. Plainly, D(f) = 0; see (13.1). So in
(13.17) the equivalence of (1) and (5) means D(g) = 0 if and only if g € n.

Suppose n is not prime. Then there are f, g € R with f, g ¢ n but fg € n. The
above yields D(f) # 0 and D(g) # 0 but D(fg) = 0. Further, D(f)ND(g) = D(fg)
by (13.1.1). Thus X is not irreducible.

Suppose X is not irreducible, say U and V are nonempty open sets with UNV = §.
By (13.1), the D(f) form a basis of the topology: fix f, g € R with ) # D(f) C U
and ) # D(g) C V. Then D(f)ND(g) = 0. But D(f)ND(g) = D(fg) by (13.1.1).
Hence, the first paragraph implies f, g ¢ n but fg € n. Thus n is not prime. O

EXERCISE (13.19). — Let X be a topological space, Y an irreducible subspace.
(1) Show that the closure Y of Y is also irreducible.
(2) Show that Y is contained in a maximal irreducible subspace.
(3) Show that the maximal irreducible subspaces of X are closed, and cover X.
They are called its irreducible components. What are they if X is Hausdorff?
(4) Let R be aring, and take X := Spec(R). Show that its irreducible components
are the closed sets V(p) where p is a minimal prime.

SoruTioN: For (1), let U, V be nonempty open sets of Y. Then UNY and VNY
are open in Y, and nonempty. But Y is irreducible. So (UNY)N(VNY) #0. So
UNV #0. Thus (1) holds.

For (2), let 8 be the set of irreducible subspaces containing Y. Then Y € 8, and
8 is partially ordered by inclusion. Given a totally ordered subset {Y)} of 8, set
Y’ :=J, Yx. Then Y” is irreducible: given nonempty open sets U, V of Y”, there is
Yy with UNYy # 0 and VNYy # 0; 50 (UNYy)N(VNYy) # 0 as Y, is irreducible.
Thus Zorn’s Lemma yields (2).
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For (3), note that (1) implies the maximal irreducible subspaces are closed, and
that (2) implies they cover, as every point is irreducible. Finally, if X is Hausdorff,
then any two points have disjoint open neighborhoods; hence, every irreducible
subspace consists of a single point.

For (4), take Y to be an irreducible component. Then Y is closed by (1); so
Y = Spec(R/a) for some ideal a by (13.1.3). But Y is irreducible. So nil(R/a) is
prime by (13.18). Hence /a is prime. So y/a contains a minimal prime p of R by
(3.14). Set Z := Spec(R/p). Then Z = V(p) D V(v/a) = V(a) =Y by (13.1).
Further, Z is irreducible by (13.18). So Z =Y by maximality. Thus Y = V(p).

Conversely, given a minimal prime ¢, set Z := Spec(R/q). Then Z is irreducible
by (13.18). So Z is contained, by (2), in a maximal irreducible subset, say Y. By
the above, Y = V(p) for some prime p. Then p C q by (13.1). Hence p = ¢ by
minimality. Thus (4) holds. O

EXERCISE (13.21). — Let R be a ring, X := Spec(R), and U an open subset.
Show U is quasi-compact if and only if X —U = V(a) where a is finitely generated.

SOLUTION: Assume U is quasi-compact. By (13.1), U = |J, D(f») for some fy.
So U = Uy D(fy,) for some fy,. Thus X —U =\ V(fr,) = V({fas---, fan)-

Conversely, assume X — U = V({f1,...,fn)). Then U = J._, D(f;). But
D(f;) = Spec(Ry,) by (13.1). So by (13.20) with Ry, for R, each D(f;) is quasi-
compact. Thus U is quasi-compact. O

EXERCISE (13.22). — Let R be a ring, M a module, m € M. Set X := Spec(R).
Assume X = (JD(fy) for some fy, and m/1 =0 in My, for all \. Show m = 0.

SOLUTION: Since m/1 = 0 in Ry,, there is ny > 0 such that f{*m = 0. But
X = UD(f»). Hence every prime excluges some fy, so also "{‘)’\"*. So there are
A, Ap and 29, ..., 2, with 1 = Zmij')\iA'i. Thus m = > a; ')\j'im =0. O

EXERCISE (13.23). — Let R be a ring; set X := Spec(R). Prove that the four
following conditions are equivalent:

(1) R/nil(R) is absolutely flat.

(2) X is Hausdorff.

(3) X is Ty; that is, every point is closed.

(4) Every prime p of R is maximal.
Assume (1) holds. Prove that X is totally disconnected; namely, no two distinct
points lie in the same connected component.

SoLUTION: Note X = Spec(R/nil(R)) as X = V(0) = V(v/0) = Spec(R/+0)
by (13.1). Hence we may replace R by R/nil(R), and thus assume nil(R) = 0.

Assume (1). Given distinct primes p, g € X, take z € p — q. Then = € (z?) by
(10.9)(4). So there is y € R with z = z%y. Set a; := (x) and a3y := (1 — zy).
Set X; := V(a;). Then p € X; as x € p. Further, ¢ € Xy as 1 — zy € q since
z(l—azy)=0¢€q, but z ¢ q.

The a; are comaximal as zy + (1 — zy) = 1. Further ajas = 0 as (1 — ay) = 0.
So X3 UXs =X and X; N X3 =0 by (13.3). Hence the X; are disjoint open and
closed sets. Thus (2) holds, and X is totally disconnected.

In general, a Hausdorff space is T7. Thus (2) implies (3).

Conditions (3) and (4) are equivalent by (13.2).

Assume (4). Then every prime m is both maximal and minimal. So Ry is a
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local ring with mRy, as its only prime by (11.20). Hence mR,, = nil(Ry) by the
Scheinnullstellensatz (3.29). But nil(Rw) = nil(R)w by (11.18). And nil(R) = 0.
Thus Ry /MRy, = Ry. So Ry is a field. Hence R is absolutely flat by (13.48)(2).
Thus (1) holds. O

EXERCISE (13.24). — Let B be a Boolean ring, and set X := Spec(B). Show a
subset U C X is both open and closed if and only if U = D(f) for some f € B.
Further, show X is a compact Hausdorff space. (Following Bourbaki, we shorten
“quasi-compact” to “compact” when the space is Hausdorft.)

SoLuTION: Let f € B. Then D(f)|JD(1 — f) = X whether B is Boolean or
not; indeed, if p € X — D(f), then f € p,sol— f ¢ p,sopeD(1l— f). However,
D(f)D(1 — f) = 0; indeed, if p € D(f), then f ¢ p, but f(1— f) =0 as B is
Boolean, so 1 — f € p,sop ¢ D(1 — f). Thus X —D(f) = D(1 — f). Thus D(f) is
closed as well as open.

Conversely, let U C X be open and closed. Then U is quasi-compact, as U is
closed and X is quasi-compact by (13.20). So X — U = V(a) where a is finitely
generated by (13.21). Since B is Boolean, a = (f) for some f € B by (1.17)(5).
Thus U = D(f).

Finally, let p, q be prime ideals with p # q. Then thereis f € p—q. So p ¢ D(f),
but q € D(f). By the above, D(f) is both open and closed. Thus X is Hausdorff.
By (13.20), X is quasi-compact, so compact as it is Hausdorff. O

EXERCISE (13.25) (Stone’s Theorem). — Show every Boolean ring B is isomorphic
to the ring of continuous functions from a compact Hausdorff space X to Fo with
the discrete topology. Equivalently, show B is isomorphic to the ring R of open and
closed subsets of X; in fact, X := Spec(B), and B = R is given by f +— D(Jf).

SOLUTION: The two statements are equivalent by (1.2). Further, X := Spec(B)
is compact Hausdorff, and its open and closed subsets are precisely the D(f) by
(13.24). Thus f +— D(f) is a well defined function, and is surjective.

This function preserves multiplication owing to (13.1.1). To show it preserves
addition, we must show that, for any f,g € B,

D(f +g) = (D(f) = D(9)) UD(g) = D(f)). (13.25.1)

Fix a prime p. There are four cases. First, if f ¢ p and g € p, then f + g ¢ p.
Second, if g ¢ p but f € p, then again f+ g ¢ p. In both cases, p lies in the (open)
sets on both sides of (13.25.1).

Third, if f € p and g € p, then f + g € p. The first three cases do not use
the hypothesis that B is Boolean. The fourth does. Suppose f ¢ p and g ¢ p.
Now, B/p = Fy by (2.19). So the residues of f and g are both equal to 1. But
14+1=0¢€F,. Soagain f+ g € p. Thus in both the third and fourth cases, p lies
in neither side of (13.25.1). Thus (13.25.1) holds.

Finally, to show that f — D(Jf) is injective, suppose that D(f) is empty. Then
f € nil(B). But nil(B) = (0) by (3.24). Thus f = 0.

Alternatively, if D(f) = D(g), then V({(f)) = V((g9)), so /{f) = /{g) by
(13.1). But f,g € Idem(B) as B is Boolean. Thus f = g by (3.26). O

EXERCISE (13.31). — Let R be a ring, a an ideal, M a module. Prove that
Supp(M/aM) C Supp(M) NV (a),
with equality if M is finitely generated.
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SOLUTION: First, (8.16)(1) yields M/aM = M®R/a. But Ann(R/a) = a; hence
(13.27)(3) yields Supp(R/a) = V(a). Thus (13.30) yields the assertion. O

EXERCISE (13.32). — Let ¢: R — R’ be a map of rings, M an R-module. Prove
Supp(M ®r R') C Spec(p) ™! (Supp(M)), (13.32.1)
with equality if M is finitely generated.

SoLuTION: Fix a prime q C R’. Set p := p~1q, so Spec(p)(p) = q. Apply, in
order, (12.13), twice Cancellation (8.11), and again (12.13) to obtain

(M@rR)qg=(M&rR)®r Ry =M ®g R
= (M &g Ry) ®r, Ry = M, ®g, Ry.

First, assume q € Supp(M ®gr R'); that is, (M ®@r R')q # 0. Then (13.32.2)
implies M, # 0; that is, p € Supp(M). Thus (13.32.1) holds.

Conversely, assume q € Spec(¢) ™! (Supp(M)). Then p € Supp(M), or M, # 0.
Set k := Ry/pR,. Then M, /pM, = M@, k and R} /pR], = R, @4k by (8.16)(1).
Hence Cancellation (8.11), the Associative Law (8.10), and (13.32.2) yield

(My/pMy) @k (Rg/pRy) = (My @r, k) @ (Ry @r, k)
=M, QR, (R:] R, k) = (]Wp R, R:]) XR, k (13.32.3)
= (M ®gr R')q ®, k.

(13.32.2)

Assume M is finitely generated. Then M,/pM, # 0 by Nakayama’s Lemma
(10.11) over Ry,. And R;/pR; # 0 by Nakayama’s Lemma (10.11) over Ry
as pR’ C q. So (My/pM,) @i (Ry/pR;) # 0 by (8.15). So (13.32.3) implies
(M ®gR')q #0, 0r q€ Supp(M ®g R'). Thus equality holds in (13.32.1). O

EXERCISE (13.33). — Let R be a ring, M a module, p € Supp(M). Prove
V(p) C Supp(M).

SOLUTION: Let q € V(p). Then q D p. So M, = (M), by (11.29)(1). Now,
p € Supp(M). So M, # 0. Hence My # 0. Thus q € Supp(M). O

EXERCISE (13.34). — Let Z be the integers, Q the rational numbers, and set
M := Q/Z. Find Supp(M), and show that it is not Zariski closed.

SOLUTION: Let p € Spec(R). Then M, = Q,/Z, since localization is exact by
(12.20). Now, Q, = Q by (12.4) and (12.1) since Q is a field. If p # (0), then
Zp # Qy since pZy (\Z = p by (11.19). If p = (0), then Z, = Q,. Thus Supp(M)
consists of all the nonzero primes of Z.

Finally, suppose Supp(M) = V(a). Then a lies in every nonzero prime; so
a = (0). But (0) is prime. Hence (0) € V(a) = Supp(M ), contradicting the above.
Thus Supp(M) is not closed. O

EXERCISE (13.36). — Let R be a domain, M a module, set S := R — 0, and set
T(M) := T¥(M). We call T(M) the torsion submodule of M, and we say M is
torsionfree if T'(M) = 0.

Prove M is torsionfree if and only if My, is torsionfree for all maximal ideals m.
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SOLUTION: Given an m, note that R —m C S. So (12.19)(5) yields
T (M) = T(M ). (13.36.1)

Assume M is torsionfree. Then My, is torsionfree for all m by (13.36.1). Con-
versely, if My, is torsionfree for all m, then T'(M)y, = 0 for all m by (13.36.1).
Hence T'(M) = 0 by (13.35). Thus M is torsionfree. O

EXERCISE (13.37). — Let R be a ring, P a module, M, N submodules. Assume
My, = Ny, for every maximal ideal m. Show M = N. First assume M C N.

SoLuTION: If M C N, then (12.20) yields (N/M )y = Ny /My = 0 for each m;
so N/M =0 by (13.35). The general case follows by replacing N by M + N owing
to (12.17)(4), (5). O

EXERCISE (13.38). Let R be a ring, M a module, and a an ideal. Suppose
My = 0 for all maximal ideals m containing a. Show that M = aM.

SOLUTION: Given any maximal ideal m, note that (aM )y, = anMy by (12.2).
But My, = 0 if m D a by hypothesis. And a, = Ry if m 5 a by (11.14)(2). Hence
My = (aM)y, in any case. Thus (13.37) yields M = alM.

Alternatively, form the ring R/a and its module M /aM. Given any maximal ideal
m’ of R/a, say m’ = m/a. By hypothesis, My, = 0. But My, /(aM)y = (M/aM )y
by (12.22). Thus (M/aM )y = 0. So M/aM = 0 by (13.35). Thus M =aM. O

EXERCISE (13.39). Let R be a ring, P a module, M a submodule, and p € P
an element. Assume p/1 € M, for every maximal ideal m. Show p € M.

SOLUTION: Set N := M + Rp. Then Ny = My + Ruw - p/1 for every m. But
p/1 € My,. Hence Nyy = M. So N = M by (13.37). Thus p € M. a

EXERCISE (13.40). — Let R be a domain, a an ideal. Show a = (1), aRn where
m runs through the maximal ideals and the intersection takes place in Frac(R).

SoLUTION: Plainly, a C (| aRm. Conversely, take z € (aRn. Then z € aRy, for
every m. But aRy = ay by (12.2). So (13.39) yields z € a as desired. O

EXERCISE (13.41). — Prove these three conditions on a ring R are equivalent:
(1) R is reduced.
(2) S7IR is reduced for all multiplicatively closed sets S.
(3) Ry is reduced for all maximal ideals m.

If Ry is a domain for all maximal ideals m, is R necessarily a domain?

SoruTioN: Assume (1) holds. Then nil(R) = 0. But nil(R)(S™'R) = nil(S~!R)
by (11.18). Thus (2) holds. Trivially (2) implies (3).

Assume (3) holds. Then nil(Ry,) = 0. Hence nil(R)y, = 0 by (11.18) and (12.2).
So nil(R) = 0 by (13.35). Thus (1) holds. Thus (1)—(3) are equivalent.

Finally, the answer is no. For example, take R := ki X kg with k; := Z/(2). The
primes of R are p := ((1,0)) and q := ((0,1)) by (2.11). Further, Ry = ki by
(11.7), as R —q = {(1,1), (1,0)}. Similarly R, = k2. But R is not a domain, as
(1,0) - (0,1) = (0,0), although Ry, is a domain for all maximal ideals m.

In fact, take R := R; X Ry for any domains R;. Then again R is not a domain,
but R, is a domain for all primes p by (13.42)(2) below. O

EXERCISE (13.42). — Let R be a ring, X the set of minimal primes. Prove this:
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(1) If R, is a domain for any prime p, then the p € ¥ are pairwise comaximal.
(2) Ry is a domain for any prime p and ¥ is finite if and only if R = [, R;
where R; is a domain. If so, then R; = R/p; with {p1,...,pn} = 2.

SoLuTION: Consider (1). Suppose p,q € ¥ are not comaximal. Then p + q lies
in some maximal ideal m. Hence Ry, contains two minimal primes, pRy, and qRpy,
by (11.20). However, Ry, is a domain by hypothesis, and so (0) is its only minimal
prime. Hence pRy = qRy. So p = q. Thus (1) holds.

Consider (2). Assume R, is a domain for any p. Then R is reduced by (13.41).
Assume, also, X is finite. Form the canonical map ¢: R — HpeZ} R/p; it is injective
by (3.35), and surjective by (1) and the Chinese Remainder Theorem (1.14). Thus
R is a finite product of domains.

Conversely, assume R =[] ;| R; where R; is a domain. Let p be a prime of R.
Then R, = [[(R;), by (12.11). Each (R;), is a domain by (11.3). But R, is
local. So R,(R;)p for some i by (3.7). Thus R, is a domain. Further, owing to
(2.11), each p; € ¥ has the form p; = [] a; where, after renumbering, a;(0) and
a; = Rj for j # i. Thus the ith projection gives R/p; = R;. Thus (2) holds. O

EXERCISE (13.44). — Let R be a ring, M a module. Prove elements my € M
generate M if and only if, at every maximal ideal m, their images m) generate My,.

SOLUTION: The my define a map a: R®\ — M. By (13.43), it is surjective
if and only if ag: (R®X) s My is surjective for all m. But (R®P) = Ry
by (12.11). Hence (4.10)(1) yields the assertion. O

EXERCISE (13.47). — Let R be a ring, R’ a flat algebra, p’ a prime in R’, and p
its contraction in R. Prove that R;, is a faithfully flat Ry-algebra.

SoLuTioN: First, Ry, is flat over Ry by (13.46). Next, R, is flat over Ry, by
(12.21) and (11.29) as R—p C R’ —p’. Hence R, is flat over R, by (9.12). But
a flat local homomorphism is faithfully flat by (10.19). a

EXERCISE (13.48). — Let R be a ring, S a multiplicative subset.
(1) Assume R is absolutely flat. Show S™1R is absolutely flat.
(2) Show R is absolutely flat if and only if Ry, is a field for each maximal m.

SOLUTION: In (1), given = € R, note that (z) is idempotent by (10.9). Hence
(x) = (x)% = (22). So there is y € R with z = x%y.

Given a/s € SR, there are, therefore, b,t € R with a = a?b and s = s*t. So
s(st—1) =0. So (st —1)/1-s/1 =0. But s/1 is a unit. Hence s/1-t/1—1=0.
So a/s = (a/s)?-b/t. So a/s € {a/s)?. Thus {a/s) is idempotent. Hence S™!R is
absolutely flat by (10.9). Thus (1) holds.

Alternatively, given an S~!'R-module M, note M is also an R-module, so R-flat
by (1). Hence M ® SR is S R-flat by (9.11). But M ® S~'R = S~'M by
(12.18), and S™'M = M by (12.4). Thus M is S~'R-flat. Thus again (1) holds.

For (2), first assume R is absolutely flat. By (1), each Ry, is absolutely flat. So
by (10.10)(4), each Ry, is a field.

Conversely, assume each Ry, is a field. Then, given an R-module M, each M, is
Ry -flat. So M is R-flat by (13.46). Thus (2) holds. O

EXERCISE (13.52). — Given n, prove an R-module P is locally free of rank n if
and only if P is finitely generated and P ~ R}, holds at each maximal ideal m.
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SoLUTION: If P is locally free of rank n, then P is finitely generated by (13.51).
Also, for any p € Spec(R), there’s f € R —p with Py ~ R}; so P, ~ R} by (12.5).

As to the converse, given any prime p, take a maximal ideal m containing it.
Assume P ~ R;:. Take a free basis pl/ffl,...,pn/fff" of Py over Ry. The p;
define a map a: R" — P, and an: R}, = Py is bijective, so surjective.

Assume P is finitely generated. Then (12.24)(1) provides f € R —m such that
ar: R} — Py is surjective. Hence aq: Ry — Py is surjective for every q € D(f)
by (12.5) and (12.20). Assume Py ~ Ry if also q is maximal. So a4 is bijective
by (10.4). Clearly, aq = (@f)qr;)- Hence ay: R} — Py is bijective owing to
(13.43) with Ry for R, as desired. O

EXERCISE (13.53). — Let A be a semilocal ring, P a locally free module of rank
n. Show that P is free of rank n.

SOLUTION: As P is locally free, P is finitely presented by (13.51), and Py, ~ A%
at each maximal m by (13.52). But A is semilocal. So P ~ A™ by (13.45). g

EXERCISE (13.54). — Let R be aring, M a finitely presented module, n > 0. Show
that M is locally free of rank n if and only if F,,_;(M) = (0) and F,,(M) = R.

SOLUTION: Assume M is locally free of rank n. Then so is My, for any maximal
ideal m by (13.52). So F,_1(Mwn) = (0) and F,(Mn) = Rm by (5.39)(2). But
F.(My) = F.(M)y for all by (12.15). So F,,_1(My) = (0) and F,,(My) = R
by (13.37). The converse follows via reversing the above steps. O

14. Krull-Cohen—Seidenberg Theory

EXERCISE (14.4). — Let R C R’ be an integral extension of rings, and p a prime
of R. Suppose R’ has just one prime p’ over p. Show (a) that p'R, is the only
maximal ideal of Ry, (b) that R, = Ry, and (c) that Ry, is integral over R,.

