
Recitation 6. October 22

Focus: linear transformations and matrix representations, determinants

A linear transformation is a map φ : Rn → Rm such that for any v,w ∈ Rn and α ∈ R,

φ(v + w) = φ(v) + φ(w) and φ(αv) = αφ(v).

A linear transformation φ can be expressed as a matrix A, with respect to given bases {v1, . . . ,vn} of Rn and
{w1, . . . ,wm} of Rm: the (i, j) entries aij of A are such that φ(vk) = a1kw1 + · · ·+ amkwm.

The determinant of an n × n matrix A is the factor by which the linear map v 7→ Av scales volumes of regions in
Rn; it is denoted detA.

1. Determine whether the following maps are linear. If so, find a matrix representation of the map in terms of the

standard basis of R3, and then find a matrix representation in terms of the basis
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−1
0

 ,
 0

1
−1

 ,
1

0
1

}.

(a) φ

(xy
z

) =

 x+ y + z
x2 + y2 + z2

0

.

(b) Let a =

 1√
2
1√
2

0

 ∈ R3, and define ψ(v) = (a · v)a.

(c) σ

(xy
z

) =

x− y − zx+ 2y
y − 3z

.

Solution:



2. Compute the determinant of 
0 0 2 −1
0 0 −4 −2
1 3 −1 2
−1 3 0 5


by using row operations.

Solution:

3. Compute the determinant of 
1 2 −1 0
3 −2 0 5
−2 0 −2 1
1 0 −1 4


by doing a cofactor expansion along its second row.

Solution:


