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1. (33 points)

(a) Suppose A has the eigenvalues A\ = 1, Ao = 0, \3 = —1 with eigen-
vectors Xi, Xs, X3 in the columns of this S = [ X1 ‘ X9 ‘ X3 }:

-1 1 1
S = 0 -1 1
0 0 -1

What are the eigenvalues and eigenvectors of the matrix B = A% +17?

(b) How could you find that matrix B = A% + I using the eigenvectors
in S and the eigenvalues 1,0, —17

(c) Give a reason why the matrix B does have or doesn’t have each of
these properties:
i. B is invertible
ii. B is symmetric
iii. trace = By + Bos + B33 = 3.



2. (33 points)

(a) Show that A; = 0 is an eigenvalue of A and find an eigenvector x;
with that zero eigenvalue:

-2 1 1
A= 1 =2 1
1 1 =2

(b) Find the other eigenvalues Ao and A3 of this symmetric matrix. Does
A have two more independent eigenvectors x, and x37 Give a reason
why or why not. (Not required to find xo and x3.)

1

d
(c) Suppose d—l; = Au starts from u(0) = | 2
3

Explain why this u(¢) approaches a steady state u(co) as t — oo.
You can use the general formula u(t) = c;e?'x; + cpe’?'xy + c3eM!x3
or edt = SeMS~! without putting in all eigenvectors. Find that
steady state u(co).



3. (34 points)

(a) If C is any symmetric matrix, show that e® is a positive definite
matrix. We can see that e is symmetric — which test will you use
to show that e is positive definite?

(b) Ais a 3 by 3 matrix. Suppose vi, va, v3 are orthonormal eigenvec-
tors (with eigenvalues 1,2, 3) of the symmetric matrix AT A. Show
that Avy, Avy, Avs are orthogonal by rewriting and simplifying
(Avi)(Av,).

(c) For the 3 by 3 matrix A in part (b), find three matrices U, 3, V' that
go into the Singular Value Decomposition A = UXV 7T,

(d) TRUE or FALSE: If A is any symmetric 4 by 4 matrix and M is any
invertible 4 by 4 matrix, then B = M ~'AM is also symmetric. Give
a reason for true or false.
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