SOLUTION: Since R’ is integral over R, the localization R;, is integral over R, by
(11.24). Moreover, R, is a local ring with unique maximal ideal pR, by (11.22).
Hence, every maximal ideal of R, lies over pR, by (14.3)(1). But every maximal
ideal of Ry, is the extension of some prime q" C R’ by (11.20)(2), and therefore g’
lies over p in R. So, by hypothesis, ¢’ = p’. Thus p’Ry, is the only maximal ideal of
Ry; that is, (a) holds. So R, — p'R;, consists of units. Hence (11.29) and (11.6)
yield (b). But R} is integral over Ry; so (c) holds too. O

EXERCISE (14.5). Let R C R’ be an integral extension of domains, and p a
prime of R. Suppose R’ has at least two distinct primes p’ and g’ lying over p.
Show that R;, is not integral over R,. Show that, in fact, if y lies in ¢’, but not in
p’, then 1/y € R|, is not integral over Rj.
SOLUTION: Suppose 1/y is integral over R,. Say

1/9)" +ar(1/y)" "+ +an =0
with n > 1 and a; € R,. Multiplying by y"~!, we obtain

y=—(a1 4+ +ay" b € R,

However, y € q', soy € ¢'R,. Hence 1 € ¢'R. So ¢'N (R —p) # 0 by (11.19)(3).
But ¢’ N R = p, a contradiction. So 1/y is not integral over R,. O
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EXERCISE (14.6). — Let k be a field, and X an indeterminate. Set R’ := k[X],
and Y := X% and R := k[Y]. Set p:= (Y —1)R and p’ := (X — 1)R'. Is R,
integral over R,? Explain.

SoLuUTION: Note that R’ is a domain, and that the extension R C R’ is integral
by (10.28) as R’ is generated by 1 and X as an R-module.

Suppose the characteristic is not 2. Set ¢’ := (X + 1)R’. Then both p’ and ¢’
contain Y — 1, so lie over the maximal ideal p of R. Further X + 1 lies in ¢, but
not in p’. Hence Ry, is not integral over R, by (14.5).

Suppose the characteristic is 2. Then (X —1)2 =Y — 1. Let ¢’ C R’ be a prime
over p. Then (X —1)2 € ¢’. So p’ C ¢’. But p’ is maximal. So g’ = p’. Thus R’
has just one prime p’ over p. Hence R}, is integral over R, by (14.4). d

EXERCISE (14.12). — Let R be a reduced ring, ¥ the set of minimal primes. Prove
that z.div(R) = U,y p and that R, = Frac(R/p) for any p € X.

SoLuTioN: If p € ¥, then p C z.div(R) by (14.10). Thus z.div(R) D Uex p-

Conversely, say zy = 0. If x ¢ p for some p € 3, then y € p. So if = ¢ Upezp7
theny € (,cx p. But (,cxp = (0) by the Scheinnullstellensatz (3.29) and (3.14).
Soy = 0. Thus, if 2 ¢ U,es b, then 2 ¢ z.div(R). Thus z.div(R) C U,cxp. Thus
2.div(R) = Uyex b-

Fix p € . Then R, is reduced by (13.41). Further, R, has only one prime,
namely pR,, by (11.20)(2). Hence R, is a field, and pR,(0). But by (12.23),
R, /pR, = Frac(R/p). Thus R, = Frac(R/p). O

EXERCISE (14.13). — Let R be a ring, ¥ the set of minimal primes, and K the
total quotient ring. Assume X is finite. Prove these three conditions are equivalent:
(1) R is reduced.
(2) z.div(R) = Upex b, and Ry Frac(R/p) for each p € X.
(3) K/pK = Frac(R/p) for each p € X, and K = J[, s K/pK.

SOLUTION: Assume (1) holds. Then (14.12) yields (2).

Assume (2) holds. Set S := R — z.div(R). Let q be a prime of R with qN S = 0.
Then q C z.div(R). So (2) yields ¢ C J,cxp- But X is finite. So g C p for some
p € ¥ by Prime Avoidance (3.19). Hence q = p since p is minimal. But K = S™!R.
Therefore, by (11.20)(2), for p € X, the extensions pK are the only primes of K,
and they all are both maximal and minimal.

Fix p € ¥. Then K/pK = S™1(R/p) by (12.22). So S~1(R/p) is a field. But
clearly S~Y(R/p) C Frac(R/p). Therefore, K/pK Frac(R/p) by (2.3). Further,
S C R—p. Hence (11.20)(2) yields p = (pgl(pK). Therefore, @EI(K—pK) = R—p.
So Ky = Ry by (11.27). But R, = Frac(R/p) by hypothesis. Thus K has only
finitely many primes, the pK; each pK is minimal, and each Kk is a domain.
Therefore, (13.42)(2) yields K = [[,cs K/pK. Thus (3) holds.

Assume (3) holds. Then K is a finite product of fields, and fields are reduced.
But clearly, a product of reduced ring is reduced. Further, R C K, and trivially, a
subring of a reduced ring is reduced. Thus (1) holds. O

EXERCISE (14.14). — Let A be a reduced local ring with residue field k and a finite
set ¥ of minimal primes. For each p € X, set K (p) := Frac(A/p). Let P be a finitely
generated module. Show that P is free of rank r if and only if dimy(P ®4 k) =r
and dimg ) (P ®a K(p)) = r for each p € .
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SOLUTION: If P is free of rank r, then dim(P ® k) = r and dim(P ® K(p)) =r
owing to (8.13).

Conversely, suppose dim(P ® k) = r. As P is finitely generated, (10.16) implies
P is generated by r elements. So (5.20) yields an exact sequence

0->M3B A" - P—0.

Momentarily, fix a p € 3. Since A is reduced, K(p) = R, by (14.12). So K(p)
is flat by (12.21). So the induced sequence is exact:

0+>MeK({p)— K@p) - P K(p)—0.

Suppose dim(P ® K(p)) = r too. It then follows that M ®4 K (p) = 0.
Let K be the total quotient ring of A, and form this commutative square:

M 25 A"

l@M J«WAT

MoK — K"

Here « is injective. And ¢ 4- is injective as pa: A — K is. Hence, ) is injective.

By hypothesis, A is reduced and X is finite; so K = Hpez K(p) by (14.13). So
M@K =[[(M®K(p)). But M®4 K(p) =0foreachp € ¥. So M ® K =0. But
wm: M — M ® K is injective. So M = 0. Thus A" = P, as desired. g

EXERCISE (14.15). — Let A be areduced semilocal ring with a finite set of minimal
primes. Let P be a finitely generated A-module, and B an A-algebra such that
Spec(B) — Spec(A) is surjective. For each prime q C B, set L(q) = Frac(B/q).
Given r, assume dim((P ®4 B) ® g L(q)) = r whenever q is either maximal or
minimal. Show that P is a free A-module of rank r.

SOLUTION: Let p C A be a prime. Since Spec(B) — Spec(A) is surjective, there
is a prime q C B whose contraction is p. Then the cancellation law yields

(P®a K(p) @K (p) L(q) = (P ©a B) ®p L(q). (14.15.1)

If p is minimal, take a minimal prime ¢’ C q. Then the contraction of q’ is
contained in p, so equal to p. Replace q by ¢’. If p is maximal, take a maximal ideal
g’ D q. Then the contraction of q' contains p, so is equal to p. Again, replace ¢
by ¢'. Either way, dim((P ®4 B) ®p L(q)) = r by hypothesis. So (14.15.1) yields
dim((P ®a K(p)) QK (p) L(q))) =r. Hence dim(P ®4 K(p)) = r.

If Aislocal, then P is a free A-module of rank r by (14.14). In general, let m C A
be a maximal ideal. Then Spec(Bm) — Spec(Aw) is surjective by an argument like
one in the proof of (14.3)(2), using (11.20)(2). Hence Py, is a free Apn-module of
rank 7 by the preceding case. Thus P is free of rank r by (13.53). O

EXERCISE (14.17). — Let R be a ring, py...,p, all its minimal primes, and K
the total quotient ring. Prove that these three conditions are equivalent:

(1) R is normal.

(2) R is reduced and integrally closed in K.

(3) R is a finite product of normal domains R;.

Assume the conditions hold. Prove the R; are equal to the R/p; in some order.
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SOLUTION: Assume (1). Let m any maximal ideal. Then Ry, is a normal domain.
So R is reduced by (13.41).

Let Sy be the set of nonzerodivisors of R, so that K := SalR. Set S:= R —m,
so that Ry, := S™'R. But S~'S;'RS; S~ 'R by (11.29)(2). So S™'K = S5 ' Ry.

Let t € Sp. Then t/1 # 0 in Ry; else, there’s s € S with st = 0, a contradiction
as s # 0 and t € Sp. Thus (11.23) and (11.3) yield Sy 'Ry C Frac(Ru)-

Let x € K be integral over R. Then z/1 € S™!K is integral over ST'R by
(11.24). But S7'R = Ry, and Ry is a normal domain. So z/1 € Ry,. Hence
z € R by (13.39). Thus (2) holds.

Assume (2). Set R; := R/p; and K; := Frac(R;). Then K = [[ K; by (14.13).
Let R] be the normalization of R;. Then R C [[R; C [[R,. Further, the first
extension is integral by (10.29), and the second, by (10.31); whence, R C [[ R;,
is integral by the tower property (10.27). However, R is integrally closed in K by
hypothesis. Hence R = [[ R; = [[ R}. Thus (3) holds.

Assume (3). Let p be any prime of R. Then R, = [[(R;), by (12.11), and each
(R;)p is normal by (11.82). But R, is local. So R, = (R;), for some i by (3.7).
Hence R, is a normal domain. Thus (1) holds.

Finally, the last assertion results from (13.42)(2). O

15. Noether Normalization

EXERCISE (15.2). — Let k := [, be the finite field with g elements, and k[X,Y]
the polynomial ring. Set f := XY — XY? and R := k[X, Y]/(f} Let z, y € R
be the residues of X, Y. For every a € k, show that R is not module finite over
P := k[ly—az]. (Thus, in (15.1), no k-linear combination works.) First, take a = 0.

SOLUTION: Take a = 0. Then P = k[y|. Any algebraic relation over P satisfied
by z is given by a polynomial in k[X,Y], which is a multiple of f. However, no
multiple of f is monic in X. So z is not integral over P. By (10.23), R is not
module finite over P.

Consider an arbitrary a. Since a? = a, after the change of variable Y/ := Y —a X,
our f still has the same form. Thus, we have reduced to the previous case. O

EXERCISE (15.3). — Let k be a field, and X, Y, Z variables. Set
R:=k[X,Y, Z](X*-Y? -1, XZ - 1),

and let x, y, z € R be the residues of X, Y, Z. Fix a,b € k, and set ¢t := z+ay+ bz
and P := k[t]. Show that x and y are integral over P for any a,b and that z is
integral over P if and only if b # 0.

SoLuTION: To see x is integral, notice xz = 1, so 22 —tx+b = —axy. Raising both
sides of the latter equation to the third power, and using the equation 3 = 2% — 1,
we obtain an equation of integral dependence of degree 6 for x over P. Now,
y® — 2241 =0, so y is integral over P[z]. Hence, the Tower Property, (10.27),
implies that y too is integral over P.

If b # 0, then z = b~1(t — 2 — ay) € P[z,y], and so z is integral over P by
(10.28).

Assume b = 0 and z is integral over P. Now, P C k[z, y]. So z is integral over
k[z, y] as well. But > — 22 +1 = 0. So y is integral over k[z]. Hence z is too.
However, k[z] is a polynomial ring, so integrally closed in its fraction field k(x) by
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(10.34)(1). Moreover, z = 1/z € k(z). Hence, 1/x € k[z], which is absurd. Thus
z is not integral over P if b = 0. a

EXERCISE (15.8). — Let k be a field, K an algebraically closed extension field. (So
K contains a copy of every finite extension field.) Let P := k[X1,...,X,] be the
polynomial ring, and f, f1,..., fr € P. Assume f vanishes at every zero in K™ of
fi,--+, fr; in other words, if (a) := (a1,...,a,) € K™ and f1(a) =0,..., fr(a) =0,
then f(a) = 0 too. Prove that there are polynomials ¢i,...,g, € P and an integer
N such that fNgifi +--- + grfr.

SOLUTION: Set a:= (f1,..., fr). We have to show f € \/a. But, by the Hilbert
Nullstellensatz, v/a is equal to the intersection of all the maximal ideals m containing
a. So given an m, we have to show that f € m.

Set L := P/m. By the weak Nullstellensatz, L is a finite extension field of k.
So we may embed L/k as a subextension of K/k. Let a; € K be the image of the
variable X; € P, and set (a) := (a1,...,a,) € K™ Then fi(a) =0,..., f.(a) = 0.
Hence f(a) = 0 by hypothesis. Therefore, f € m, as desired. d

EXERCISE (15.11). — Let R be a domain of (finite) dimension r, and p a nonzero
prime. Prove that dim(R/p) < r.

SOLUTION: Every chain of primes of R/p is of the form po/p G --- G ps/p where
05 po G-+ G ps is a chain of primes of R. So s < r. Thus dim(R/p) < r. O

EXERCISE (15.12). Let R'/R be an integral extension of rings. Prove that
dim(R) = dim(R’).

SOLUTION: Let po & --- & pr be a chain of primes of R. Set p’ ; := 0. Given
pi_, for 0 < i <r, Going up, (14.3)(4), yields a prime p} of R’ with p}_; C p; and
p;NR=p; Thenpy G ---Gplaspo G- & pr. Thus dim(R) < dim(R).

Conversely, let p’y G --- G p’,. be a chain of primes of R'. Set p; := p’; N R. Then
po G -+ S pr by Incomparability, (14.8)(2). Thus dim(R) > dim(R'). O

EXERCISE (15.17). — Let k be a field, R a finitely generated k-algebra, f € R
nonzero. Assume R is a domain. Prove that dim(R) = dim(Ry).

SOLUTION: Note that Ry is a finitely generated R-algebra by (11.13), as Ry is,
by (11.13), obtained by adjoining 1/f. So since R is a finitely generated k-algebra,
Ry is one too. Moreover, R and Ry have the same fraction field K. Hence both
dim(R) and dim(Ry) are equal to tr.deg,(K) by (15.13). O
EXERCISE (15.18). — Let k be a field, P := k[f] the polynomial ring in one
variable f. Set p := (f) and R := P,. Find dim(R) and dim(Ry).

SOLUTION: In P, the chain of primes 0 C p is of maximal length by (2.6) and
(2.25) or (15.13). So (0) and pR are the only primes in R by (11.20). Thus
dim(R) = 1.

Set K := Frac(P). Then Ry = K since, if a/(bf™) € K with a, b€ P and f1b,
then a/b € R and so (a/b)/f™ € Ry. Thus dim(Ry) = 0. O

EXERCISE (15.19). — Let R be a ring, R[X] the polynomial ring. Prove
1+ dim(R) < dim(R[X]) < 1+ 2dim(R).
(In particular, dim(R[X]) = oo if and only if dim(R) = cc.)
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SOLUTION: Let pg G --- G pn be a chain of primes in R. Then
PoR[X] G -+ S puRIX] & pnR[X] + (X)

is a chain of primes in R[X] by (2.18). Thus 1 + dim(R) < dim(R[X]).

Let p be a prime of R, and qo & -+ & g, be a chain of primes of R[X] with
q;:NR = p for each 7. Then (1.9) yields a chain of primes of length 7 in R[X]/pR[X].
Further, as q; N R = p for each ¢, the latter chain gives rise to a chain of primes of
length r in k(p)[X] where k(p) = (R/p), by (11.30) and (11.20). But k(p)[X] is
a PID. Hence r < 1.

Take any chain Po G --- G P,y of primes in R[X]. It contracts to a chain
Po g e ;Cé pn in R. At most two 3, contract to a given p; by the above discussion.
Som+1<2(n+1),orm<2n+1. Thus dim(R[X]) <1+ 2dim(R). a

EXERCISE (15.23). — Let X be a topological space. We say a subset Y is locally
closed if Y is the intersection of an open set and a closed set; equivalently, Y is
open in its closure Y; equivalently, Y is closed in an open set containing it.
We say a subset Xy of X is very dense if X; meets every nonempty locally
closed subset Y. We say X is Jacobson if its set of closed points is very dense.
Show that the following conditions on a subset X, of X are equivalent:

(1) X is very dense.
(2) Every closed set F of X satisfies F N X = F.
(3) The map U + U N Xy from the open sets of X to those of Xy is bijective.

SOLUTION: Assume (1). Given a closed set F', take any = € F, and let U be an
open neighborhood of z in X. Then F N U is locally closed, so meets Xy. Hence
z € FNXy. Thus FF C F N Xy. The opposite inclusion is trivial. Thus (2) holds.

Assume (2). In (3), the map is trivially surjective. To check it’s injective, suppose
UnNXo=VnNXy. Then (X-U)NXy = (X—-V)NXo. So (2) yields X -U = X V.
So U = V. Thus (3) holds.

Assume (3). Then the map F' — F N Xy of closed sets is bijective too; whence,
so is the map Y +— Y N Xg of locally closed sets. In particular, if a locally closed
set Y is nonempty, then so is Y N Xy. Thus (1) holds. O

EXERCISE (15.24). — Let R be a ring, X := Spec(R), and X, the set of closed
points of X. Show that the following conditions are equivalent:

(1) R is a Jacobson ring.
(2) X is a Jacobson space.
(3) If y € X is a point such that {y} is locally closed, then y € Xj.

SOLUTION: Assume (1). Let F C X be closed. Trivially, F D FNX,. To
prove F C FN Xy, say F = V(a) and FN Xy = V(b). Then F N X is the set
of maximal ideals m containing a by (13.2), and every such m contains b. So (1)
implies b C v/a. But V(y/a) = F. Thus F C F N Xy. Thus (15.23) yields (2).

Assume (2). Let y € X be a point such that {y} is locally closed. Then {y} (] Xo
is nonempty by (2). So ({y} (N Xo) > y. Thus (3) holds.

Assume (3). Let p be a prime ideal of R such that pR; is maximal for some
f ¢ p. Then {p} is closed in D(f) by (13.1). So {p} is locally closed in X. Hence
{p} is closed in X by (3). Thus p is maximal. Thus (15.22) yields (1). O
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EXERCISE (15.28). — Let P := Z[Xq,..., X,,] be the polynomial ring. Assume
f € P vanishes at every zero in K" of f1,..., f, € P for every finite field K; that
is, if (a) := (a1,...,a,) € K™ and fi1(a) =0,..., fr(a) = 0 in K, then f(a) =0
too. Prove there are g1,...,¢, € P and N > 1 such that fN =g1fi +--- + grfr.

SoLuTION: Set a := (fi,...,f-). Suppose f ¢ y/a. Then f lies outside some
maximal ideal m containing a by (15.26)(2) and (15.20). Set K := P/m. Then
K is a finite extension of F,, for some prime p by (15.26)(1). So K is finite. Let a;
be the residue of X;, set (a) := (a1,...,a,) € K. Then fi(a) =0,..., fr(a) =0.
So f(a) = 0 by hypothesis. Thus f € m, a contradiction. Thus f € v/a. d

EXERCISE (15.29). — Let R be a ring, R’ an algebra. Prove that if R’ is integral
over R and R is Jacobson, then R’ is Jacobson.

SoLuTION: Given an ideal o C R’ and an f outside v/a’, set R” := R[f]. Then
R" is Jacobson by (15.26)(2). So R” has a maximal ideal m” that avoids f and
contains a’NR"”. But R’ is integral over R”. So R’ contains a prime m’ that contains
a’ and that contracts to m” by Going Up (14.3)(4). Then m’ avoids f as m” does,
and m’ is maximal by Maximality, (14.3)(1). Thus R’ is Jacobson. O

EXERCISE (15.30). — Let R be a Jacobson ring, S a multiplicative subset, f € R.
True or false: prove or give a counterexample to each of the following statements.

(1) The localized ring Ry is Jacobson.

(2) The localized ring S~!R is Jacobson.

(3) The filtered direct limit lim Ry of Jacobson rings is Jacobson.

(4) In a filtered direct limit of rings Ry, necessarily liglrad(RA) = rad(@ Ry).

SOLUTION: (1) True: Ry = R[1/f] by (11.13); so Ry is Jacobson by (15.26)(1).
(2) False: by (15.21), Z is Jacobson, but Z, isn’t for any prime number p.

(3) False: Z,y isn’t Jacobson by (15.21), but Z,, = lim Z by (12.6).

(4) False: rad(Zp)) = pZyy,; but rad(Z) = (0), so ligrad(Z) = (0). O

EXERCISE (15.31). — Let R be a reduced Jacobson ring with a finite set ¥ of
minimal primes, and P a finitely generated module. Show that P is locally free of
rank r if and only if dimp/m(P/mP) = r for any maximal ideal m.

