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18.06 Exam III Lecturer: Townsend 2nd December, 2015

Your PRINTED name is:

Please CIRCLE your section:

Grading 1:
Ro1 T 9 E17-128 Miriam Farber
RO2 T 10 38166  Sam Raskin 2
R03 T 10 E17-128 Miriam Farber
Ro4 T 11 38-166 Sam Raskin 3.
R0O5 T 12 E17-133 Nate Harman
Ro6 T 1 E17-139 Tanya Khovanova
RO7T T 2 E17-133 Tanya Khovanova 4:
RO8 T 2 38-166 Zach Abel
R09 T 3 - 38-166 Zach Abel




1. (20 points in total. Each part is worth 5 points.)

Are the following staternents below TRUE or FALSE? Give a brief reason.

(a) If A is invertible and X is an eigenvalue of A, then % is an eigenvalue of A=
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(b) If A is a positive definite matrix, then AT + I is also a positive definite matrix.
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(¢) The following matrix is positive definite:
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(d) Let A be a real skew-symmetric n x n matrix, i.e., AT = —A. If X is an eigenvalue of A,

then so is —A.
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2. (20 points in total. Each part is worth 10 points.)

(a) Calculate e, where
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(b) Using your answer from part (a), solve the system of differential equations:

L e ut) +00)
dv
= = 0u(t) +v(2),

where u(1) = 1 and v(1) = 0.

Warning: You have been given conditions «(1) = 1 and v(1) = 0 that are not at ¢t = 0.
Adjust your solution accordingly.
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3. (30 points total. Each part is worth 10 points)

(a) Consider the transformation

T: { polynomials of degree <n} — R

given by
1
T(p) = / p(s)ds.
0

Show that T is a linear transformation.

l
T(c?w - f;\cg(s\d\s = ¢ SO ‘5 S)C\ e CT(PX
T(?*‘ro\ﬁ = u(;\q) ¢ C\\(S\&s - S;\P(SMS ] goclts)c}\s
ST FT LD

(b) For the linear transformation T from part (a), you are given the relation

Pick a basis for the input space, a basis for the output space, and find the corresponding
matrix that represents 7.
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(c) Let A be a 2 x 2 matrix such that

a a e c a c
Al =2 - [d)- ale] =2 [i] +2[d]
where a, b, ¢, and d are real numbers.

Are A and [; _21} similar? Give a condition on a, b, ¢, and d, if necessary.
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4. (30 points total. Each part is worth 10 points)

(a) Here is a flowchart for the status of the MIT exam printing machine:

1
A 2/3
State 1 - State 2 1/3 R State 3
Working Low on ink ~1 Out-of-order
U " U
1/3 1/3

The fractions on the arrows indicate the probability that the machine moves from one par-
ticular state to another.

(i) Define the term Markov matriz.
(ii) Why does a Markov matrix always have 1 as an eigenvalue?
(iii) Write down the Markov matrix associated to the flowchart above.
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(b) The printer is upgraded. The associated Markov matrix is now:
1/2 3/4 1
A=|0 1/4 0].
/2 0 0

In the long-run what proportion of time is the printer in each state assuming the printer
starts off working?
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(c) For a standard color inkjet printer, the associated Markov matrix A has eigenvalues
A1, A2, A and linear independent eigenvectors v;, vy, v3, where A; = 1, Ay = —1, and |A3]| < 1.

What is the long-run behavior of the printer?
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