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1 (30 pts.)

Consider the directed graph with four vertices and four edges pictured below:
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1. (7 pts) The 4 x 4 incidence matrix of this directed graph is:

2. (7 pts) Find the determinant of the incidence matrix. (The easy way or the hard way)



3. (8 pts) Find a basis for the column space of the incidence matrix (Note this can be

done with or without the answer in part 1.)

4. (8 pts) Consider whether or not it is possible to have an incidence matrix for a graph
with n nodes and n edges that is invertible. If it is possible, draw the directed graph,
if not possible, argue briefly why not.
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2 (20 pts.)

1. (10 pts) Project the function sin(x) 4 cos(z) defined on the interval [0,27] onto the
three dimensional space of functions spanned by cos z, cos2zx, and cos 3z. Express the

(hint: very simple) answer in simplest form. Briefly explain your answer.

2. (10 pts) Write down all n X n permutation matrices that are also projection matrices.
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3 (15 pts.)

3. (10 pts) What are all possible values for the determinant of a projection matrix?

(Please explain briefly.)

4. (5 pts) What are all possible values for the determinant of a permutation matrix?

(Please explain briefly.)



4 (35 pts.)

1. (20 pts) The matrix A is 2000 x 2000 and AT A = I. Let v be the vector [1,2,3,...,2000]7.
Let v; be the projection of v onto the space spanned by the first 1000 columns of A.
Let vy be the projection of v onto the space spanned by the remaining 1000 columns
of A. What is v; + v in simplest form? Why? Give an example of a 2000 x 2000 A,

where AT A # I, and where v, + v, gives a different answer.

2. (15 pts) In a matrix A, (which may not be invertible) the cofactors from the first row
are C11,Ca,...,Cy,.. Prove that the vector C' = (Cyy,Cia, ..., Ch,.) is orthogonal to
every row of A from row 2 to row n. Hint: the dot product of C' with row i (i = 2,...,n)

is the determinant of what matrix?
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