SOLUTION: Suppose P is locally free of rank r. Then given any maximal ideal
m, there is an f € R —m such that Py is a free Ry-module of rank r by (13.49).
But P, is a localization of Py by (12.5). So Py is a free Ry-module of rank r
by (12.11). But Pn/mP, = (P/mP)y, by (12.22). Also Ryn/mR, = R/m by
(12.23). Thus dimp/y(P/mP) = 7.

Consider the converse. Given a p € X, set K := Frac(R/p). Then P Qg K is a
K-vector space, say of dimension n. Since R is reduced, K = R, by (14.12). So
by (12.24), there is an h € R—p with P, free of rank n. As R is Jacobson, there is
a maximal ideal m avoiding h, by (15.20). Hence, as above, dimp,m(P/mP) = n.
But, by hypothesis, dim g/ (P/mP) = r. Thus n = r.

Given a maximal ideal m, set A := Ry,. Then A is reduced by (13.41). Each
minimal prime of A is of the form pA where p € ¥ by (11.20)(2). Further, it’s not
hard to see, essentially as above, that Py ® Frac(A/pA) = P ® Frac(R/p). Hence
(14.14) implies Py is a free A-module of rank r. Finally, (13.52) implies P is
locally free of rank r. O
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16. Chain Conditions

EXERCISE (16.2). — Let M be a finitely generated module over an arbitrary ring.
Show every set that generates M contains a finite subset that generates.

SOLUTION: Say M is generated by x1,...,z, and also by the y) for A € A. Say
Ti =3, %jYxn;,;- Then the yy,; generate M. O

EXERCISE (16.8). Let R be a ring, X a variable, R[X] the polynomial ring.
Prove this statement or find a counterexample: if R[X] is Noetherian, then so is R.

SOLUTION: It’s true. Since R[X] is Noetherian, so is R[X]/(X) by (16.7). But
the latter ring is isomorphic to R by (1.8); so R is Noetherian. a

EXERCISE (16.9). — Let R C R’ be a ring extension with an R-linear retraction
p: R — R. Assume R’ is Noetherian, and prove R is too.

SOLUTION: Let a C R be an ideal. As R’ is Noetherian, aR’ is finitely generated.
But, by definition, a generates aR’. So by (16.2) there are ay, ..., a, that generate
aR’. Hence, given any a € a, there are 2§ € R’ such that a = a2} + - + al,z),.
Applying p yields a = a1x1 + - - + apx, with z; := p(z}) € R. Thus a is finitely
generated. Thus R is Noetherian.

Alternatively, let a; C as C --- be an ascending chain of ideals of R. Then
a;R' C aaR’ C --- stabilizes as R’ is Noetherian. So p(a1R') C p(azR') C ---
stabilizes too. But p(a;R') = a;p(R’) = a;. Thus by (16.5), R is Noetherian. O

EXERCISE (16.15). — Let 0 — L & M B, N = 0 be a short exact sequence of
R-modules, and My, Ms two submodules of M. Prove or give a counterexample to
this statement: if 8(M;1) = 8(Ma) and o=t (M7) = a~1(M3), then My = Mo.

SOLUTION: The statement is false: form the exact sequence

0-RESROR LR -0
with «(r) := (r,0) and B(r,s) := s, and take
My, :={(t2t)|teR} and Msy:={(2t,t)]|teR}.

(Geometrically, we can view M; as the line determined by the origin and the point
(1,2), and M; as the line determined by the origin and the point (2,1). Then
ﬁ(Ml) = 6(]\/[2) =R, and 0671(]\/[1) = Oéil(MQ) =0, but M; 75 Ms in R@R) O

EXERCISE (16.18). — Let R be a ring, ai, ..., a, ideals such that each R/qa; is a
Noetherian ring. Prove (1) that @@ R/a; is a Noetherian R-module, and (2) that,
if Na; =0, then R too is a Noetherian ring.

SOLUTION: Any R-submodule of R/a; is an ideal of R/a;. Since R/a; is a Noe-
therian ring, such an ideal is finitely generated as an (R/a;)-module, so as an R-
module as well. Thus R/a; is a Noetherian R-module. So @ R/a; is a Noetherian
R-module by (16.17). Thus (1) holds.

To prove (2), note that the kernel of the natural map R — @ R/a; is () a;, which
is 0 by hypothesis. So R can be identified with a submodule of the Noetherian
R-module €@ R/a;. Hence R itself is a Noetherian R-module by (16.16)(2). So R
is a Noetherian ring by (16.13). O
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EXERCISE (16.20). — Let R be a Noetherian ring, M and N finitely generated
modules. Show that Hom (M, N) is finitely generated.

SOLUTION: Say M is generated m elements. Then (4.10) yields a surjection
R®™ — M. It yields an inclusion Hom(M, N) < Hom(R™, N) by (5.18). But
Hom(R®™, N) = Hom(R, N)®™ = N®™ by (4.15.2) and (4.3). Plainly N®™ is
finitely generated as N is. Hence Hom(R®™, N) is finitely generated, so Noetherian
by (16.19). Thus Hom(M, N) is finitely generated. O

EXERCISE (16.24). — Let R be a domain, R’ an algebra, and set K := Frac(R).
Assume R is Noetherian.

(1) 1, Thm. 3] Assume R’ is a field containing R. Show R'/R is algebra finite if
and only if K/R is algebra finite and R'/K is (module) finite.

(2) [1, bot. p.77] Let K’ D R be a field that embeds in R’. Assume R'/R is
algebra finite. Show K/R is algebra finite and K'/K is finite.

SoLuTION: For (1), first assume R’/R is algebra finite. Now, R C K C R'. So
R'/K is algebra finite. Thus R'/K is (module) finite by (15.4) or (16.22), and so
K /R is algebra finite by (16.21).

Conversely, say z1,...,Z,, are algebra generators for K/R, and say y1,...,¥yn
are module generators for R'/K. Then clearly z1,...,Zm,¥y1,...,Yyn are algebra
generators for R'/R. Thus (1) holds.

For (2), let m be any maximal ideal of R/, and set L := R'/m. Then L is a field,
RC K C K’ CL,and L/R is algebra finite. So K/R is algebra finite and L/K is
finite by (1); whence, K'/K is finite too. Thus (2) holds. O

EXERCISE (16.28). — Let k be a field, R an algebra. Assume that R is finite
dimensional as a k-vector space. Prove that R is Noetherian and Artinian.

SOLUTION: View R as a vector space, and ideals as subspaces. Now, by a simple
dimension argument, any ascending or descending chain of subspaces of R stabilizes.
Thus R is Noetherian by (16.5) and is Artinian by definition. O

EXERCISE (16.29). — Let p be a prime number, and set M := Z[1/p] /Z. Prove
that any Z-submodule N C M is either finite or all of M. Deduce that M is an
Artinian Z-module, and that it is not Noetherian.

SoLuTION: Given ¢ € N, write ¢ = n/p® where n is relatively prime to p. Then
there is an m € Z with nm = 1 (mod p®). Hence N 3> m(n/p®) = 1/p°, and so
1/p" =p°~"(1/p°) € N for any 0 < r < e. Therefore, either N = M, or there is a
largest integer e > 0 with 1/p® € N. In the second case, N is finite.

Let M 2 N1y D N2 D --- be a descending chain. By what we just proved, each
N; is finite, say with n; elements. Then the sequence n; > ny > -- - stabilizes; say
n;=mnijy1 =---. But N; D Nyy1 D+, 80 N; = N;pqg =---. Thus M is Artinian.

Finally, suppose my,...,m, generate M, say m; = n;/p®. Set e := maxe;.
Then 1/p® generates M, a contradiction since 1/p°Tt € M. Thus M is not finitely
generated, and so not Noetherian. O

EXERCISE (16.30). — Let R be an Artinian ring. Prove that R is a field if it is a
domain. Deduce that in general every prime ideal p of R is maximal.
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SOLUTION: Take any nonzero element € R, and consider the chain of ideals
(r) D (x?) D ---. Since R is Artinian, the chain stabilizes; so (z¢) = (z°*1) for
some e. Hence zaz®T! for some a € R. If R is a domain, then we can cancel to
get 1 = ax; thus R is then a field.

In general, R/p is Artinian by (16.27)(2). Now, R/p is also a domain by (2.9).
Hence, by what we just proved, R/p is a field. Thus p is maximal by (2.17). O

17. Associated Primes

EXERCISE (17.6). Given modules My, ..., M,, set M := M; & --- & M,. Prove
Ass(M) = Ass(My) U --- U Ass(M,).

SOLUTION: Set N := My ® -+ @ M,. Then N, My C M. Also, M/N = M. So
(17.5) yields

Ass(N), Ass(M;) C Ass(M) C Ass(N) U Ass(My).
So Ass(M) = Ass(N) U Ass(M7). The assertion follows by induction on 7. O

EXERCISE (17.7). — Take R := Z and M := Z/(2) ® Z. Find Ass(M) and find
two submodules L, N C M with L + N = M but Ass(L) U Ass(N) G Ass(M).

SoLuTION: First, we have Ass(M) = {(0), (2)} by (17.6) and (17.4)(2). Next,
take L :== R-(1,1) and N := R - (0,1). Then the canonical maps R — L and
R — N are isomorphisms. Hence both Ass(L) and Ass(N) are {(0)} by (17.4)(2).
Finally, L + N = M because (a,b) =a- (1,1)+ (b—a)-(0,1). O

EXERCISE (17.8). — If a prime p is sandwiched between two primes in Ass(M),
is p necessarily in Ass(M) too?

SoLuTION: No, for example, let R := k[X,Y] be the polynomial ring over a field.
Set M := R® (R/(X,Y)) and p := (X). Then Ass(M) = Ass(R) UAss(R/(X,Y))
by (17.6). Further, Ass(R) = (0) and Ass(R/(X,Y)) = (X,Y) by (17.4). a

EXERCISE (17.11). — Let R be a ring, and suppose R, is a domain for every
prime p. Prove every associated prime of R is minimal.

SOLUTION: Let p € Ass(R). Then pR, € Ass(R,) by (17.10). By hypothesis,
R, is a domain. So pR, = (0) by (17.4). Hence p is a minimal prime of R by
(11.20)(2).

Alternatively, say p = Ann(z) with « € R. Then x/1 # 0 in Ry; otherwise, there
would be some s € R — p such that sz = 0, contradicting p = Ann(z). However,
for any y € p, we have zy/1 = 0in R,. Since R, is a domain and since z/1 # 0, we
must have y/1 =0 in Rp. So there exists some ¢ € R — p such that ty = 0. Now,
p D q for some minimal prime q by (3.14). Suppose p # q. Then there is some
y € p — . So there exists some t € R — p such that ty = 0 € q, contradicting the
primeness of q. Thus p = q; that is, p is minimal. g
EXERCISE (17.16). — Let R be a Noetherian ring, M a module, N a submodule,
z € R. Show that, if ¢ p for any p € Ass(M/N), then zM NN = zN.

SoruTIOoN: Trivially, «N C xM (| N. Conversely, take m € M with am € N.
Let m’ be the residue of m in M/N. Then zm’ = 0. By (17.15), = ¢ z.div(M/N).
Som’ =0. Som € N. Soxm € N. Thus xtM [N C N, as desired. |
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EXERCISE (17.22). — Let R be a Noetherian ring, a an ideal. Prove the primes
minimal containing a are associated to a. Prove such primes are finite in number.

SOLUTION: Since a = Ann(R/a), the primes in question are the primes minimal
in Supp(R/a) by (13.27)(3). So they are associated to a by (17.18), and they are
finite in number by (17.21). O

EXERCISE (17.23). — Take R := Z and M := Z in (17.20). Determine when a
chain 0 C My & M is acceptable, and show that then py ¢ Ass(M).

SOLUTION: If the chain is acceptable, then M; # 0 as M;/0 ~ R/py, and M; is
a prime ideal as M7 = Ann(M /M) = po. Conversely, the chain is acceptable if M
is a nonzero prime ideal p, as then M;/0 ~ R/0 and M/M; ~ R/p.

Finally, Ass(M) = 0 by (17.4). Further, as just observed, given any acceptable
chain, po = M7 # 0. So p2 ¢ Ass(M). O

EXERCISE (17.24). — Take R :=Z and M := Z/(12) in (17.20). Find all three
acceptable chains, and show that, in each case, {p;} = Ass(M).

SOLUTION: An acceptable chain in M corresponds to a chain
(12) C {a1) C (az) C -~ C {(an) = Z.

Here (a1)/(12) ~ Z/{p1) with p; prime. So a1p; = 12. Hence the possibilities are
p1 =2, a1 =6 and p; = 3, a1 = 4. Further, {(a2)/(a1) ~ Z/{p2) with py prime. So
asp2 = ai. Hence, if a; = 6, then the possibilities are po = 2, az = 3 and ps = 3,
as = 2; if a1 = 4, then the only possibility is po = 2 and as = 2. In each case, as is
prime; hence, n = 3, and these three chains are the only possibilities. Conversely,
each of these three possibilities, clearly, does arise.

In each case, {p;} = {(2), (3)}. Hence (17.20.1) yields Ass(M) C {(2), (3)}. For
any M, if 0 C My C --- C M is an acceptable chain, then (17.5) and (17.4)(2)
yield Ass(M) D Ass(M;) = {p1}. Here, there’s one chain with p; = (2) and another
with p; = (3); hence, Ass(M) D {(2), (3)}. Thus Ass(M) = {(2), (3)}. O

EXERCISE (17.26). — Let R be a Noetherian ring, a an ideal, and M a finitely
generated module. Show that the following conditions are equivalent:
(1) V(a) N Ass(M) = 0;
(2) Hom(N, M) = 0 for all finitely generated modules N with Supp(N) C V(a);
(3) Hom (N, M) = 0 for some finitely generated module N with Supp(N) = V(a);
(4) a ¢ z.div(M); that is, there is a nonzerodivisor z on M in a;
(5) a ¢ p for any p € Ass(M).

SoLuTION: Assume (1). Then Supp(N) N Ass(M) = () for any module N with
Supp(N) C V(a). Hence Ass(Hom(N, M)) = @ by (17.25). So Hom(N,M) =0
by (17.13). Thus (2) holds. Clearly (2) with N := R/a implies (3).

Assume (3). Then Ass(Hom(N, M)) =0 by (17.13). So V(a) N Ass(M) = () by
(17.25). Thus (1) holds. Clearly (1) and (5) are equivalent.

Finally, z.div(M) = U,eass(ar) P by (17.15). So (4) implies (5). Moreover, the
union is finite by (17.21); so (3.19) and (5) yield (4). O

18. Primary Decomposition
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EXERCISE (18.6). — Let R be a ring, and p = (p) a principal prime generated by
a nonzerodivisor p. Show every positive power p™ is p-primary, and conversely, if
R is Noetherian, then every p-primary ideal q is equal to some power p™.

SOLUTION: Let’s proceed by induction. Form the exact sequence
0—p"/p"™ — R/p™T = R/p" — 0.

Consider the map R — p"/p"*! given by x + xp™. It is surjective, and its kernel
is p as p is a nonzerodivisor. Hence R/p —= p"/p"+l. But Ass(R/p) = {p}
by (17.4)(2). Hence (17.5) yields Ass(R/p™) = {p} for every n > 1, as desired.
Conversely, p = /g by (18.5). So p" € q for some n; take n minimal. Then
p™ C q. Suppose there is an x € g — p™. Say x = yp" for some y and m > 0. Then
m < n as z ¢ p”. Take m maximal. Now, p™ ¢ q as n is minimal. So (18.5)
yields y € q C p. Hence y = zp for some z. Then x = zp™*!, contradicting the
maximality of m. Thus q = p”. g

EXERCISE (18.7). — Let k be a field, and k[X,Y] the polynomial ring. Let a be
the ideal (X2, XY). Show a is not primary, but v/a is prime. Show a satisfies this
condition: ab € a implies a® € a or b? € a.

SorLuTioN: First, (X) is prime by (2.10). But (X?) C a C (X). So va = (X)
by (3.833). On the other hand, XY € a, but X ¢ a and Y ¢ \/a; thus a is not
primary by (18.5). If ab € a, then X |a or X | b,s0 a®> € aor b € a. O

EXERCISE (18.8). — Let ¢: R — R’ be a homomorphism of Noetherian rings, and
q C R’ a p-primary ideal. Show that ¢~'q C R is ¢~ lp-primary. Show that the
converse holds if ¢ is surjective.

SOLUTION: Let zy € ¢~ 1q, but = ¢ ¢~ 'q. Then o(z)¢(y) € q, but ¢(z) ¢ q.
So ¢(y)" € q for some n > 1 by (18.5). Hence, y" € ¢~ 'q. So ¢~1q is primary
by (18.5). Its radical is p~p as p = \/4, and taking the radical commutes with
taking the inverse image by (3.25). The converse can be proved similarly. d

EXERCISE (18.17). — Let k be a field, R := k[X,Y, Z] be the polynomial ring.
Set a:= (XY, X —YZ), set q1 := (X, Z) and set q2 := (Y2, X — Y Z). Show that
a = q1MNq2 holds and that this expression is an irredundant primary decomposition.

SoLuTION: First, XY =Y (X -YZ)+Y?2Z € qo. Hence a C q1Nga. Conversely,
take F' € q1 N qa. Then F € qo, 50 F = GY? + H(X — Y Z) with G, H € R. But
Feqi,s0Geqy;say G=AX + BZ with A, B € R. Then

F=(AY + B)XY + (H — BY)(X — ZY) € a.
Thus a D g1 N q2. Thus a = g1 N g2 holds.

Finally, ¢y is prime by (2.10). Now, using (18.8), let’s show g2 is (X,Y)-
primary. Form ¢: k[X,Y, Z] — k[Y, Z] with p(X) := YZ. Clearly, q2 = ¢~ 1(Y2)
and (X, Y) = p~1Y); also, (Y2) is (Y)-primary by (18.2). Thus a = q; N gz is a
primary decomposition. It is irredundant as q; and (X,Y’) are distinct. a

EXERCISE (18.18). — Let R := R’ x R” be a product of two domains. Find an
irredundant primary decomposition of (0).

SoLuTION: Set p’ := (0) x R” and p” := R” x (0). Then p’ and p” are prime by
(2.11), so primary by (17.4)(2). Clearly (0) = p’Np”. Thus this representation is
a primary decomposition; it is irredundant as both p’ and p” are needed. d
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EXERCISE (18.22). — Let R be a Noetherian ring, a an ideal, and M a finitely
generated module. Consider the following submodule of M:

Pa(M) :=U,>{m € M | a"m =0 for some n > 1}.

(1) For any decomposition 0 = (Q; with Q; pi-primary, show I'a(M) = 1,4, Qi-
(2) Show I'y(M) is the set of all m € M such that m/1 € M, vanishes for every
prime p with a ¢ p. (Thus T'q(M) is the set of all m whose support lies in V(a).)

SorLuTION: For (1), given m € I'q(M), say a”m = 0. Given ¢ with a ¢ p;, take
a € a—p;. Then a"m =0 € Q;. Hence m € Q; by (18.4). Thus m € ﬂagzpb Q;.

Conversely, given m € ﬂa@i Qi, take any j with a C p;. Then p; = nil(M/Q;)
by (18.3). So there is n; with a™m C Q;. Set n := max{n;}. Then a"m C Q; for
all 4, whether a C p; or not. Hence a"m € (1Q; = 0. Thus m € I'q(M).

For (2), given m € T'qy(M), say a”m = 0. Given a prime p with a ¢ p, take
a € a—p. Then a"m =0 and a” ¢ p. So m/1 € M, vanishes.

Conversely, given an m € M such that m/1 € M, vanishes for every prime p
with a ¢ p, consider a decomposition 0 = (| Q; with @Q; p;-primary; one exists by
(18.21). By (1), it suffices to show m € Q; if a ¢ p;. But m/1 € M, vanishes. So
there’s an a € R — p; with am =0 € Q;. So (18.4) yields m € Q;, as desired. O

EXERCISE (18.26). — Let R be a Noetherian ring, M a finitely generated module,
N a submodule. Prove N' = [, asnr/n) ©p ' (Np).

SoLUTION: (18.21) yields an irredundant primary decomposition N = (] Q;.
Say Q; is p;-primary. Then {p;}] = Ass(M/N) by (18.20). Also, (18.24) yields
W;il(NPi) = np]Cpi Qj‘ Thus ng Sot:il(NPi) = n; (ﬂpjcpi Q]) = mq Qz =N. g

EXERCISE (18.27). — Let R be a Noetherian ring, p a prime. Its nth symbolic
power p(™ is defined as the saturation (p”)° where S := R — p.

(1) Show p(™ is the p-primary component of p™.

(2) Show p(™*™) is the p-primary component of p(Mp(™).

(3) Show p(™ = p™ if and only if p™ is p-primary.

(4) Given a p-primary ideal ¢, show q D p(® for all large n.

SOLUTION: Note p is minimal in V(p™). But V(p™) Supp(R/p™) by (13.27)(3).
Hence p is minimal in Ass(R/p™) by (17.18) and (17.3). Thus (18.25) yields (1).

Notice (11.17)(3) yields (p(™p(™)S = p(m+n) Thus (18.25) yields (2).

