
PROBLEM SET III

DUE 7 MARCH 2016

(1) Solve the equations 𝐴𝑥⃗ = 0⃗ (i.e., find a basis for ker(𝐴)) in the following
situations.
(a) 𝐴 = ( 1 23 4 )

(b) 𝐴 = (
1 2 3
4 5 6
7 8 9

)

(c) 𝐴 = (

1 2 3 4
5 6 7 8
9 10 11 12
13 14 15 16

)

Challenging (extra credit): can you compute the kernel of the matrix

𝐴 = (

1 2 ⋯ 𝑛
𝑛 + 1 𝑛 + 2 ⋯ 2𝑛
⋮ ⋮ ⋱ ⋮

(𝑛 − 1)𝑛 + 1 (𝑛 − 1)𝑛 + 2 ⋯ 𝑛2
)

in general?
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(2) Solve the equations 𝐴𝑥⃗ = 0⃗ (i.e., find a basis for ker(𝐴)) in the following
situations.
(a) 𝐴 = ( 1 22 3 )

(b) 𝐴 = (
1 2 3
2 3 4
3 4 5

)

(c) 𝐴 = (

1 2 3 4
2 3 4 5
3 4 5 6
4 5 6 7

)

Challenging (extra credit): can you compute the kernel of

𝐴 = (

1 2 ⋯ 𝑛
2 3 ⋯ 𝑛 + 1
⋮ ⋮ ⋱ ⋮
𝑛 𝑛 + 1 ⋯ 2𝑛 − 1

)

in general?
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(3) The𝑚 × 𝑛 checkerboard matrix is the matrix 𝐴 whose entries are

𝑎𝑖𝑗 =
1
2
(1 + (−1)𝑖+𝑗).

Find a basis for the kernel of 𝐴. (Hint: this should only require a little
computation.)
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(4) Suppose you have an (𝑚 + 𝑝, 𝑛 + 𝑞)matrix of the form

𝑋 = ( 𝐴 𝐵0 𝐶 ) ,

where𝐴 is an𝑚× 𝑛matrix, 𝐵 is an𝑚× 𝑞matrix, 𝐶 is a 𝑝× 𝑞matrix, and
0 is the 𝑝 × 𝑛matrix that is all zeroes. Suppose you know the nullity of 𝐴
and 𝐶. What, if anything, can you conclude about the nullity of𝑋?
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(5) Define a matrix

𝑄 ≔ ( 1 11 0 ) .

Compute 𝑄−1,𝑄2,𝑄−2,𝑄3,𝑄−3. Write a formula for the entries of any
power 𝑄𝑘 (positive or negative) involving Fibonacci numbers defined by
𝑓0 ≔ 0, 𝑓1 ≔ 1, and for 𝑛 ≥ 1,

𝑓𝑛+1 ≔ 𝑓𝑛 + 𝑓𝑛−1.
Prove using 𝑄 that 𝑓2𝑛 + (−1)𝑛 = 𝑓𝑛−1𝑓𝑛+1. What other things can you
learn by playing with𝑄? (This one doesn’t use much from this week – all
the 𝑄𝑘 are of course invertible – I just think it’s fun.)
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(6) Let 𝐹 be the𝑚 × 𝑛matrix whose entries are
𝑎𝑖𝑗 = 𝑓𝑖+𝑗,

the (𝑖 + 𝑗)-th Fibonacci number from the previous problem. Find a basis
for the kernel of 𝐴.