If p(®) = p™, then p™ is p-primary by (1). Conversely, if p is p-primary, then
p™ = p(™) because primary ideals are saturated by (18.23). Thus (3) holds.

For (4), recall p = ,/q by (18.5). So q D p™ for all large n by (3.33). Hence
g% D p™. But ¢° = q by (18.23) since p N (R — p) = 0. Thus (4) holds. O

EXERCISE (18.28). — Let R be a Noetherian ring, (0) = q1N- - -Nq,, an irredundant
primary decomposition. Set p; :=/q; fori =1,...,n.

(1) Suppose p; is minimal for some i. Show q; = plm for all large r.

(2) Suppose p; is not minimal for some 7. Show that replacing q; by pE” for large
r gives infinitely many distinct irredundant primary decompositions of (0).
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SOLUTION: Set A := R,, and m := p;A. Then A is Noetherian by (16.7).
Suppose p; is minimal. Then m is the only prime in A. So m = \/@ by the
Scheinnullstellensatz (3.29). So m” = 0 for all large 7 by (3.32). So p("™) = g; by
Lemma (18.23) and the Second Uniqueness Theorem (18.25). Thus (1) holds.

Suppose p; is not minimal. Assume m” = m’"*! for some r. Then m” = 0
by Nakayama’s Lemma (10.11). Hence m is minimal. So p; is too, contrary to
hypothesis. Thus by (11.19)(1), the powers py) are distinct.

However, q; D pgr) for all large r by (18.27)(4). Hence (0) = pgr) Nz 95-
But pgr) is p;-primary by (18.27)(1). Thus replacing q; by pgr) for large r gives
infinitely many distinct primary decompositions of (0).

These decompositions are irredundant owing to two applications of (18.19). A
first yields {p;} = Ass(R) as (0)q1 N --- Ny, is irredundant. So a second yields the
desired irredundancy. g

EXERCISE (18.30). — Let R be a Noetherian ring, m C rad(R) an ideal, M a
finitely generated module, and M’ a submodule. Considering M/M’, show that

M’ = (5o(m"M + M').

SoLuTION: Set N := (1, 5,m"(M/M’). Then by (18.29), there is z € m such
that (1 4+2)N = 0. By (3.2), 1 + z is a unit since m C rad(R). So N = 0. But
m™(M/M') ("M + M')/M’. Thus (\(m"M + M')/M’' =0, as desired. O

19. Length

EXERCISE (19.2). — Let R be a ring, M a module. Prove these statements:

(1) If M is simple, then any nonzero element m € M generates M.

(2) M is simple if and only if M ~ R/m for some maximal ideal m, and if so,
then m = Ann(M).

(3) If M has finite length, then M is finitely generated.

SOLUTION: Obviously, Rm is a nonzero submodule. So it is equal to M, because
M is simple. Thus (1) holds.

Assume M is simple. Then M is cyclic by (1). So M ~ R/m for m := Ann(M)
by (4.7). Since M is simple, m is maximal owing to the bijective correspondence
of (1.9). By the same token, if, conversely, M ~ R/m with m maximal, then M is
simple. Thus (2) holds.

Assume (M) < co. Let M = My D My D -+ D M,,, = 0 be a composition
series. If m = 0, then M = 0. Assume m > 1. Then M; has a composition series
of length m — 1. So, by induction on m, we may assume M is finitely generated.
Further, M /M, is simple, so finitely generated by (1). Hence M is finitely generated
by (16.16)(1). Thus (3) holds. a

EXERCISE (19.4). Let R be a Noetherian ring, M a finitely generated module.
Prove the equivalence of the following three conditions:

(1) that M has finite length;

(2) that Supp(M) consists entirely of maximal ideals;

(3) that Ass(M) consists entirely of maximal ideals.

Prove that, if the conditions hold, then Ass(M) and Supp(M) are equal and finite.
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SOLUTION: Assume (1). Then (19.3) yields (2).

Assume (2). Then (17.20) and (19.2)(2) yield (1). Further, (17.3) yields (3).

Finally, assume (3). Then (17.3) and (17.17) imply that Ass(M) and Supp(M)
are equal and consist entirely of maximal ideals. In particular, (2) holds. However,
Ass(M) is finite by (17.21). Thus the last assertion holds. |

EXERCISE (19.5). — Let R be a Noetherian ring, ¢ a p-primary ideal. Consider
chains of primary ideals from q to p. Show (1) all such chains have length at most
£(A)—1 where A := (R/q), and (2) all maximal chains have length exactly ¢(A)—1.

SoLUTION: There is a natural bijective correspondence between the p-primary
ideals containing q and the (p/q)-primary ideals of R/q, owing to (18.8). In turn,
there is one between the latter ideals and the ideals of A primary for its maximal
ideal m, owing to (18.8) again and also to (18.23) with M := A.

However, p = /q by (18.5). Som = \/@ . Hence every ideal of A is m-primary
by (18.10). Further, m is the only prime of A; so ¢(A) is finite by (19.4) with
M := A. Hence (19.3) with M := A yields (1) and (2). O

EXERCISE (19.8). — Let k be a field, R an algebra-finite extension. Prove that R
is Artinian if and only if R is a finite-dimensional k-vector space.

SOLUTION: As k is Noetherian by (16.1) and as R/k is algebra-finite, R is
Noetherian by (16.12). Assume R is Artinian. Then ¢(R) < oo by (19.6). So R
has a composition series. The successive quotients are isomorphic to residue class
fields by (19.2)(2). These fields are finitely generated k-algebras, as R is. Hence
these fields are finite extension fields of & by the Zariski Nullstellensatz. Thus R is
a finite-dimensional k-vector space. The converse holds by (16.28). O

EXERCISE (19.10). — Let k be a field, A a local k-algebra. Assume the map from
k to the residue field is bijective. Given an A-module M, prove ¢(M) = dimy(M).

SoruTiON: If M = 0, then ¢(M) = 0 and dimg(M) = 0. If M ~ k, then
(M) =1 and dim(M) = 1. Assume 1 < ¢(M) < co. Then M has a submodule
M’ with M/M' ~ k. So Additivity of Length, (19.9), yields ¢(M') = (M) — 1
and dimg(M') = dimy (M) — 1. Hence ¢(M’) = dimy(M’) by induction on ¢(M).
Thus ¢(M) = dimy(M).

If ¢(M) = oo, then for every m > 1, there exists a chain of submodules,

M=My2M 22 My, =0.
Hence dimy (M) = oco. O

EXERCISE (19.12). — Prove these conditions on a Noetherian ring R equivalent:
(1) that R is Artinian;
(2) that Spec(R) is discrete and finite;
(3) that Spec(R) is discrete.

SorLuTION: Condition (1) holds, by (19.11), if and only if Spec(R) consists of
finitely points and each is a maximal ideal. But a prime p is a maximal ideal if and
only if {p} is closed in Spec(R) by (13.2). It follows that (1) and (2) are equivalent.

Trivially, (2) implies (3). Conversely, (3) implies (2), since Spec(R) is quasi-
compact by (13.20). Thus all three conditions are equivalent. O

EXERCISE (19.13). — Let R be an Artinian ring. Show that rad(R) is nilpotent.
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SOLUTION: Set m := rad(R). Then m D> m? D --- is a descending chain. So
m” =m"*! for some r. But R is Noetherian by (19.11). So m is finitely generated.
Thus Nakayama’s Lemma (10.11) yields m" = 0.

Alternatively, R is Noetherian and dim R = 0 by (19.11). So rad(R) is finitely
generated and rad(R) = nil(R). Thus (3.32) implies m” = 0 for some 7. a

EXERCISE (19.16). — Let R be a ring, p a prime ideal, and R’ a module-finite
R-algebra. Show that R’ has only finitely many primes p’ over p, as follows: reduce
to the case that R is a field by localizing at p and passing to the residue rings.

SOLUTION: First note that, if p’ C R is a prime lying over p, then p'R; C Ry, is
a prime lying over the maximal ideal pR,. Hence, by (11.20)(2), it suffices to show
that R;, has only finitely many such primes. Note also that R;, is module-finite over
R,. Hence we may replace R and R’ by R, and R; , and thus assume that p is
the unique maximal ideal of R. Similarly, we may replace R and R’ by R/p and
R'/pR’, and thus assume that R is a field.

There are a couple of ways to finish. First, R’ is now Artinian by (19.15) or by
(16.28); hence, R’ has only finitely many primes by (19.11). Alternatively, every
prime is now minimal by incomparability (14.3)(2). Further, R’ is Noetherian by
(16.12); hence, R’ has only finitely many minimal primes by (17.22). a

EXERCISE (19.18). — Let R be a Noetherian ring, and M a finitely generated
module. Prove the following four conditions are equivalent:

(1) that M has finite length;

(2) that M is annihilated by some finite product of maximal ideals [ m;;
(3) that every prime p containing Ann(M) is maximal;

(4) that R/Ann(M) is Artinian.

SOLUTION: Assume (1). Let M = My D --- D M,, = 0 be a composition series;
set m; := Ann(M;_1/M;). Then m; is maximal by (19.2)(2). Also, m;yM;_1 C M;.
Hence m; - - - my My C M;. Thus (2) holds.

Assume (2). Let p be a prime containing Ann(M). Then p D [[m;. Sop D my
for some i by (2.2). So p =m; as m; is maximal. Thus (3) holds.

Assume (3). Then dim(R/Ann(M)) = 0. But, by (16.7), any quotient of R is
Noetherian. Thus (19.11) yields (4).

If (4) holds, then (19.14) yields (1), because M is a finitely generated module
over R/ Ann(M). O

20. Hilbert Functions

EXERCISE (20.5). — Let k be a field, k[X, Y] the polynomial ring. Show (X,Y?)
and (X?2,Y?2) have different Hilbert Series, but the same Hilbert Polynomial.

SOLUTION: Set m := (X,Y) and a := (X,Y?) and b := (X2,Y?). They are
graded by degree. So £(a;) = 1, and £(a,) = ¢(m,) for all n > 2. Further,
£(b1) = 0, £(b2) = 2, and £(b,,) = £(m,,) for n > 3. Thus the three ideals have the
same Hilbert Polynomial, namely h(n) = n + 1, but different Hilbert Series. 0
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EXERCISE (20.6). — Let R = @ R, be a graded ring, M = @ M,, a graded R-
module. Let N = @ N,, be a homogeneous submodule; that is, N,, = N N M,,.
Assume Ry is Artinian, R is a finitely generated Rg-algebra, and M is a finitely
generated R-module. Set

N’ :={m € M | there is ko such that Rym C N for all k > k¢ }.

(1) Prove that N’ is a homogeneous submodule of M with the same Hilbert
Polynomial as IV, and that N’ is the largest such submodule containing N.

(2) Let N = (1 Q; be a decomposition with Q; p;-primary. Set Ry := @, . Rn-
Prove that N' =, 45, Qi

SOLUTION: Given m = Y. m; € N', say Rym C N. Then Rym; C N since N is
homogeneous. Hence m; € N’. Thus N’ is homogeneous.

By (19.11) and (16.12), R is Noetherian. So N’ is finitely generated by (16.19).
Let n1,...,n, be homogeneous generators of N’ with n; € Ny, ; set k' := max{k;}.
There is k such that Ryn; C N for all ¢. Given £ > k + k', take n € N, and write
n =y yn; with y; € Ry_g,. Then y;n; € N for all i. So n € N;. Thus Ny = N,
for all £ > k + k’. Thus N and N’ have the same Hilbert polynomial.

Say N” D N, and both have the same Hilbert Polynomial. Then there is kg with
O(N}!) = £(Ny) for all k > kg. So N;/ = Ny, for all k > kg. So, if n € N”, then
Ryn C N for all k > kg. Thus N” C N’. Thus (1) holds.

To prove (2), note 0 = ()(Q;/N) in M/N. By (18.22),

Lr, (M/N) = m (Qi/N).
pidRy
But clearly I'r, (M/N) = N'/N. Thus N" =, 4, Qi O
EXERCISE (20.9). — Let k be a field, P := k[X,Y, Z] the polynomial ring in three
variables, f € P a homogeneous polynomial of degree d > 1. Set R := P/{f). Find
the coefficients of the Hilbert Polynomial h(R,n) explicitly in terms of d.
SOLUTION: Clearly, the following sequence is exact:

0— P(—d) 25 P R—0.
Hence, Additivity of Length, (19.9), yields h(R,n) = h(P,n) — h(P(—d),n). But
P(—d), = P(n—d), so h(P(—d),n) = h(P,n — d). Therefore, (20.4) yields

h(R,n) = (*3") = (*74") = dn — (d — 3)d/2. O

EXERCISE (20.10). — Under the conditions of (20.8), assume there is a homoge-

neous nonzerodivisor f € R with My = 0. Prove deg h(R,n) > deg h(M,n); start
with the case M := R/(f*).

SoLuTION: Suppose M := R/(f*). Set c := kdeg f. Form the exact sequence
0 — R(—c¢) % R — M — 0 where  is multiplication by f*. Then Additivity of
Length (19.9) yields h(M,n) = h(R,n) — h(R,n — ¢). But
h(R,n) = (;Elf)!n‘Fl +--- and h(R,n—c)= %(n —o)t 4.
by (20.8). Thus degh(R,n) > deg h(M,n).
In the general case, there is k with f*M = 0 by (12.7). Set M’ := R/(f*).

Then generators m; € M., for 1 < i < r yield a surjection @, M'(—¢;) — M.
Hence >, ¢(M,,_..) > (M) for all n. But degh(M'(—c;),n) = degh(M',n).
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Hence degh(M’,n) > degh(M,n). But degh(R,n) > degh(M’,n) by the first
case. Thus degh(R,n) > deg h(M,n). O

EXERCISE (20.15). — Let R be a Noetherian ring, q an ideal, and M a finitely
generated module. Assume ¢(M/qM) < co. Set m := ,/q. Show

deg pm (M, n) = degpq(M,n).
SOLUTION: There is an m such that m D g D m™ by (8.32). Hence
m"M D> q"M D> m""M
for all n > 0. Dividing into M and extracting lengths yields
OM/m" M) < L(M/q"M) < L(M/m™"M).
Therefore, for large n, we get
Pm(M,n) < pg(M,n) < pm(M, nm).

The two extremes are polynomials in n with the same degree, say d, (but not the
same leading coefficient). Dividing by n? and letting n — oo, we conclude that the
polynomial pq(M,n) also has degree d. a

EXERCISE (20.19). — Derive the Krull Intersection Theorem, (18.29), from the
Artin—Rees Lemma, (20.18).

SOLUTION: In the notation of (18.29), we must prove that N = aN. So apply
the Artin—Rees Lemma to N and the a-adic filtration of M; we get an m such that
a(NNna™M)=Nna™" M. But NNa®M = N foralln > 0. Thus N =aN. O

20. Appendix: Homogeneity

EXERCISE (20.22). — Let R = @ R, be a graded ring, M = €D,,>,,, My, a graded
module, a C ,,. o Rn a homogeneous ideal. Assume M = aM. Show M = 0.

SOLUTION: Suppose M # 0; say My, # 0. Note M = aM C €D,,-,,,, My; hence
M, = 0, a contradiction. Thus M = 0. O

EXERCISE (20.23). — Let R = @@ R, be a Noetherian graded ring, M = @ M, a
finitely generated graded R-module, N = @ N,, a homogeneous submodule. Set

N :={meM|RmeN foralln>>0}.

Show that N’ is the largest homogeneous submodule of M containing N and having,
for all n > 0, its degree-n homogeneous component N/, equal to N,.

SoLuTION: Given m,m’ € N’, say R,m, R,m’ € N forn > 0. Let x € R.
Then R,(m +m'), R,am € N for n > 0. So N’ C M is a submodule. Trivially
N C N’. Let m; be a homogeneous component of m. Then R,m; € N for n > 0
as N is homogeneous. Thus N’ C M is a homogeneous submodule containing N.

Since R is Noetherian and M is finitely generated, N’ is finitely generated, say
by ¢,4',...,9). Then there is ng with R,g, Rng',..., Rng™ € N for n > ny.
Replace g, ¢/, ..., ¢") by their homogeneous components. Say g, ¢, ..., ¢(") are now
of degrees d,d’,...,d") withd>d >--->d". Set ny := d + ny.

Given m € N, with n > ny, say m = zg + 2'¢g’ + --- with € R,_4 and
2 € Ryp_qg and soon. Then ng <n—-—d<n-d < -..-. Hence m € N,,. Thus
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N} C N,. But N' D> N. Thus N, = N,, for n > ny, as desired.
Let N” = @ N}/ C M be homogeneous with N/ = N,, for n > ny. Let m € N”
and p > ny. Then R,m € @ N/!C N.Som e N'. Thus N" C N'. O

n>nsg

EXERCISE (20.25). — Let R be a graded ring, a a homogeneous ideal, and M a
graded module. Prove that v/a and Ann(M) and nil(M) are homogeneous.

SoLuTION: Take z = Z:;rf x; € R with the z; the homogeneous components.

First, suppose © € v/a. Say zF € a. Either z* vanishes or it is the initial
component of z¥. But a is homogeneous. So z¥ € a. So . € /a. So z — z,. € Va
by (3.31). So all the x; are in /& by induction on n. Thus 1/a is homogeneous.

Second, suppose z € Ann(M). Let m € M. Then 0 = zm = Y z;m. If'm
is homogeneous, then x;m = 0 for all i, since M is graded. But M has a set of
homogeneous generators. Thus z; € Ann(M) for all i, as desired.

Finally, nil(M) is homogeneous, as nil(M) = \/Ann(M) by (13.28). d

EXERCISE (20.26). — Let R be a Noetherian graded ring, M a finitely generated
graded module, @ a submodule. Let @Q* C @ be the submodule generated by the
homogeneous elements of Q). Assume @ is primary. Then Q* is primary too.

SOLUTION: Let x € R and m € M be homogeneous with zm € Q*. Assume
x ¢ nil(M/Q*). Then, given £ > 1, there is m’ € M with x‘m’ ¢ Q*. So m’ has
a homogeneous component m” with zfm” ¢ Q*. Then z‘m” ¢ Q by definition
of @*. Thus z ¢ nil(M/Q). Since @ is primary, m € @ by (18.4). Since m is
homogeneous, m € Q*. Thus Q* is primary by (20.24). a
EXERCISE (20.30). — Under the conditions of (20.8), assume that R is a domain
and that its integral closure R in Frac(R) is a finitely generated R-module.

(1) Prove that there is a homogeneous f € R with Ry = Rj.

(2) Prove that the Hilbert Polynomials of R and R have the same degree and
same leading coefficient.

SOLUTION: Let z1,...,%, be homogeneous generators of R as an R-module.
Write z; = a;/b; with a;,b; € R homogeneous. Set f := [[b;. Then fz; € R
for each i. So Ry = Ry. Thus (1) holds.

Consider the short exact sequence 0 - R —+ R — R/R — 0. Then (R/R); =0
by (12.20). So deg h(R/R,n) < deg h(R,n) by (20.10) and (1). But

h(R,n) = h(R,n) + h(R/R,n)
by (19.9) and (20.8). Thus (2) holds. O

21. Dimension

EXERCISE (21.6). — Let A be a Noetherian local ring, N a finitely generated
module, y1, ...,y asop for N. Set N; := N/{(y1,...,y;)N. Show dim(N;) =r —i.

SoLuTION: First, dim(N) = r by (21.4). Then dim(N;) > dim(V;_1) — 1 for all

i by (21.5), and dim(N,) = 0 by (19.18). So dim(N;) =r — i for all 7. O
EXERCISE (21.9). — Let R be a Noetherian ring, and p be a prime minimal
containing z1,...,z,. Given v’ with 1 < ¢/ < r, set R’ := R/(x1,...,2) and

p :=p/{z1,...,2m). Assume ht(p) = r. Prove ht(p’) =r —1’.
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SOLUTION: Let z; € R’ be the residue of x;. Then p’ is minimal containing
0 q,... 2. by (1.9) and (2.7). So ht(p’) <r —+" by (21.8).

On the other hand, R, = R by (11.23), and Ry, = R,/(z1/1,..., 2, /1) by
(12.22) Hence dim(R),) > dim(R,) — 7’ by repeated application of (21.5) with
R, for both R and M. So ht(p") > r — ¢’ by (21.7.1), as required. O

EXERCISE (21.11). — Let R be a Noetherian ring, p a prime of height at least 2.
Prove that p is the union of height-1 primes, but not of finitely many.

SOLUTION: If p were the union of finitely many height-1 primes, then by Prime
Avoidance (3.19), one would be equal to p, a contradiction.

To prove p is the union of height-1 primes, we may replace R by R/q where q C p
is a minimal prime, as preimage commutes with union. Thus we may assume R
is a domain. Given a nonzero = € p, let q, C p be a minimal prime of (x). Then
ht(q;) = 1 by the Krull Principal Theorem (21.10). Plainly |Jq. = p. O

EXERCISE (21.12). — Let R be a Noetherian ring. Prove the following equivalent:

(1) R has only finitely many primes.
(2) R has only finitely many height-1 primes.
(3) R is semilocal of dimension 1.

SOLUTION: Trivially, (1) implies (2).

Assume (2). By (21.11), there’s no prime of height at least 2. Thus dim(R) < 1.
So every prime is either of height 1 or of height 0. But the height-0 primes are
minimal, so finite in number by (17.22). Hence R is semilocal. Thus (3) holds.

Finally, assume (3). Again, every prime is either of height 1 or of height 0, and
the the height-0 primes are finite in number. But the height-1 primes are maximal,
so finite in number. Thus (1) holds. g

EXERCISE (21.13) (Artin-Tate [1, Thm.4]). — Let R be a Noetherian domain,
and set K := Frac(R). Prove the following equivalent:

(1) K = Ry for some nonzero f € R.

(2) K is algebra finite over R.

(3) Some nonzero f € R lies in every nonzero prime.
(4) R has only finitely many height-1 primes.

(5) R is semilocal of dimension 1.

SOLUTION: By (11.13), (1) implies (2).

Assume (2), and say K = R[z1,...,z,]. Let f be a common denominator of the
x;. Then given any y € K, clearly f™y € R for some m > 1.

Let p C R be a nonzero prime. Take a nonzero z € p. By the above, f(1/z) € R
for some m > 1. So f™(1/z)z € p. So f € p. Thus (2) implies (3).

Assume (3). Given 0 # y € R, the Scheinnullstellensatz (3.29) yields f € \/(y).
So f* =xy for some n > 1 and x € R. So 1/y = x/f™. Thus (3) implies (1).

Again assume (3). Let p be a height-1 prime. Then f € p. So p is minimal
containing (f). So p is one of finitely many primes by (17.22). Thus (4) holds.

Conversely, assume (4). Take a nonzero element in each height-1 prime, and let
f be their product. Then f lies in every height-1 prime. But every nonzero prime
contains a height-1 prime owing to the Dimension Theorem (21.4). Thus (3) holds.

Finally, (4) and (5) are equivalent by (21.12). O
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EXERCISE (21.14). — Let R be a domain. Prove that, if R is a UFD, then every
height-1 prime is principal, and that the converse holds if R is Noetherian.

SOLUTION: Let p be a height-1 prime. Then there’s a nonzero z € p. Factor z.
One prime factor p must lie in p as p is prime. Then (p) is a prime ideal as p is a
prime element by (2.6). But (p) C p and ht(p) = 1. Thus, (p) = p.

Conversely, assume every height-1 prime is principal and assume R is Noetherian.
To prove R is a UFD, it suffices to prove every irreducible element p is prime (see
[2, Ch.11, Sec. 2, pp. 392-396]). Let p be a prime minimal containing p. By Krull’s
Principal Ideal Theorem, ht(p) = 1. So p = (z) for some z. Then z is prime by
(2.6). And p = zy for some y as p € p . But p is irreducible. So y is a unit. Thus
p is prime, as desired. O

EXERCISE (21.15). — (1) Let A be a Noetherian local ring with a principal prime
p of height at least 1. Prove A is a domain by showing any prime g g p is (0).

(2) Let k be a field, P := k[[X]] the formal power series ring in one variable.
Set R := P x P. Prove that R is Noetherian and semilocal, and that R contains a
principal prime p of height 1, but that R is not a domain.

SoruTIiOoN: To prove (1), say p = (x). Take y € q. Then y = ax for some a. But
x ¢ q since q ; p. Hence a € q. Thus q = qz. But z lies in the maximal ideal of the
local ring A, and q is finitely generated since A is Noetherian. Hence Nakayama’s
Lemma (10.11) yields g = (0). Thus (0) is prime, and so A is a domain.

Alternatively, as a € q, also a = a;z with a; € q. Repeating yields an ascending
chain of ideals (a) C (a1) C (a2) C ---. It stabilizes as A is Noetherian: there’s a k
such that ay € (ag—1). Then a; = bar—1 = bayz for some b. So ar(1—bzx) = 0. But
1 — bz is a unit by (3.6) as A is local. So a; = 0. Thus y =0, so A is a domain.

As to (2), every nonzero ideal of P is of the form (X™) by (3.11). Hence P is
Noetherian. Thus R is Noetherian by (16.17).

The primes of R are of the form q x P or P X q where ¢ is a prime of P by (2.11).
Further, m := (X) is the unique maximal ideal by (3.10). Hence R has just two
maximal ideals m x P and P x m. Thus R is semilocal.

Set p := ((X,1)). Then p =m x P. So p is a principal prime. Further, p contains
just one other prime 0 x P. Thus ht(p) = 1.

Finally, R is not a domain as (1,0) - (0,1) = 0. O

EXERCISE (21.16). Let R be a finitely generated algebra over a field. Assume
R is a domain of dimension r. Let 2 € R be neither 0 nor a unit. Set R := R/(z).
Prove that » — 1 is the length of any chain of primes in R’ of maximal length.

SOLUTION: A chain of primes in R’ of maximal length lifts to a chain of primes
pi in R of maximal length with (z) C p1 G --- & pa. As x is not a unit, d > 1.
As z # 0, also p; # 0. But R is a domain. So Krull’s Principal Ideal Theorem,
(21.9), yields htp; = 1. S0 0 G p1 & - -+ S b, is of maximal length in R. But R is
a finitely generated algebra over a field. Hence d = dim R by (15.9). d

EXERCISE (21.18). — Let R be a Noetherian ring. Show that
dim(R[X]) = dim(R) + 1.
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SOLUTION: Let P8 be a prime ideal of R[X], and p its contraction in R. Then
R, — R[X]y is a flat local homomorphism by (13.47). Hence (21.17) yields

dim(R[X]y) = dim(R,) + dim (R[X]g /pR[X]qy). (21.18.1)

Set k := Frac(R/p). Then R[X|y/pR[X]y = k[X]q owing to (1.7) and (11.27)
and (11.30). But k[X] is a PID, so dim(k[X]y) < 1. Plainly, dim(R,) < dim(R).
So (21.18.1) yields dim(R[X]y) < dim(R) + 1. Thus dim(R[X]) < dim(R) + 1.
Finally, the opposite inequality holds by (15.19). a

EXERCISE (21.19). — Let A be a Noetherian local ring of dimension r. Let m be
the maximal ideal, and k := A/m the residue class field. Prove that

r < dimk(m/mZ)7
with equality if and only if m is generated by r elements.

SOLUTION: By (21.4), dim(A) is the smallest number of elements that generate a
parameter ideal. But m is a parameter ideal, and the smallest number of generators
of m is dimy(m/m?) by (10.13)(2). The assertion follows. O

EXERCISE (21.23). — Let A be a Noetherian local ring of dimension r, and
Z1,...,25 € A with s < r. Set a := (z1,...,25) and B := A/a. Prove these
two conditions are equivalent:
(1) A is regular, and there are x511,...,2, € A with 21, ..., 2, a regular sop.
(2) B is regular of dimension r — s.

SoLUTION: Assume (1). Then z1,...,x, generate the maximal ideal m of A.
So the residues of z4y1,...,x, generate that n of B. Hence dim(B) < r — s by
(21.19). But dim(B) > r — s by (21.5). So dim(B) =r — s. Thus (2) holds.

Assume (2). Then n is generated by r — s elements, say by the residues of
ZTstl,-.., 2 € A. Hence m is generated by z1,...,z,. Thus (1) holds. O

22. Completion

EXERCISE (22.3). — In the 2-adic integers, evaluate the sum 1 +2+4+8+---.
SoLUTION: In the 2-adic integers, 1 +2+4+8+---=1/(1-2) = -1 O

EXERCISE (22.4). — Let R be a ring, a an ideal, and M a module. Prove that
the following three conditions are equivalent:

(1) k: M — M is injective; (2) ﬂa”]V[ =(0); (3) M is separated.

Assume R is Noetherian and M finitely generated. Assume either (a) a C rad(R)
or (b) R is a domain, a is proper, and M is torsionfree. Conclude M C M.

SOLUTION: A constant ssequence (m) has 0 as a limit if and only if m € a"M
for every n. So Ker(k) = (a™M. Thus (1) and (2) are equivalent. Moreover, (2)
and (3) were proved equivalent in (22.1).

Set N := ((a"M. Assume R is Noetherian and M finitely generated. By the
Krull Intersection Theorem, (18.29) or (20.19), there’s x € a with (1+z)N = (0).

Assume (a). Then 1+ z is a unit by (3.2). Thus (2) holds and (1) follows.

Finally, assume (b). Then 1+ # 0 as a is proper. Let m € M. If (1+z)m = 0,
then m = 0 as M is torsionfree. Thus again (2) holds and (1) follows. O
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EXERCISE (22.6). — Let R be a ring. Given R-modules @,, equipped with linear
maps o Qi1 — Qn for n > 0, set o := atl...am_| for m > n. We say

the @, satisfy the Mittag-Leffler Condition if the descending chain

1 2
Qn D a2+ Qn+1 D QZ+ Qn+2 DD a:LnQnL Doeee

stabilizes; that is, o Q. = a7 Q1 x for all k > 0.
(1) Assume for each n, there is m > n with o/ = 0. Show @11 Qn,=0.

(2) Assume ot is surjective for all n. Show l'gll Qn,=0.

(3) Assume the @, satisfy the Mittag-Leffler Condition. Set P, :=(,,,>,, @5'Qm,
which is the stable submodule. Show ozZ“P,,LH =P,.
(4) Assume the Q,, satisfy the Mittag-Leffler Condition. Show @11 Qn=0.

SoLuTioN: For (1), given (g,) € [[Qn, for each k > n, set g}, = afq; and
Pn = qn + q;LH +--+ q:w Then anpn =Pn — a2+1pn+l = (n as a:ln+k =0 for all
k > 0 owing to the hypothesis. So 6 is surjective. Thus (1) holds.

For (2), given (¢,) € [] Qn, solve the equations p, — ™ (pp11) = g, recursively,
starting with pp = 0, to get (p,) € [[ @» with 6(p,) = gn. Thus (2) holds.

For (3), there is m > n + 1 such that P, = o]’ Qy, and P,y = o] Q.. But
Q= a1 Qy, by definition of /7. Thus (3) holds.

For (4), form the following commutative diagram with exact rows:

0= [IPy — [1Qn — [1(Qu/Pn) — 0
of o] ]
0= J[Pn = [1Qn — TI(Qn/Pn) — 0
Apply the Snake Lemma (5.13). It yields the following exact sequence of cokernels:
lim' P, — lim' Q, — lim'(Qn/Py).

For each n, the restriction o' *!| P, is surjective by (3). So @1 P, =0by (1).
Further, for each n, there is m > n such that a'Q,, = P,. So the induced map
(Qm/Pm) = (Qn/P,) is 0. So yﬂl(Qn /P,) =0 by (1). Thus (4) holds. |

EXERCISE (22.10). — Let A be a ring, and my,...,m,, be maximal ideals. Set
m:= (m;, and give A the m-adic topology. Prove that A =[] An,.

SOLUTION: For each n > 0, the m}* are pairwise comaximal by (1.14)(3). Hence
m”® = [[[2, m? by (1.14)(4b), and so A/m™ = [[, A/m? by (1.14)(4c). But
A/m? is local with maximal ideal m;/m}. So (A/m})m, = A/m} by (11.23.1).
Further, (A/m?)m, = A, /mIAn, by (12.22). So A/m™ = [[", (Am, /mIAw,).
Taking inverse limits, we obtain the assertion by (22.8), because inverse limit
commutes with finite product by the construction of the limit. O

EXERCISE (22.11). — Let R be aring, M a module, F*M a filtration, and N C M
a submodule. Give N and M/N the induced filtrations:

F'"N:=NAF"M and F"(M/N):= F"M/F"N.

(1) Prove N ¢ M and M/N = (M/N) .
(2) Also assume N D F"M for n>> 0. Prove M/N = M/N and G*M = G*M.
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SoLuTION: For (1), set P := M/N. Form the following commutative diagram:
0 — N/F"WN — M/F"TIM — P/F"TIP — 0

| | |

0 — N/F"N — M/F"M —— P/F"P — 0
Its rows are exact, and k,, is surjective. So the induced sequence
0N—>M—-P—0
is exact by (22.7) and (22.8). Thus (1) holds.
For (2), notice F"P =0 for n > 0. So plainly P = P. Thus M /N = M/N.
In particular, fix n and take N := F™M. Then M/F"M = M/F"M. But n is
arbitrary. Hence F"M /F"* M = F*M/F**1 M. Thus G*M = G* M. g

EXERCISE (22.12). — (1) Let R be a ring, a an ideal. If G*R is a domain, show
R is an domain. If also ), a" = 0, show R is a domain.
(2) Use (1) to give an alternative proof that a regular local ring A is a domain.

SoLuTioN: Consider (1). Let z,y € R be nonzero. Since R is separated there are
positive integers r and s with z € 3" —a"+ and y € ° —a**L. Let 2/ € G"R and
y' € G*R denote the images of z and y. Then 2’ # 0 and ¢/ # 0. Now, G*R = G*R
by (22.11). Assume G*R is a domain. Then 'y’ # 0. Hence 2y’ € G™+5R is the
image of 2y € a"+*. Hence zy # 0. Thus R is a domain.

If 0,50 0" =0, then R C R by (22.4); so R is a domain if R is. Thus (1) holds.

As to (2), denote the maximal ideal of A by m. Then (),5,m” = 0 by the
Krull Intersection Theorem (18.29), and G*A is a polynomial ring by (21.22), so
a domain. Hence A is a domain, by (1). Thus (2) holds. O

EXERCISE (22.14). — Let A be a Noetherian local ring, m the maximal ideal, M
a finitely generated module. Prove (1) that A is a Noetherian local ring with m as
maximal ideal, (2) that dim(M) = dim(]/VT)7 and (3) that A is regular if and only
if A is regular.

SoLUTION: First, A is Noetherian by (22.30), and it’s local with m as maximal
ideal by (22.13). Thus (1) holds.

Second, M/m"M = M/@"M by (22.11) and (22.22). So d(M) = d(M) by
(20.13). Thus (2) holds by (21.4).

Third, m/m? = m/m?2 by (22.11). Hence m and m have generating sets with the

same number of elements by (10.16). Thus (3) holds. a
EXERCISE (22.15). — Let A be a ring, and my,...,m,, maximal ideals. Set
m := (m; and give A the m-adic topology. Prove that A is a semilocal ring,
that my,...,M,, are all its maximal ideals, and that m = rad(4).

SOLUTION: First, (22.11) yields A/ = A/m and A/m; = A/m;. So @, is
maximal. By hypothesis, m = (m;; so A/m C [[(A/m;). Hence A\/T/T\l c [1(A/®,);
so i = (M. So @ O rad(A). But @ C rad(A) by (22.2). Thus @ = rad(A).

Finally, let m’ be any maximal ideal of A. Then m’ D rad(A) = (\#;. Hence
m’ O m; for some i by (2.2). But m; is maximal. So m’ = m;. Thus my,..., My,

are all the maximal ideals of 2, and so A is semilocal. O
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EXERCISE (22.18). — Let A be a Noetherian semilocal ring. Prove that an element
x € A is a nonzerodivisor on A if and only if its image T € A is one on A.

SOLUTION: Assume z is a nonzerodivisor. Then the multiplication map p, is
injective on A. So by Exactness of Completion (22.17), the induced map fi, is
injective on A. But Iz = pz. Thus Z is a nonzerodivisor.

Conversely, assume T is a nonzerodivisor and A is semilocal. Then [i,, is injective
on A. So its restriction is injective on the image of the canonical map A — A.
But this map is injective by (22.4), as the completion is taken with respect to the
Jacobson radical; further, fi, induces p,. Thus z is a nonzerodivisor. g

EXERCISE (22.19). — Let p € Z be prime. For n > 0, define a Z-linear map
an: Z/(p) = Z/(p") by an(l)=p" "
Set A=, >, Z/({p) and B :=D,,~, Z/(p"). Set a := P an;soa: A— B.

(1) Show that the p-adic completion A is just A.

(2) Show that, in the topology on A induced by the p-adic topology on B, the
completion A is equal to [[°2, Z/(p).

(3) Show that the natural sequence of p-adic completions

A% BE (B/A)”
is not exact at B. (Thus p-adic completion is neither left exact nor right exact.)

SoruTION: For (1), note pA = 0. So every Cauchy sequence is constant. Hence
A = A. Thus (1) holds.

For (2), set Ay := a1 (p*B). These Ay, are the fundamental open neighborhoods
of 0 in the topology induced from the p-adic topology of B. So

A =000 @00 D, ")/ (") =00+ ®00 D, Z/(p))-
Hence A/Aj = @f 1 Z/{p) = I Z/(p). But by (22.8), in the induced topology,

n=1

the completion A is equal to hm A/Ak Thus

= lgl,@ Ilies 2/ ()

Given any sequence of modules My, Ms, ..., let 7r Hk+1 M, — H 1 M, be
the projections. Then (22.5) yields imk21 HZ:l ]\/[n =112, M,. Thus (2 ) holds.
For (3), note that, by (2) and (22.7.1), the following sequence is exact:
04— BE (B/A)”
But A = A by (1), and A # A as A is countable yet 4 is not. Thus Im(a) # Ker(R);
that is, (3) holds. O

EXERCISE (22.21). — Let R be a ring, a an ideal. Show that M — M preserves
surjections, and that Ro M — Mis surjective if M is finitely generated.

SoLuTION: The first part of the proof of (22.17) shows that M M preserves
surjections. So (8.19) yields the desired surjectivity. O

EXERCISE (22.24). — Let R be a Noetherian ring, a an ideal. Prove that R is
faithfully flat if and only if a C rad(R).
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SOLUTION: First, R s flat over R by (22.23). Next, let m be a maximal ideal of
R. Then R®pg (R/m) = (R/m) by (22.20). But (R/m) = @(R/m)/a’”(R/m)
by (22.8). Plainly (R/m)/a"(R/m) = R/(a" +m). Hence R ®g (R/m) # 0 if and
only if a C m. Thus, the assertion follows from (9.4). O

EXERCISE (22.25). — Let R be a Noetherian ring, and a and b ideals. Assume
a C rad(R), and use the a-adic toplogy. Prove b is principal if bR is.

SOLUTION: Since R is Noetherian, b is finitely generated. But a C rad(R).
Hence, b is principal if b/ab is a cyclic R-module by (10.13)(2). But b/ubg/(ab)A
by (22.11), and b = bR by (22.22)(2).

Assume bR = Rb. Then E/(ab)A = RV where V is the residue of b. But, given
= € R, there’s y € R with  — ky € @, as x is the limit of a Cauchy sequence (kyy,)
with y, € R. Then xb’ = yb’. Thus b/ab is also a cyclic R-module, as desired. O

EXERCISE (22.28) (Nakayama’s Lemma for a complete ring). — Let R be a ring,
a an ideal, and M a module. Assume R is complete, and M separated. Show
mi,...,my € M generate assuming their images m/,...,m, in M/aM generate.

SoLuTION: Note that m/,...,m/,, generate G*M over G*R. Thus my,...,my,
generate M over R by the proof of (22.27).

Alternatively, M is finitely generated over R and complete by the statement of
(22.27). As M is also separated, M = M. Hence M is also an R-module. As R is
complete, kg: R — R is surjective. Now, a is closed by (22.1); so a is complete;
whence, kq: a — @ is surjective too. Hence aM =aM. Thus M/aM = M/aM. So
the m; generate M/aM. But @ C rad( R) by (22.2). So by Nakayama’s Lemma
(10.13)(2), the m; generate M over R, so also over R as kp is surjective. O

23. Discrete Valuation Rings

EXERCISE (23.6). — Let R be a ring, M a module, and z,y € R.

(1) Assume that z,y form an M-sequence. Prove that, given any m,n € M with
xm = yn, there exists p € M with m = yp and n = xp.

(2) Assume that z,y form an M-sequence and that y ¢ z.div(M). Prove that
y, x form an M-sequence too.

(3) Assume that R is local, that x,y lie in its maximal ideal m, and that M is
nonzero and Noetherian. Assume that, given any m,n € M with am = yn, there
exists p € M with m = yp and n = xp. Prove that z,y and y, x form M-sequences.

SoruTIiON: Consider (1). Let ny be the residue of n in My := M/xM. Then
yny =0, but y ¢ z.div(My). Hence ny = 0. So there exists p € M with n = xp. So
z(m —yp) = 0. But ¢ z.div(M). Thus m = yp.

Consider (2). First, M/(y,x)M # 0 as z,y form an M-sequence. Next, set
My = M/yM. We must prove z ¢ z.div(M;). Given my € M; with xm; = 0,
lift m1 to m € M. Then xm = yn for some n € M. By (1), there is p € M with

= yp. Thus m; = 0, as desired.

Consider (3). The statement is symmetric in = and y. So let’s prove z,y form
an M-sequence. First, M/{(z,y)M # 0 by Nakayama’s Lemma.

Next, we must prove z ¢ z.div(M). Given m € M with xm = 0, set n := 0.
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Then xm = yn; so there exists p € M with m = yp and n = zp. Repeat with p
in place of m, obtaining p; € M such that p = yp; and 0 = xp;. Induction yields
p; € M for i > 2 such that p;_1 = yp; and 0 = xp;.

Then Rp; C Rpa C --- is an ascending chain. It stabilizes as M is Noetherian.
Say Rpn, = Rpn+1. SO ppy1 = zpy, for some z € R. Then p, = ypn+1 = y2pn. SO
(1 —yz)p, =0. But y € m. So 1 — yz is a unit. Hence p,, = 0. But m = y"*1p,.
Thus m = 0, as desired. Thus = ¢ z.div(M).

Finally, set M7 := M/xM. We must prove y ¢ z.div(M;). Given ny € M; with
yny = 0, lift ny to n € M. Then yn = xm for some m € M. So there exists p € M
with n = xp. Thus n; = 0, as desired. Thus z,y form an M-sequence. O

EXERCISE (23.8). — Let R be a local ring, m its maximal ideal, M a Noetherian
module, z1,...,x, € m, and ¢ a permutation of 1,...,n. Assume z1,...,x, form
an M-sequence, and prove Z,1,..., Ty, do too; first, say o transposes ¢ and i + 1.

SOLUTION: Say o transposes ¢ and i + 1. Set M; := M/(z1,...,z;). Then
Zi, Ti+1 form an M;_j-sequence; 80 Z;+1,%; do too owing to (23.6). So

L1y ey Ti—1, Titls T4
form an M-sequence. But M/(z1,...,2Ti—1,Tit1, Ti)M;y1. Hence z51,...,Ton
form an M-sequence. In general, o is a composition of transpositions of successive
integers; hence, the general assertion follows. g

EXERCISE (23.7). — Let A be a Noetherian local ring, M and N nonzero finitely
generated modules, F': ((R-mod)) — ((R-mod)) a left-exact functor that preserves
the finitely generated modules (such as F(e) := Hom(M,e) by (16.20)). Show
that, if N has depth at least 2, then so does F(N).

SOLUTION: An N-sequence z,y yields a commutative diagram with exact rows:
0— N5 N — N/zN
w| m|m
0— N2 N - N/zN
Applying the left-exact functor F' yields this commutative diagram with exact rows:
0 — F(N) £ F(N) — F(N/zN)
ﬂyJ/ uyl uyl
0 — F(N) £ F(N) — F(N/zN)

Thus z is a nonzerodivisor on F(N). Further F(N)/xzF(N) < F(N/zN).

As N/zN 2N /xN is injective and F is left exact, the right-hand vertical map
[ty is injective. So its restriction

F(N)/zF(N) 2% F(N)/zF(N)
is also injective. Thus z,y is an F(N)-sequence. O

EXERCISE (23.9). — Prove that a Noetherian local ring A of dimension r > 1 is
regular if and only if its maximal ideal m is generated by an A-sequence. Prove
that, if A is regular, then A is Cohen—Macaulay.
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SOLUTION: Assume A is regular. Given a regular sop x1,...,%;,, let’s show it’s
an A-sequence. Set A; := A/(x1). Then A; is regular of dimension r — 1 by
(21.23). So 1 # 0. But A is a domain by (21.24). So z;1 ¢ z.div(A). Further, if
r > 2, then the residues of z,,...,z, form a regular sop of A;; so we may assume
they form an Aj-sequence by induction on r. Thus x1,...,x, is an A-sequence.

Conversely, if m is generated by an A-sequence 1, ..., Z,, then n < depth(A4) < r
by (23.4) and (23.5)(3), and n > r by (21.19). Thus then n = depth(A) = r,
and so A is regular and Cohen—Macaulay. g

EXERCISE (23.11). — Let A be a DVR with fraction field K, and f € A a nonzero
nonunit. Prove A is a maximal proper subring of K. Prove dim(A) % dim(Ay).

SOLUTION: Let R be a ring, A G R C K. Then there’s an x € R — A. Say
r = ut™ where u € A* and t is a uniformizing parameter. Then n < 0. Set
y:=u"'"""! Theny € A. Sot~! =zy € R. Hence wt™ € R for any w € AX
and m € Z. Thus R = K, as desired.

Since f is a nonzero nonunit, A & Ay C K. Hence Ay = K by the above. So
dim(Ay) = 0. But dim(A) =1 by (23.10). O

EXERCISE (23.12). — Let k be a field, P := k[X,Y] the polynomial ring in two
variables, f € P an irreducible polynomial. Say f = £(X,Y) 4+ ¢(X,Y) with
UX,Y) = aX +bY for a,b € k and with g € (X,Y)2. Set R := P/(f) and
p:=(X,Y)/(f). Prove that R, is a DVR if and only if £ # 0. (Thus R, is a DVR
if and only if the plane curve C : f =0 C k? is nonsingular at (0,0).)

SOLUTION: Set A := R, and m := pA. Then (12.22) and (12.4) yield

Ajm=(R/p)y =k and m/m*=p/p*.

First, assume ¢ # 0. Now, the k-vector space m/m? is generated by the images =
and y of X and Y in A. Clearly, the image of f is 0 in m/m2. Also, g € (X,Y)?; so
its image in m/m? is also 0. Hence, the image of £ is 0 in m/m?; that is, z and y are
linearly dependent. Now, f cannot generate (X,Y), so m # 0; hence, m/m? # 0 by
Nakayama’s Lemma, (10.11). Therefore, m/m? is 1-dimensional over k; hence, m
is principal by (10.13)(2). Now, since f is irreducible, A is a domain. Hence, A is

a DVR by (23.10).
Conversely, assume £ = 0. Then f =g € (X,Y)2. So

m/m2 = p/p2 = <X7 Y>/<X7 Y>2
Hence, m/m? is 2-dimensional. Therefore, A is not a DVR by (23.11). a

EXERCISE (23.13). — Let k be a field, A a ring intermediate between the poly-
nomial ring and the formal power series ring in one variable: k[X] C A C k[[X]].
Suppose that A is local with maximal ideal (X). Prove that A is a DVR. (Such
local rings arise as rings of power series with curious convergence conditions.)

SOLUTION: Let’s show that the ideal a := (7, (X™) of A is zero. Clearly, a is a

subset of the corresponding ideal (1,5 (X™) of k[[X]], and the latter ideal is clearly
zero. Hence (23.3) implies A is a DVR. a

EXERCISE (23.14). — Let L/K be an algebraic extension of fields, Xi,..., X,
variables, P and () the polynomial rings over K and L in Xq,...,X,.

(1) Let g be a prime of @, and p its contraction in P. Prove ht(p) = ht(q).
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(2) Let f,g € P be two polynomials with no common prime factor in P. Prove
that f and g have no common prime factor g € Q.

SOLUTION: Since L/K is algebraic, @Q/P is integral. Furthermore, P is normal,
and @ is a domain. Hence we may apply the Going Down Theorem (14.9). So given
any chain of primes po G --- G p, = p, we can proceed by descending induction
on i for 0 < i < r, and thus construct a chain of primes qo & --- G q, = q with
q; N P = p;. Thus htp < htq. Conversely, any chain of primes qo & --- S qr = ¢
contracts to a chain of primes pg C --- C p, = p, and p; # p;4+1 by Incomparability,
(14.3); whence, htp > ht q. Hence ht p = htq. Thus (1) holds.

Alternatively, by (15.14), ht(p) + dim(P/p) = n and ht(q) + dim(Q/q) = n
as both P and @ are polynomial rings in n variables over a field. However, by
(15.13), dim P/p = tr.degy Frac(P/p) and dimQ/q = tr.deg; Frac(Q/q), and
these two transcendence degrees are equal as Q/P is an integral extension. Thus
again, (1) holds.

Suppose f and g have a common prime factor ¢ € @, and set q := Qq. Then
the maximal ideal q@Q4 of @4 is principal and nonzero. Hence @, is a DVR by
(23.10). Thus ht(q) = 1. Set p := g N P. Then p contains f; whence, p contains
some prime factor p of f. Then p O Pp, and Pp is a nonzero prime. Hence p = Pp
since htp = 1 by (1). However, p contains g too. Therefore, p | g, contrary to the
hypothesis. Thus (2) holds. (Caution: if f := X7 and g := X5, then f and g have
no common factor, yet there are no ¢ and 9 such that ¢f + g =1.) O

EXERCISE (23.16). — Let R be a Noetherian domain, M a finitely generated
module. Show that M is torsionfree if and only if it satisfies (Sy).

SOLUTION: Assume M satisfies (Sq). By (23.15), the only prime in Ass(M) is
(0). Hence z.div(M) = {0} by (17.15). Thus M is torsionfree.

Conversely, assume M is torsionfree. Suppose p € Ass(M). Then p = Ann(m)
for some m € M. But Ann(m) = (0) for all m € M. So p = (0) is the only
associated prime. Thus M satisfies (S1) by (23.15). O

EXERCISE (23.17). — Let R be a Noetherian ring. Show that R is reduced if and
only if (Rg) and (S1) hold.

SoLUTION: Assume (Rp) and (S;) hold. Consider any irredundant primary de-
composition (0) = () q;. Set p; := 1/q;. Then p; € Ass(R) by (18.5) and (18.20).
So p; is minimal by (S1). Hence the localization Ry, is a field by (Ro). So p;Rp, = 0.
But p;Rp, D qiRp,. Hence p;R,, = q;Rp,. Therefore, p; = q; by (18.23). So
(0) =p; = /(0). Thus R is reduced.

Conversely, assume R is reduced. Then R, is reduced for any prime p by (13.41).
So if p is minimal, then Ry is a field. Thus (Ro) holds. But (0) = (1, jinimal P- SO
p is minimal whenever p € Ass(R) by (18.20). Thus R satisfies (S1). O

EXERCISE (23.22). — Prove that a Noetherian domain R is normal if and only if,
given any prime p associated to a principal ideal, pR, is principal.

SOLUTION: Assume R normal. Say p € Ass(R/(z)). Then pR, € Ass(R,/(z/1))
by (17.10). So depth(R,) =1 by (23.5)(2). But R, is normal by (11.32). Hence
pR, is principal by (23.10).

Conversely, assume that, given any prime p associated to a principal ideal, p R, is
principal. Given any prime p of height 1, take a nonzero x € p. Then p is minimal

240 Solutions: (23.26)

containing (z). So p € Ass(R/(z)) by (17.18). So, by hypothesis, pR, is principal.
So R, is a DVR by (23.10). Thus R satisfies (Ry).

Given any prime p with depth(R,) = 1, say pR, € Ass(R,/(z/s)) with 2 # 0
by (23.5)(2). Then (z/s) = (z/1) C Ry. So p € Ass(R/(zx)) by (17.10). So, by
hypothesis, pR, is principal. So dim(R,) = 1 by (23.10). Thus R also satisfies
(S2). So R is normal by Serre’s Criterion, (23.20). O

EXERCISE (23.23). — Let R be a Noetherian ring, K its total quotient ring, Set
® := {p prime | ht(p) =1} and X := {p prime |depth(R,) =1}.

Assuming (S;) holds for R, prove ® C X, and prove ® = ¥ if and only if (Sz) holds.
Further, without assuming (S1) holds, prove this canonical sequence is exact:

R— K = [[,ex Kp/Ry. (23.23.1)

SOLUTION: Assume (S;) holds. Then, given p € @, there exists a nonzerodivisor
z € p owing to (17.15) and (23.15). Clearly, p is minimal containing (z). So
p € Ass(R/(x)) by (17.18). Hence depth(R,) = 1 by (23.5)(2). Thus ® C X.

However, as (S1) holds, (S2) holds if and only if ® D> ¥. Thus ® = X if and only
if R satisfies (S2).

Further, without assuming (S;7), consider (23.23.1). Trivially, the composition
is zero. Conversely, take an = € K that vanishes in [[ s, Kp/Ry. Say = a/b with
a,b € R and b a nonzerodivisor. Then a/1 € bR, for all p € . But b/1 € R, is,
clearly, a nonzerodivisor for any prime p. Hence, if p € Ass(R,/bR,), then p € 3
by (23.5)(2). Therefore, a € bR by (18.26). Thus z € R. Thus (23.23.1) is
exact. g

EXERCISE (23.24). — Let R be a Noetherian ring, and K its total quotient ring.
Set ® := { p prime | ht(p) = 1 }. Prove these three conditions are equivalent:

(1) R is normal.

(2) (R1) and (S2) hold.

(3) (R1) and (S1) hold, and R — K — [[,cq Kp/Ry is exact.

SOLUTION: Assume (1). Then R is reduced by (14.17). So (23.17) yields (Ry)
and (S1). But R, is normal for any prime p by (14.16). Thus (2) holds by (23.10).

Assume (2). Then (R1) and (S1) hold trivially. Thus (23.23) yields (3).

Assume (3). Let # € K be integral over R. Then /1 € K is integral over R,
for any prime p. Now, R, is a DVR for all p of height 1 as R satisfies (R;). Hence,
z/1 € Ry, for all p € . So = € R by the exactness of the sequence in (3). But R is
reduced by (23.17). Thus (14.17) yields (1). O

23. Appendix: Cohen—Macaulayness

EXERCISE (23.25). — Let R — R’ be a flat map of Noetherian rings, a C R an
ideal, M a finitely generated R-module, and z1,...,2, an M-sequence in a. Set
M':= M ®pR'. Assume M'/aM’ # 0. Show x1,...,x, is an M'-sequence in aR’'.

SoLUTION: For all ¢, set M; := M/{z1,...,z;)M and M} := M'/(x1,...,z;)M’".
Then M/ = M; ®r R’ by right exactness of tensor product (8.13). Moreover,
by hypothesis, x;+1 is a nonzerodivisor on M;. Thus the multiplication map
Paiy,: My — M; is injective. Hence pig,,,: M] — M] is injective by flatness.

Finally (z1,...,2,) C a, so M/ # 0. Thus the assertion holds. d
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EXERCISE (23.26). — Let R be a Noetherian ring, a an ideal, and M a finitely
generated module with M/aM # 0. Let x1,...,z, be an M-sequence in a and
p € Supp(M/aM). Prove the following statements:

(1) z1/1,...,2,/1 is an My-sequence in a,, and

(2) depth(a, M) < depth(ay,, M,).

SOLUTION: First, (13.31) yields p € Supp(M)N'V(a). So M, # 0 and p € V(a).
Hence M, /a, M, # 0 by Nakayama’s Lemma (10.11). But R, is R-flat by (12.21).
Thus (23.25) yields (1). Hence r < depth(a,, My). Thus (23.4) yields (2). a

EXERCISE (23.29). — Let R be a Noetherian ring, a an ideal, and M a finitely
generated module with M/aM # 0. Let = € a be a nonzerodivisor on M. Show

depth(a, M/xzM) = depth(a, M) — 1. (23.29.1)

SOLUTION: There’s a finished M /xM-sequence xo, ..., z, in a by (23.27). Then
Z,%2,...,%, is a finished M-sequence in a. Thus (23.28) yields (23.29.1). d

EXERCISE (23.30). — Let A be a Noetherian local ring, M a finitely generated
module, z ¢ z.div(M). Show M is Cohen-Macaulay if and only if M/zM is so.

SOLUTION: First (23.29) yields depth(M/xzM) = depth(M) — 1. Also (21.5)
yields dim(M/xM) = dim(M) — 1. The assertion follows. O

EXERCISE (23.32). — Let A be a Noetherian local ring, and M a nonzero finitely
generated module. Prove the following statements:

(1) depth(M) = depth(M).
(2) M is Cohen—Macaulay if and only if M is Cohen—Macaulay.

SOLUTION: The completion Ais faithfully flat by (22.24), and the maximal ideal
of A extends to the maximal ideal of A by (22.14)(1) and (22.22)(2). So (23.31)

—

yields (1). Further, dim(M) = dim(M) by (22.14)(2); so (1) implies (2). O

EXERCISE (23.33). — Let R be a Noetherian ring, a an ideal, and M a finitely
generated module with M/aM # 0. Show that there is p € Supp(M/aM) with

depth(a, M) = depth(ay, M,). (23.33.1)

SOLUTION: There exists a finished M-sequence z1,...,z, in a by (23.27), and
(23.26)(1) implies 1 /1, ...,z /1 is an My-sequence. Set M, = M/(z1,...,z,)M.
Then a C z.div(M,) by finishedness. So a C p for some p € Ass(M,) by (17.26).
So pR, € Ass(M,), by (17.10). So pR, C z.div(M,),. Hence z1/1,...,2,/1 is
finished in pR,. So (23.28) yields (23.33.1). O

EXERCISE (23.37). — Prove that a Cohen—Macaulay local ring A is catenary.

SoLuTION: Take primes q g p in A. Fix a maximal chain from p up to the
maximal ideal and a maximal chain from q down to a minimal prime. Now, all
maximal chains of primes in A have length dim(A) by (23.36). Hence all maximal
chains of primes from ¢ to p have the same length. Thus A is catenary. O

24. Dedekind Domains

242 Solutions: (24.12)

EXERCISE (24.5). — Let R be a domain, S a multiplicative subset.

(1) Assume dim(R) = 1. Prove dim(S™'R) = 1 if and only if there is a nonzero
prime p with pN S = 0.

(2) Assume dim(R) > 1. Prove dim(R) = 1 if and only if dim(R,) =1 for every
nonzero prime p.

SoLuTiON: Consider (1). Suppose dim(S™!R) = 1. Then there’s a chain of
primes 0 G p’ C STIR. Set p :=p’ N R. Then p is as desired by (11.20)(2).
Conversely, suppose there’s a nonzero p with p NS = (). Then 0 g pSTIR is a
chain of primes by (11.20)(2); so dim(S~'R) > 1. Now, given a chain of primes
0=pp S-S0, CS 'R, set p; :=p;NR. Then 0=po & --- S p C R is a chain
of primes by (11.20)(2). So r <1 as dim(R) = 1. Thus dim(S~!R) = 1.
Consider (2). If dim(R) = 1, then (1) yields dim(R,) = 1 for every nonzero p.
Conversely, let 0 = po G --- G pr C R be a chain of primes. Set pj := p;R,,.
Then 0 = py G -+ G p;. is a chain of primes by (11.20)(2). So if dim(R,,) = 1,
then r < 1. Thus, if dim(R,) = 1 for every nonzero p, then dim(R) < 1. O

EXERCISE (24.6). — Let R be a Dedekind domain, S a multiplicative subset.
Prove ST!R is a Dedekind domain if and only if there’s a nonzero prime p with
pNS=40.

SOLUTION: Suppose there’s a prime nonzero p with pN.S =10. Then 0 ¢ S. So
S~IR is a domain by (11.3). And S™!R is normal by (11.32). Further, S™'R
is Noetherian by (16.7). Also, dim(S™'R) = 1 by (24.5)(1). Thus S71R is
Dedekind.

The converse results directly from (24.5)(1). O

EXERCISE (24.8). — Let R be a Dedekind domain, and a, b, ¢ ideals. By first
reducing to the case that R is local, prove that
an(b+c¢)=(anb)+ (anc),
a+(bNe)=(a+b)N(a+c).

SoLUTION: By (13.37), it suffices to establish the two equations after localizing
at each maximal ideal p. But localization commutes with sum and intersection by
(12.17)(4), (5). So the localized equations look like the original ones, but with a,
b, ¢ replaced by ay, by, ¢p. Thus replacing R by R;,, we may assume R is a DVR.

Referring to (23.1), take a uniformizing parameter ¢. Say a = (¢!) and b = (/)
and ¢ = (t*). Then the two equations in questions are equivalent to these two:

max{é, min{j, k}} = min{max{i, j}, max{i, k}},
min{i7 max{j, k}} = max{min{i,j}, min{%, k}}
However, these two equations are easy to check for any integers ¢, j, k. 0

EXERCISE (24.12). — Prove that a semilocal Dedekind domain A is a PID. Begin
by proving that each maximal ideal is principal.

SOLUTION: Let pi,...,p, be the maximal ideals of A. Let’s prove they are
principal, starting with p;. By Nakayama’s lemma (10.11), p1A,, # pid,,; so
p1 # p2. Takey € p1—p2. Theideals p2, po, ..., p, are pairwise comaximal because

no two of them lie in the same maximal ideal. Hence, by the Chinese Remainder
Theorem, (1.14), there is an x € A with x = y mod p? and x = 1 mod p; for i > 2.
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The Main Theorem of Classical Ideal Theory, (24.10), yields (z)p]*p5? - -pir
with n; > 0. But = & p; for i > 2; so n; = 0 for i > 2. Further, x € p; — p?; so
ny = 1. Thus p; = (z). Similarly, all the other p; are principal.

Finally, let a be any nonzero ideal. Then the Main Theorem, (24.10), yields

a=[[p" for some m;. Say p; = (x;). Then a = ([J«""), as desired. O

EXERCISE (24.13). — Let R be a Dedekind domain, a and b two nonzero ideals.
Prove (1) every ideal in R/a is principal, and (2) b is generated by two elements.

SoruTioN: To prove (1), let p1,...,p, be the associated primes of a, and set
S :=(N;(R — p;). Then S is multiplicative. Set R’ := S™'R. Then R’ is Dedekind
by (24.6). Let’s prove R’ is semilocal.

Let q be a maximal ideal of R, and set p := qN R. Then q = pR’ by (11.20).
So p is nonzero, whence maximal since R has dimension 1. Suppose p is distinct
from all the p;. Then p and the p; are pairwise comaximal. So, by the Chinese
Remainder Theorem, (1.14), there is a v € R that is congruent to 0 modulo p
and to 1 modulo each p;. Hence, u € pN S, but q = pR/, a contradiction. Thus
p1R,...,p.R are all the maximal ideals of R'.

So R’ is a PID by (24.12); so every ideal in R'/aR’ is principal. But by (12.22),
R'/aR' = S71(R/a). Finally, S~}(R/a) = R/a by (11.6), as every u € S maps to
a unit in R/a since the image lies in no maximal ideal of R/a. Thus (1) holds.

Alternatively, we can prove (1) without using (24.12), as follows. The Main
Theorem of Classical Ideal Theory, (24.10), yields a = p7*---pp* for distinct
maximal ideals p;. The p}'* are pairwise comaximal. So, by the Chinese Remainder
Theorem, (1.14), there’s a canonical isomorphism:

R/a =5 R/pi™ x -« x R/pp*.
Next, let’s prove each R/p!" is a Principal Ideal Ring (PIR); that is, every

ideal is principal. Set S := R —p;. Then S™H(R/p!'"*) = Ry, /pl" Ry,, and the latter
ring is a PIR because Ry, is a DVR. But R/p* = S™'(R/p}*) by (11.6), as every
w € S maps to a unit in R/p;" since p/p"* is the only prime in R/p;".

Finally, given finitely many PIRs Ry,..., Rk, we must prove their product is a
PIR. Consider an ideal b C Ry X --- X Rg. Then b = by x --- x by, where b; C R; is
an ideal by (1.16). Say b; = (a;). Then b = ((a1,...,ax)). Thus again, (1) holds.

Consider (2). Let z € b be nonzero. By (1), there is a y € b whose residue

generates b/(x). Then b = (z,y). O

25. Fractional Ideals

EXERCISE (25.2). — Let R be a domain, M and N nonzero fractional ideals.
Prove that M is principal if and only if there exists some isomorphism M ~ R.
Construct the following canonical surjection and canonical isomorphism:

7 M®N—» MN and ¢: (M:N)-—=5Hom(N,M).

SOLUTION: If M ~ R, let x correspond to 1; then M = Rx. Conversely, assume
M = Rzx. Then z # 0 as M # 0. Form the map R — M with a — az. It’s
surjective as M = Rzx. It’s injective as x # 0 and M C Frac(R).

Form the canonical M x N — MN with (z,y) — xy. It’s bilinear. So it induces
amap m: M ® N - MN, and clearly 7 is surjective.

Define ¢ as follows: given z € (M : N), define p(z): N — M by ¢(2)(y) := yz.
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Clearly, ¢ is R-linear. Say y # 0. Then yz = 0 implies z = 0; thus, ¢ is injective.
Finally, given 0: N — M, fix a nonzero n € N, and set z := 6(n)/n. Given
y € N, say y = a/b and n = ¢/d with a,b,¢,d € R. Then bcy = adn. So
bch(y) = adf(n). Hence 0(y) = yz. Therefore, z € (M : N) as y € N is arbitrary
and 6(y) € M; further, @ = p(z). Thus, ¢ is surjective, as desired. O

EXERCISE (25.6). — Let R be a domain, M and N fractional ideals. Prove that
the map 7: M ® N — M N is an isomorphism if M is locally principal.

SOLUTION: By (13.43), it suffices to prove that, for each maximal ideal m, the
localization 7y : (M & N)w — (M N )y is bijective. But (M ® N)yw = My ® Ny by
(12.14), and (M N)w = MyNy by (25.4). By hypothesis, My, = Ry for some
z. Clearly Rmx =~ Ry. And Ry ® Ny = Ny, by (8.6)(2). Thus 7y ~ 1y, . O

EXERCISE (25.9). — Let R be a domain, M and N fractional ideals.

(1) Assume N is invertible, and show that (M : N) = M - N~

(2) Show that both M and N are invertible if and only if their product M N is,
and that if so, then (MN)~! = N~1M L.

SoruTioN: For (1), note that N~1 = (R : N) by (25.8). So M(R: N)N = M.
Thus M(R : N) C (M : N). Conversely, note that (M : N)N C M. Hence
(M:N)=(M:N)N(R:N)C M(R:N). Thus (1) holds.

In (2), if M and N are invertible, then (MN)N"'M~! = MM~! = R; thus
MN is invertible, and N~'M ™! is its inverse. Conversely, if M N is invertible,
then R = (MN)(MN)™! = M(N(MN)~1Y); thus, M is invertible. Similarly, N is
invertible. Thus (2) holds. O

EXERCISE (25.12). — Let R be a UFD. Show that a fractional ideal M is invertible
if and only if M is principal and nonzero.

SoLUTION: By (25.7), a nonzero principal ideal is always invertible.

Conversely, assume M is invertible. Then trivially M # 0. Say 1 =Y m;n; with
m; € M and n; € M~'. Fix a nonzero m € M.

Then m = Y m;n;m. But n;m € Rasm € M and n; € M—1. Set

d:=gcd{n;m} € R and z:=)> (nym/d)m; € M.
Then m = dz.
Given m’ € M, write m’/m = a/b where a,b € R are relatively prime. Then
d' = ged{n;m’} = ged{n;ma/b} = aged{n;m}/b = ad/b.
So m’ = (a/b)m = (ad/b)x = d'z. But d' € R. Thus M = Rux. O

EXERCISE (25.15). Show that a ring is a PID if and only if it’s a Dedekind
domain and a UFD.

SoLUTION: A PID is Dedekind by (24.2), and is a UFD by (2.25).

Conversely, let R be a Dedekind UFD. Then every nonzero fractional ideal is
invertible by (25.3) and (25.14), so is principal by (25.12). Thus R is a PID.

Alternatively and more directly, every nonzero prime is of height 1 as dim R =1,
so is principle by (21.14). But, by (24.10), every nonzero ideal is a product of
nonzero prime ideals. Thus again, R is a PID. O

EXERCISE (25.17). — Let R be an ring, M an invertible module. Prove that M
is finitely generated, and that, if R is local, then M is free of rank 1.
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SOLUTION: Say a: M @ N = R and 1 = a(d>_m; ® n;) with m; € M and
n; € N. Given m € M, set a; := a(m ® n;). Form this composition:

BM=MR--5>MIMIN=MNQM - RM=DM.

Then 8(m) = > a;m;. But 3 is an isomorphism. Thus the m; generate M.
Suppose R is local. Then R — R* is an ideal. So u := a(m; ® n;) € R* for
some i. Set m = u~!m; and n := n;. Then a(m ® n) = 1. Define v: M — R
by v(m') := a(m’ ® n). Then v(m) = 1; so v is surjective. Define yu: R — M
by w(xz) := xm. Then pv(m’) = v(m')m = B(m'), or uv = B. But B is an
isomorphism. So v is injective. Thus v is an isomorphism, as desired. g

EXERCISE (25.18). — Show these conditions on an R-module M are equivalent:
(1) M is invertible.
(2) M is finitely generated, and My ~ Ry, at each maximal ideal m.
(3) M is locally free of rank 1.

Assuming the conditions, show M is finitely presented and M ® Hom(M, R)R.

SOLUTION: Assume (1). Then M is finitely generated by (25.17). Further, say
M ® N ~ R. Let m be a maximal ideal. Then My, ® Ny ~ Ry. Hence My, ~ Ry
again by (25.17). Thus (2) holds.

Conditions (2) and (3) are equivalent by (13.52).

Assume (3). Then (2) holds; so My, ~ Ry at any maximal ideal m. Also, M is
finitely presented by (13.51); so Homg(M, R)w = Hompg,, (My, Rm) by (12.25).

Consider the evaluation map

ev(M,R): M ® Hom(M, R) - R defined by ev(M, R)(m, ) := a(m).

Clearly ev(M, R)m = ev(Mp, Rm). Clearly ev(Ruy, Ry ) is bijective. Hence ev(M, R)
is bijective by (13.43). Thus the last assertions hold; in particular, (1) holds. O

26. Arbitrary Valuation Rings

EXERCISE (26.3). — Let V be a domain. Show that V is a valuation ring if and
only if, given any two ideals a and b, either a lies in b or b lies in a.

SoLuTION: First, suppose V is a valuation ring. Suppose also a ¢ b; say z € a,
but z ¢ b. Take y € b. Then z/y ¢ V; else x = (z/y)y € b. So y/z € V. Hence
y = (y/x)x € a. Thus b C a.

Conversely, let x,y € V — {0}, and suppose z/y ¢ V. Then (z) ¢ (y); else,
z = wy with w € V. Hence (y) C (z) by hypothesis. So y = zz for some z € V; in
other words, y/x € V. Thus V is a valuation ring. O

EXERCISE (26.4). — Let V be a valuation ring of K, and V. C W C K a subring.
Prove that W is also a valuation ring of K, that its maximal ideal p lies in V', that
V/p is a valuation ring of the field W/p, and that W = Vj,.

SoLuTION: First,let x € K — W C K —V. Then 1/x € V. C W. Thus W is a
valuation ring of K.

Second, let y € p. Then (26.2) implies 1/ye K —W CK —-V. SoyeV.

Third, x € W — V implies 1/x € V; whence, V/p is a valuation ring of W/p.

Fourth, V, C W, = W. Conversely, let € W — V. Then 1/z € V. But 1/z ¢ p
as p is the maximal ideal of W. So € V},. Thus W =V,,. O
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EXERCISE (26.5). — Prove that a valuation ring V' is normal.

SOLUTION: Set K := Frac(V), and let m be the maximal ideal. Take z € K
integral over V, say 2" + aj2" "' 4+ -+ 4+ a, = 0 with a; € V. Then

T+az™ +- - +ape ™ =0. (26.5.1)
If z ¢ V, then 27! € m by (26.2). So (26.5.1) yields 1 € m, a contradiction.
Hence z € V. Thus V is normal. g

EXERCISE (26.9). — Let K be a field, 8 the set of local subrings ordered by
domination. Show that the valuation rings of K are the maximal elements of .

SOLUTION: Let V be a valuation ring of K. Then V € 8 by (26.2). Let V' € 8
dominate V. Let m and m’ be the maximal ideals of V' and V’. Take any nonzero
z € V' Then 1/x ¢ m’ as 1 ¢ m’; so also 1/x ¢ m. So x € V by (26.2). Hence,
V' =V. Thus V is maximal.

Conversely, let V' € 8 be maximal. By (26.8), V is dominated by a valuation
ring V’ of K. By maximality, V = V". a

EXERCISE (26.14). — Let V be a valuation ring, such as a DVR, whose value
group I' is Archimedean; that is, given any nonzero «, 5 € T, there’s n € Z such
that na > . Show that V is a maximal proper subring of its fraction field K.

SOLUTION: Let R be a subring of K strictly containing V', and fix a € R — V.
Given b € K, let a and 8 be the values of @ and b. Then o < 0. So, as I'' is
Archimedean, there’s n > 0 such that —na > —f8. Then v(b/a™) > 0. So b/a™ € V.
Sob=(b/a")a™ € R. Thus R = K. O

EXERCISE (26.15). — Let V be a valuation ring. Show that
(1) every finitely generated ideal a is principal, and
(2) V is Noetherian if and only if V' is a DVR.

SoLUTION: To prove (1), say a = (z1,...,xy,) with z; # 0 for all 4. Let v be the
valuation. Suppose v(z1) < v(x;) for all i. Then z;/x; € V for all i. So x; € (z1).
Hence a = (x1). Thus (1) holds.

To prove (2), first assume V is Noetherian. Then V is local by (26.2), and by
(1) its maximal ideal m is principal. Hence V is a DVR by (23.10). Conversely,
assume V is a DVR. Then V is a PID by (23.1), so Noetherian. Thus (2) holds. O

EXERCISE (26.20). — Let R be a Noetherian domain, K := Frac(R), and L a
finite extension field (possibly L = K). Prove the integral closure R of R in L is
the intersection of all DVRs V of L containing R by modifying the proof of (26.10):
show y is contained in a height-1 prime p of R[y] and apply (26.18) to R[y],.

SOLUTION: Every DVR V is normal by (23.10). So if V is a DVR of L and
V O R, then VO R. Thus 5z V D R.

To prove the opposite inclusion, take any # € K — R. To find a DVR V of L
with VDO Rand z ¢ V, set y := 1/z. If 1/y € Ry|, then for some n,

1/y = aoy” +ay" '+ 4a, with ay€R.

Multiplying by 2" yields "' — 2™ — --- —ag = 0. So x € R, a contradiction.
Thus y is a nonzero nonunit of R[y]. Also, R[y] is Noetherian by the Hilbert Basis
Theorem (16.12). So y lies in a height-1 prime p of R[y] by the Krull Principal
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Ideal Theorem (21.10). Then R[y], is Noetherian of dimension 1. But L/K is a
finite field extension, so L/ Frac(R[y]) is one too. Hence the integral closure R’ of
Rlyl, in L is a Dedekind domain by (26.18). So by the Going-up Theorem (14.3),
there’s a prime ¢ of R’ lying over pR[yly. Then as R’ is Dedekind, Ry is a DVR of
L by (24.7). Further, y € qR;. Thus = ¢ Ry, as desired. a
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Disposition of the Exercises in [3]

Chapter 1, pp. 10-16
1.— Essentially (3.2), 11, owing to (3.22),
14.
2.— Essentially (3.36), 171
3.— Essentially (3.37), 172
4.— Essentially (3.38), 170
5.— Essentially (3.39), 172
6.— Part of (3.24), 169
7.— Essentially (2.20), 165
8.— Follows easily from (3.14), 167
9.— Essentially (3.29), 14
10.— Essentially (3.30), 170
11.— Essentially (2.19), 165, and (1.17),
164
12.— Essentially (3.7), 11

13.— Standard; see [10], Theorem 2.5, p. 231

14.— Follows easily from (3.15), 13, and
(3.16), 167

15.— Part of (18.1), 77

16.— Best done by hand

17.—Part of (13.1), 77, and (13.20), 79,
and (13.16), 204

18.— Part of (18.1), 77, and (18.2), 201

19.— Essentially (13.18), 205

20.— Essentially (13.19), 205

21.—Part of (13.1), 77, and (13.13), 204,
and (13.12), 203

22.— Essentially (13.3), 201, and (1.13), 5

23.— Essentially (13.24), 207, and
(1.17)(5), 6

24.— About lattices, which we don’t treat

25.— Essentially (13.25), 80

26.— Analysis; solution sketched in place

27.— Rudimentary Algebraic Geometry,
sketched in place

28.— Rudimentary Algebraic Geometry,
sketched in place

Chapter 2, pp.31-35
1.— Essentially (8.17), 187
2.— Essentially (8.16)(1), 51
3.— Essentially (10.17), 193
4.— Part of (9.6), 55
5.—Part of (9.8), 188
6.— Essentially (8.24), 187
7.— Part of (2.18), 165
8.—1i) Part of (9.10), 189
ii) Part of (9.12), 189
9.— Part of (16.16), 98
10.— Essentially (10.14), 192
11.—Mostly in (10.5), 61, and (10.6), 191,
and (5.32), 30
12.—Immediate from (5.22), 27, and

(5.23), 27
13.— Essentially (8.4), 185
14— Part of (7.7), 43
15.—Part of (7.8), 43
16.— Essentially (6.6), 38
17.— Essentially (7.2), 42, and (7.3), 182
18.— Essentially (6.6), 38
19.— Essentially (7.14), 45
20.— Essentially (8.13), 51
21.— Part of (7.7), 43, and (7.9), 183
22.—Part of (7.17), 184, and (7.9), 183
23.— Essentially (8.25), 187
24.— About Tor, which we don’t need
25.— Essentially (9.16)(2), 56
26.— Essentially (9.26), 59
27.— Essentially (10.9), 192
28.— Essentially (10.10), 192

Chapter 3, pp. 43-49
1.—Part of (12.7), 199
2.— Essentially (12.8), 199
3.— Essentially (11.29), 198
4.—Part of (11.23), 69
5.— Essentially (13.41), 209
6.— Essentially (3.18), 168
7.—i) Part of (3.16), 167;
rest is (3.17), 168
8.— Essentially (11.9), 195
9.— Essentially (11.11), 196
10.— Essentially (13.48), 210
11.— Essentially (13.23), 206
12.— Essentially (12.19), 200
13.— Essentially (13.36), 208
14.— Essentially (13.38), 209
15.— Essentially (10.5), 61
16.— Essentially (9.15), 189
17.— Essentially (9.13), 189
18.— Essentially (13.15), 204
19.— i) Essentially (13.35), 81;
i), iii), iv), v) essentially (13.27), 80;
vi) essentially (13.30), 80;
vii) essentially (13.31), 81;
vi) essentially (13.32), 208
20.— Essentially (13.4), 201,
21.—i) Essentially (13.5), 202;
i) (13.6), 202;
iii) (13.7), 202;
iv) (13.8), 202
22.— Essentially (13.9), 203
23.— Essentially (13.17), 205
24.— Covered in (13.22), 206 and [5]
(1.3.7), p. 199
25.— Essentially (13.10), 203
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26.— Essentially (13.11), 203

27.— Covered in [5] (7.2.3), p. 333, and
(7.2.12), p. 337 , and (7.2.13), p.338

28.—See 27

29.— See 27

30.— Follows easily from 27, and 28, and 29

Chapter 4, pp. 55-58
1.—To be done
2.— To be done
3.— To be done
4.— To be done
5.— To be done
6.— Analysis, continuing Ex. 26, p. 3 in [3]
7.— To be done
8.— To be done
9.— To be done
10.— To be done
11.— To be done
12.— To be done
13.—Part of (18.27), 223
14.— Essentially (18.20), 109
15.— To be done
16.— Covered in (18.24), 109
17.— Technical conditions for primary
decomposition; solution sketched in place
18.— Technical conditions for primary
decomposition; solution sketched in place
19.— To be done
20.— To be done
21.— Essentially (18.4), 106, and (18.12),
107
22.— Essentially (18.20), 109
23.— Essentially (17.18), 103, and (17.15),
103, and (18.23), 109, and (18.24), 109,
and (18.25), 110

Chapter 5, pp.67-73
1.— To be done
2.—To be done
3.— To be done
4.— To be done
5.— To be done
6.— Part of (10.31), 194
7.— To be done
8.—Part of (14.7), 85
9.— To be done
10.— To be done
11.— Essentially (14.11), 86
12.— To be done
13.— To be done
14.— To be done
15.— To be done
16.— Essentially (15.1), 83
17.—Part of (15.5), 90
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18.— Essentially (15.4), 90

19.— Part of (15.5), 90

20.— To be done

21.— To be done

22.— To be done

23.— To be done

24.— Essentially (15.26), 94, and (15.29),
217

25.— To be done

26.— Essentially (15.23), 216, and (15.24),
216

27.— Essentially (26.9), 246

28.— Essentially (26.3), 245, and part of
(26.4), 245

29.— Part of (26.4), 245

30— Part of (26.11), 158

31.—Part of (26.11), 158

32.— To be done

33.— Essentially (26.12), 159

34.— To be done

35.— To be done

Chapter 6, pp. 78-79
1.— Essentially (10.4), 61, and to be done
2.—Part of (16.13), 98
3.—To be done
4.— To be done
5.— To be done
6.— To be done
7.—To be done
8.— To be done
9.— To be done
10.— To be done
11.—To be done
12.— To be done

Chapter 7, pp. 84-88

1.— Essentially (16.10), 97
2.— To be done
3.— To be done
4.— To be done
5.— Essentially (16.22), 99
6.— To be done
7.—Follows easily from (16.12), 98
8.— Essentially (16.8), 218
9.— To be done

10.— To be done

11.— To be done

12.— To be done

13.— To be done

14.— Essentially (15.8), 215

15.— Essentially (10.20), 62, and (9.26), 59

16.— Essentially (13.51), 83
17— To be done
18— Essentially (18.20), 109, and (17.2),
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101, and (17.20), 103
19.— Follows easily from (18.20), 109
20.— Essentially [5] (0,2.3.3), p. 56, and [5]
(0,2.4.2), pp. 58
21.— Essentially [5] (0,2.4.3), p. 59
22.— Essentially [5] (0,2.4.6), p. 60
23.— Essentially EGA, IV1(71.8.5), p- 239
24.— Essentially EGA, IV1(,1.10.4), p. 250
25.— Essentially EGA, 1V2(,2.4.6), p. 20
26.— Trivial K-theory
27.— Trivial K-theory

Chapter 8, pp.91-92
1.— Essentially (18.27), 223, and (18.28),
223
2.— Essentially (19.12), 225
3.— Essentially (19.8), 225
4.— To be done
5.— To be done
6.— Essentially (19.5), 225

Chapter 9, p.99
1.—To be done
2.— To be done
3.— Part of (26.15), 246
4.— Essentially (23.3), 139
5.— Part of (25.21), 155

6.— To be done

7.— Essentially (24.13), 243
8.— Essentially (24.8), 242
9.— To be done

Chapter 10, pp.113-115

1.— Essentially (22.19), 235
2.— Essentially (22.9), 133
3.— To be done
4.— To be done
5.— To be done
6.— To be done
7.— Essentially (22.24), 135
8.— To be done
9.— To be done

10.— To be done

11.— To be done

12.— To be done

Chapter 11, pp. 125-126

1.—To be done

2.— To be done

3.— Essentially (15.13), 92
4.— To be done

5.— Trivial K-theory

6.— Essentially (15.19), 215
7.— Essentially (21.18), 231



algebra: (1.1), 1
algebra finite: (4.5), 19
algebra map: (1.1), 1
coproduct: (8.22), 53

extended Rees Algebra: (20.16), 120

faithfully flat: (9.5), 55
finitely generated: (4.5), 19
flat: (9.5), 55
group algebra: (26.12), 159
homomorphism: (1.1), 1
integral over a ring: (10.21), 63
localization: (11.23), 69
module finite: (10.21), 63
structure map: (1.1), 1
subalgebra: (4.5), 18
generated by: (4.5), 18
tensor product: (8.22), 53

canonical: (1.1), 1; (4.2), 17
category theory
coequalizer: (6.8), 39
colimit: (6.6), 38
composition law: (6.1), 35
associative: (6.1), 35
coproduct: (6.7), 39
direct limit: (6.6), 38
has: (6.6), 38
indexed by: (6.6), 38
preserves: (6.6), 38
dually: (5.2), 24
filtered direct limit: (7.1), 42
identity: (6.1), 35
unitary: (6.1), 35
inclusion: (6.7), 39
initial object: (6.7), 39
insertion: (6.6), 38
inverse: (6.1), 35
isomorphism: (6.1), 35
map: (6.1), 35
morphism: (6.1), 35
object: (6.1), 35
pushout: (6.9), 39
transition map: (6.6), 38
category: (6.1), 35
directed set: (7.1), 42
discrete: (6.7), 39
functor: (6.6), 38
has direct limits: (6.6), 38
product: (6.1), 35
small: (6.6), 38

diagram
chase: (5.13), 26
commutative: (1.6), 3

Index

element

annihilator: (4.1), 17

Cauchy sequence: (22.1), 131

complementary idempotents: (1.11), 5

constant term: (3.10), 12

equation of integral dependence: (10.21), 63

formal power series: (3.10), 12

free: (4.10), 20

generators: (1.4), 2; (4.10), 20

homogeneous: (20.1), 116

homogeneous component: (20.21), 122

homogeneous of degree n: (15.1), 89;
(20.21), 122; (20.28), 123

idempotent: (1.11), 5

initial component: (20.21), 122

integral over a ring: (10.21), 63

integrally dependent on a ring: (10.21), 63

irreducible: (2.6), 8

Kronecker delta function: (4.10), 21

lift: (5.22), 177

limit: (22.1), 131

linear combination: (1.4), 2

linearly independent: (4.10), 20

multiplicative inverse: (1.1), 1

nilpotent: (3.22), 14; (13.28), 80

nonzerodivisor: (2.1), 7

nonzerodivisor: (17.14), 103

p-adic integer: (22.1), 131

prime: (2.6), 8

reciprocal: (1.1), 1

relatively prime: (2.26), 9

residue of: (1.6), 3

restricted vectors: (4.10), 20

restricted vectors: (4.15), 22

uniformizing parameter: (23.1), 138

unit: (1.1), 1

zerodivisor: (2.1), 7

zerodivisorexPIRflat: (17.14), 103

field: (2.3), 7

discrete valuation: (23.1), 138
fraction field: (2.3), 7

p-adic valuation: (23.2), 139
rational functions: (2.3), 7
Trace Pairing: (24.15), 150
trace: (24.15), 150

functor: (6.2), 35
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additive: (8.20), 52

adjoint: (6.4), 36
adjoint pair: (6.4), 36
counit: (6.5), 37
unit: (6.5), 37
universal: (6.5), 37

254 Index

cofinal: (7.20), 47
constant: (6.6), 38
contravariant: (6.1), 36
covariant: (6.2), 35
diagonal: (6.6), 38

direct system: (6.6), 38
exact: (9.2), 54

faithful: (9.2), 54
forgetful: (6.2), 35
isomorphic: (6.2), 36

left adjoint: (6.4), 36

left exact: (9.2), 54

linear: (8.5), 49; (9.2), 54
natural bijection: (6.4), 36
natural transformation: (6.2), 36
right adjoint: (6.4), 36
right exact: (9.2), 54

ideal: (1.4), 2

associated prime: (17.1), 101

chain stabilizes: (16.3), 96

comaximal: (1.14), 5

contraction: (1.4), 3

extension: (1.4), 3

Fitting: (5.35), 32

fractional: (25.1), 152
invertible: (25.7), 153
locally principal: (25.5), 153
principal: (25.1), 152
product: (25.1), 152
quotient: (25.1), 152

generated: (1.4), 2

idempotent: (1.17), 6

intersection: (1.4), 3

length of chain: (15.10), 91

lie over: (14.2), 84

maximal: (2.13), 8

nested: (1.9), 4

nilradical: (3.22), 14

parameter: (21.2), 124

prime: (2.1), 7
height: (21.7), 126
maximal chain: (15.9), 91
minimal: (3.18), 13

principal: (1.4), 2

product: (1.4), 3

proper: (1.4), 3

radical: (3.22), 14

saturated: (11.15), 68

saturation: (11.15), 68

sum: (1.4), 3

symbolic power: (18.27), 110

variety: (13.1), 77

Lemma

Artin Character: (24.14), 150

Artin—Rees: (20.18), 121

Artin—Tate: (16.21), 99

Equational Criterion for Flatness: (9.25),
58

Equational Criterion for Vanishing: (8.21),
52

Five: (5.15), 26

Ideal Criterion for Flatness: (22.23), 135

Ideal Criterion for Flatness: (9.26), 59

Nakayama: (10.11), 61; (22.28), 136

Nine: (5.16), 26

Noether Normalization: (15.1), 838

Nonunit Criterion: (3.6), 11

Prime Avoidance: (3.19), 13

Schanuel: (5.25), 28

Snake: (5.13), 25

Zorn’s: (2.30), 10; (16.10), 97; (17.9), 102

map

R-linear: (4.2), 17
automorphism: (1.1), 1

bilinear: (8.1), 48

bimodule homomorphism: (8.8), 49
endomorphism: (1.1), 1; (4.4), 18
homogeneous: (20.21), 122
homomorphism: (1.1), 1
isomorphism: (1.1), 1; (4.2), 17
lift: (5.21), 27

local homomorphism: (10.19), 62
Noether Isomorphisms: (4.8), 19
quotient map: (4.6), 19
retraction: (5.8), 25

section: (5.8), 25

trilinear: (8.10), 50

matrix of cofactors: (10.2), 60
module: (4.1), 17

S-torsion: (12.19), 75

a-dic topology: (22.1), 130

ascending chain condition (acc): (16.13), 98
annihilator: (4.1), 17

Artinian: (16.26), 100

associated graded: (20.11), 118
associated prime: (17.1), 101

bimodule: (8.8), 49

bimodule homomorphism: (8.8), 49

chain stabilizes: (16.13), 98; (16.26), 100
characteristic polynomial: (10.1), 60
closed: (4.1), 17

Cohen—Macaulay: (23.4), 139
Cohen—Macaulay: (23.40), 146

coimage: (4.9), 20

cokernel: (4.9), 20

complete: (22.1), 131

composition series: (19.1), 112

cyclic: (4.7), 19

depth: (23.4), 139



descending chain condition (dcc): (16.26),

100
dimension: (21.1), 124
direct product: (4.15), 21
direct sum: (4.10), 21
direct sum: (4.15), 22
discrete: (22.1), 130
embedded prime: (17.1), 101
endomorphism: (4.4), 18
extension of scalars: (8.8), 49

faithful: (4.4), 18; (10.23), 63; (12.26), 76

faithfully flat: (9.5), 55

filtration: (20.11), 118
q-adic: (20.11), 118
g-filtration: (20.11), 118
Hilbert—Samuel Function: (20.11), 118

Hilbert—Samuel Polynomial: (20.11), 118

Hilbert—Samuel Series: (20.11), 118
shifting: (20.11), 118
stable g-filtration: (20.11), 118
topology: (22.1), 130

finitely generated: (4.10), 20

finitely presented: (5.19), 27

flat: (9.5), 55

free: (4.10), 20

free basis: (4.10), 20

free of rank ¢: (4.10), 20

generated: (4.10), 20

graded: (20.1), 116
homogeneous component: (20.1), 116
Hilbert Function: (20.3), 117
Hilbert Polynomial: (20.3), 117
Hilbert Series: (20.3), 117
shifting (20.1), 116

homogeneous component: (20.21), 122

homomorphism: (4.2), 17

image: (4.2), 17

inverse limit: (22.5), 131

invertible: (25.16), 154

isomorphism: (4.2), 17

kernel: (4.2), 17

length: (19.1), 112

localization: (12.2), 72

localization at f: (12.2), 72

localizaton at p: (12.2), 72

locally finitely generated: (13.49), 82

locally finitely presented: (13.49), 82

locally free: (13.49), 82

maximal condition (maxc): (16.13), 98

minimal condition (minc): (16.26), 100

minimal generating set: (10.16), 62

minimal prime: (17.1), 101

modulo: (4.6), 19

M-regular: (23.4), 139

M-sequence: (23.4), 139

Index

finished: (23.27), 143
Noetherian: (16.13), 98
presentation: (5.19), 27
projective (5.21), 27
quotient: (4.6), 19
quotient map: (4.6), 19
R-linear map: (4.2), 17
radical: (21.2), 124
Rees Module: (20.16), 120
residue: (4.6), 19
restriction of scalars: (4.5), 18
scalar multiplication: (4.1), 17
semilocal: (21.2), 124
separated: (22.1), 130
separated completion: (22.1), 131
Serre’s Condition: (23.15), 141
simple: (19.1), 112
standard basis: (4.10), 20
sum: (4.8), 20
support: (13.26), 80
system of parameters (sop): (21.2), 125
tensor product, see also
torsion: (13.36), 81
torsionfree: (13.36), 81

notation

a+b: (1.4),3

anb: (1.4),3

ab: (1.4), 3

ap ®a’: (8.5), 49

aN: (4.1), 17

aR’: (1.4), 3

aS: (11.15), 68

M = N: (4.2), 17
R=R" (1.1),1

MA: (4.15), 22

M™: (4.15), 22
P(F*M,t): (20.11), 118
Py(M,1): (20.11), 118
p(™: (18.27), 110
G*M: (20.11), 118

1 My: (4.15), 21
R~R: (1.1), 1

S>> Ray: (1.4), 2

ZCL)\: (1.4)7 2
p(F*M,n): (20.11), 118
pa(M,n): (20.11), 118
M~ N: (4.2), 17
((R-alg)): (6.1), 35
((R-mod)): (6.1), 35
((Rings)): (6.1), 35; (13.1), 77
((Sets)): (6.1), 35

((Top spaces)): (13.1), 77
Ann(M): (4.1), 17
Ann(m): (4.1), 17
Ass(M): (17.1), 101
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Bilg(M, M’; N): (8.1), 48
b/a: (1.9), 4
Coim(a): (4.9), 20
Coker(a): (4.9), 20
C: (2.3), 7

LI My: (6.7), 38

LI My: (6.7), 39

M UN: (6.9), 39
D(f): (18.1), 77
Sun: (4.10), 21
depth(a, M): (23.4), 139
depth(M): (23.4), 139
dim(M): (21.1), 124
dim(R): (15.10), 91
limy My: (6.6), 38
d(M): (21.2), 125
eu: (4.10), 21
Endgr(M): (4.4), 18
F(R): (25.22), 156
Fa: (1.1), 1

F,.(M): (5.35), 32
Fg: (15.2), 89
Frac(R): (2.3), 7
To(M): (18.22), 109
G*M: (20.11), 118
G*R: (20.11), 118
h(M, n): (20.3), 117
H(M, t): (20.3), 117
Hom(M, N): (4.2), 17
Idem(R): (1.11), 5
Idem(y): (1.11), 5
Im(a): (4.2), 17

Jim My: (22.5), 131
te: (4.15), 22
Ker(a): (4.2), 17
E{X}: (3.11), 12
(at,...,an): (1.4),2
O(M): (19.1), 112
STIR: (11.1), 66; (11.23), 69
L+ M: (4.8), 20
M(m): (20.1), 116
(M : N): (25.1), 152
M: (22.1), 131
M~—1; (25.8), 153
M;: (12.2), 72

My: (12.2), 72
M/N: (4.6), 19
MN: (25.1), 152
M@ N: (4.15), 22
M ®p N: (8.2), 48
m®n: (8.2), 48

ur: (4.4), 18

e (4.4), 18
nil(M): (13.28), 80
nil(R): (3.22), 14

1a: (6.1), 35

1 (4.2), 18

P(R): (25.22), 156
(ak): (4.15), 22

(my): (4.15), 21

(zx): (4.10), 20

@p: (11.21), 69; (12.2), 72
or: (11.12), 67; (12.2), 72
vs: (11.1), 66; (12.2), 72
T (4.15), 22

Pic(R): (25.22), 156
Q: (2.8), 7

R/a: (1.6), 3

RX: (1.1), 1

R x R": (1.12), 5
R[[X1,..., Xx]]: (3.10), 12
R[X1,...,Xn]: (1.3), 2
R[{Xx}real: (1.3),2
rad(R): (8.1), 11
rad(M): (21.2), 124
rank(M): (4.10), 20
R: (2.3), 7

Ry: (11.12), 67

Rp: (11.21), 69

Rt (4.10), 20

ROA: (4.10), 20
R(M,): (20.16), 120
(Rn): (23.15), 141
Ry: (20.6), 117

R(q): (20.16), 120
R[z1,...,zn): (4.5), 19
N*S: (12.16), 74

S: (38.17), 13

s(M): (21.2), 125
S—T: (1.1), 2

(Sn): (23.15), 141
Spec(R): (13.1), 77
Va: (3.22), 14

@ My: (4.15), 22

S Be: (4.15), 22
Supp(M): (13.26), 80
B: M —» N (5.21), 27
A (1.1), 2

T(M): (13.36), 81

tr: (24.15), 150

tr. deg: (15.9), 91
T5(M): (12.19), 75
V(a): (13.1), 77

vp: (24.10), 149

z/s: (11.1), 66; (11.23), 69
Z: (1.1), 1

zdiv(M): (17.14), 103
z.div(R): (2.1), 7

ring: (1.1), 1
absolutely flat: (10.9), 61



algebra, see also

Artinian: (16.26), 100

ascending chain condition (acc): (16.3), 96

associated graded: (20.11), 118

Boolean: (1.2), 2; (2.19), 9

catenary: (15.15), 92

coefficient field: (22.33), 137

Cohen—Macaulay: (23.4), 139; (23.40), 146

Dedekind domain: (24.1), 148

dimension: (15.10), 91

Discrete Valuation Ring (DVR): (23.1), 138

domain: (2.3), 7

dominates: (26.7), 158

extension: (14.1), 84

factor ring: (1.6), 3

field, see also

formal power series ring: (3.10), 12

graded: (20.1), 116

homomorphism: (1.1), 1

Ideal Class Group: (25.22), 156

integral closure: (10.30), 64

integral domain: (2.3), 7

integrally closed: (10.30), 64

Jacobson: (15.20), 93

Jacobson radical: (8.1), 11

kernel: (1.6), 3

Laurent series: (3.11), 12

local: (3.5), 11

local homomorphism: (10.19), 62

localization: (11.1), 66

localization at f: (11.12), 67

localizaton at p: (11.21), 69

map: (1.1), 1

maximal condition (maxc): (16.3), 96

minimal prime: (3.18), 13

modulo: (1.6), 3

Noetherian: (16.1), 96

nonzerodivisor: (2.1), 7

normal: (10.30), 64; (10.33), 65; (14.8),
85; (14.16), 87; (23.22), 142; (23.19),
142; (24.1), 148; (24.16), 150; (26.5),
157

normalization: (10.30), 64

p-adic integers: (22.1), 131; (22.5), 132

Picard Group: (25.22), 156

polynomial ring: (1.3), 2

Principal Ideal Domain (PID): (23.1), 138

Principal Ideal Domain (PID): (2.25), 9

Principal Ideal Ring (PIR): (9.28), 59

product ring: (1.12), 5; (2.5), 7; (4.16),
22; (10.29), 64; (14.17), 87; (18.18),
108; (19.17), 115

quotient map: (1.6), 3

quotient ring: (1.6), 3

radical: (3.1), 11

Index 257

reduced: (3.22), 14

regular local: (21.20), 128

regular system of parameters: (21.20), 128

residue ring: (1.6), 3

ring of fractions: (11.1), 66

semilocal: (3.5), 11

Serre’s Conditions: (23.15), 141

spectrum: (13.1), 77
principal open set: (13.1), 77
quasi-compact: (13.20), 79
Zariski topology: (13.1), 77

subring: (1.1), 1

total quotient ring: (11.3), 66

Unique Factorization Domain (UFD):
(2.25), 9; (10.33), 65

Unique Factorization Domain (UFD): (2.6),
8; (28.1), 138; (25.12), 154

universally catenary: (23.42), 146

valuation: (26.1), 157

sequence
Cauchy: (22.1), 130
exact: (5.1), 24
M-sequence: (23.4), 139
finished: (23.27), 143
regular sequence: (23.4), 139
short exact: (5.3), 24
isomorphism of: (5.25), 28
split exact: (5.8), 25
submodule: (4.1), 17
pi-primary component: (18.13), 107
homogeneous: (20.6), 117
p-primary: (18.1), 106
primary: (18.1), 106
primary decomposition: (18.13), 107
irredundant: (18.13), 107
minimal (18.13), 107
saturated: (12.16), 74
saturation: (12.16), 74
subset
characteristic function: (1.2), 1
multiplicative: (2.1), 7
saturated: (8.15), 13
saturatation: (3.17), 13
symmetric difference: (1.2), 2
system of parameters (sop): (21.2), 125
regular (21.20), 128

tensor product: (8.2), 48
adjoint associativity: (8.10), 50
associative law: (8.10), 50
cancellation law: (8.11), 50
commutative law: (8.6), 49
unitary law: (8.6), 49

Theorem
Additivity of Length: (19.9), 114
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Akizuki-Hopkins: (19.11), 114
Characterization of DVRs: (23.10), 140
Cayley—Hamilton: (10.1), 60
Cohen: (16.10), 97
Cohen Structure: (22.33), 137
Determinant Trick: (10.2), 60
Dimension: (21.4), 125
Direct limits commute: (6.14), 41
Exactness of Localization: (12.20), 75
Exactness of Completion: (22.17), 134
Exactness of Filtered Direct Limits: (7.14),
45
Finiteness of Integral Closure: (24.17), 150
First Uniqueness: (18.19), 109
Gauss: (10.33), 65
Generalized Hilbert Nullstellensatz:
(15.26), 94
Going down
for Flat Algebras: (14.11), 86
for integral extensions: (14.9), 85
Going up: (14.3), 84
Hilbert Basis: (16.12), 98
Hilbert Nullstellensatz: (15.7), 90
Hilbert—Serre: (20.7), 117
Incomparability: (14.3), 84
Jordan—Holder: (19.3), 112
Krull Intersection: (18.29), 110; (20.19),
121
Krull Principal Ideal: (21.10), 127
Lasker—Noether: (18.21), 109
Lazard: (9.24), 58
Left Exactness of Hom: (5.18), 27
Lying over: (14.3), 84
Main of Classical Ideal Theory: (24.10),
149
Main Theorem of Classical: (25.14), 154
Maximality: (14.3), 84
Noether on Invariants: (16.22), 99
Noether on Finiteness of Closure: (24.20),
151
Scheinnullstellensatz: (3.29), 14
Second Uniqueness: (18.25), 110
Serre’s Criterion: (23.20), 142
Stone’s: (13.25), 80
Tower Law for Integrality: (10.27), 64
Watts: (8.18), 51

Zariski Nullstellensatz: (15.4), 90; (16.22),
99
topological space
closed point: (18.2), 78
compact: (13.23), 80
irreducible: (13.18), 79
irreducible component: (13.19), 79;
(13.19), 205
Jacobson: (15.23), 93
locally closed subset: (15.23), 93
quasi-compact: (13.20), 79
totally disconnected: (13.23), 80
very dense subset: (15.23), 93
topology
a-adic: (22.1), 130
separated: (22.1), 130
Zariski: (13.1), 77
totally ordered group: (26.11), 158
Archimedean: (26.14), 160
value group: (26.11), 159

unitary: (6.1), 35
Universal Mapping Property (UMP)
coequalizer: (6.8), 39
cokernel: (4.9), 20
colimit: (6.6), 38
coproduct: (6.7), 38
direct limit: (6.6), 38
direct product: (4.15), 22
direct sum: (4.15), 22
Formal Power Series: (22.32), 137
fraction field: (2.3), 7
free module: (4.10), 21
inverse limit: (22.5), 131
localization: (11.5), 66; (12.3), 72
polynomial ring: (1.3), 2
pushout: (6.9), 39
residue module: (4.6), 19
residue ring: (1.6), 4
tensor product: (8.3), 48

valuation
discrete: (26.11), 138
general: (26.11), 159
p-adic: (23.2), 139



